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SET THEORY

Set — a collection of objects = elements (or members of the set). It is a basic
concept and we will accept it without rigorous definition. If m is a member of the set
A, write m € A (m belongs to A). If is not a member of the set A, write m ¢ A.

Examples.

(1) Number sets
(a) N — natural numbers, 1,2,3,.... Our convention: 0 ¢ N
(b) Z — integers, ..., —2,—1,0,1,2,...

(c) Q — rationals, numbers of the form ™ with m € Z, n € N
(d) R — real numbers. How do you define them?
(2) Intervals: (0,1) ={rxr e R:0<x <1}, (—o0,5] ={reR:z <5}
(3) Empty set: ) — the set with no elements
(4) Finite sets: have finitely many elements, e.g. A ={1,2,z}
(5) Sets containing sets: A = {{1,2},{3},2}, 1 ¢ A, 3¢ A, {3} € A.
Subsets.
Definition 1. A is a subset of B if every element of A is an element of B
Example. A C A for any set A (VA); 0 C A for any set A (VA); {1,2,3} CN C Q.

Definition 2. Two sets, A and B, are equal if A C B and B C A. In this case A
and B have exactly the same elements.

Example. Let A:={x € Z:2 >0} and B:=N. Then A = B.
Definition 3. A is a proper subset of B if AC B and A # B. Write A C B.
Example. NC Z; Z C Q.

SET OPERATIONS

(1) Intersection: ANB={z:2 € Aand z € B}. If AN B = () we say that A and
B are disjoint.

Example. {—-1,3} NN = {3}, {0,1,2,3} n{{0}} =0
(2) Union: AUB={z:xz€ Aorz € B}.
Example. {...,-2,-1,0} UN=17Z; {0,1,2,3} U {{0}} = {{0},0,1,2,3}
1
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SET THEORY
Complement: the complement of A in Bis B\A={zx € B:x ¢ A}.
Example. Z\N = {..., -2,—1,0}

If B =U — a universal set that contains all sets of current interest, we write
Ac:=U\A.

Example. [0,1)° =R\[0,1) = (—00,0) U [1, 00)

Examples.

a)

Prove that for any sets A, B,C we have (AN B)NC =ANBNC

Proof. We need to show: (ANB)NC C ANBNC and (ANB)NC D2 ANBNC.
l. Let z€ (ANB)NC =xz€ (ANB)andz € C = x € Aand z € B, and
reC=zecANBNC=(ANB)NCCANBNC.

2. Letzre ANBNC =>zrx€eAander e Bandx e C =z € (ANB)and z € C
=z (ANB)NC=ANBNCC(ANnB)NC.

1.2. = (ANB)NC=ANBNC. O

b) Prove that for any sets A, B, C' we have C\(AN B) = (C\A) U (C\B)
Proof. 1. Let x € C\(ANB) =z € Candz ¢ ANB = z € C and x not in
both Aand B=z € Cand (r¢ Aorz ¢ B) = (re€Candx ¢ A) or (x € C
and x ¢ B) = z € (C\A)U(C\B) = C\(ANB) C (C\A) U (C\B)
2. Let z € (CN\A)U(C\B) = (r € Candxz ¢ A)or (x € C and z ¢ B) =
zre€Cand (x¢ Aorx ¢ B) =z € C and z not in both A and B = = € C' and
r¢ ANB=2ecC\(ANB)= (C\A)U(C\B) CC\(ANB) O
(4) Intersections and unions of arbitrary families
Let I C R be an index set, then
ﬂAa:{x:xeAaforallaef}; UAa:{x:xeAaforsomeOzGI}
acl acl
If I = N write N32, Ay, Up2, Ag
Examples.
a) Let Ak = []C, OO), k € N. Prove that mkGNAk = Q) and UkeNAk = [1, OO)
Proof. We will show NyenAyr = 0, the second part is an exercise.
1. For any set A we have ) C A, thus () C NpenAg
2. Let x € MgenAp = 2 € A4 VE e N= 2z € [k,oo) Vk e N= 2 >kVk eN
which is impossible for any z € R, thus z € 0 = NgenAr C 0. O
b) Let B, = [0,|r]], » € R (note that in this case the index set I = R). Prove that

Nrer B = {0} and U,cg B, = [0, 00)
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Proof. We will show U,cg B, = [0,00), the first part is an exercise.

1. Let x € U,eg B, = 3 r € R such that z € B, = 3 r € R such that x € [0, |r|]
= 3JreRsuchthat 0 < <|r|=2>0=z¢€[0,00).

2. Let x € [0,00) = x > 0. Since we always have z < |z| (we will prove this fact
later) this gives 0 < 2 < |z| = z € [0, |z]|] = = € B, = x € B, for some r € R
(namely, r = z) = © € U, B, O

CARTESIAN PRODUCT
Let (a,b) denote an ordered pair, i.e. (a,b) = (¢, d) iff (= if and only if) a = ¢ and
b=d.
Remark 4. {a,b} = {b,a} = the set {a,b} is not ordered
Definition 5. For any sets, A and B, the Cartesian product A x B is the set
Ax B:={(a,b):a€ Abe B}

of all ordered pairs where the first component varies over all elements of A, and the
second — over all elements of B.

Definition 6. n-fold Cartesian product of n sets Ay, As..., A, is the set of all
ordered n-tuples
Al XAQ Xoee XAn:{(al,...,an):ak EAk, szl,,n}

Exercise 7. Prove that A x B x C' is equivalent to (A x B) x C' and A x (B x C).
More precisely, two elements in A X B x C are equal iff the corresponding elements
of (A x B) x C are equal. Similarly with A x (B x C).

Example 1. R =R xR = {(z,y) : € R,y € R} — the real (Cartesian) plane
R*"=Rx---xR

Example 2. A =1{1,2,3,4}, B ={a,b,c} then

Ax B ={(1,a),(1,0),(L,¢),(2,a),(2,0),(2,¢), (3, a),(3,0), (3,¢), (4,a), (4,), (4, )},
and

BxA={(a,1),(a,2),(a,3), (a,4), (b;1), (b,2), (b,3), (b;4), (¢, 1), (¢, 2), (¢, 3), (¢, 4)}.
Note Ax B# B x Al

Example 3. Prove that A x (BUC) = (A x B)U (A x ()

Proof. 1. Let (z,y) € Ax (BUC)=zx€ Aandye BUC =z € Aandy € B or
C=xecAandyeB)or(recAandyecC) = (z,y) e Ax Bor (z,y) € AxC
= (z,y) € (Ax B)U(Ax ()

2. Let (z,y) € (AxB)U(AXC(C)= (z,y) e AxBor (z,y) € AxC = (r € Aand

yeB)or(reAandyeC)=>zre€eAandye BorC =z€ Aandye BUC =
(x,y) € Ax (BUC) O



4 SET THEORY
EQUIVALENCE RELATIONS

Intuition: Consider two real numbers, 2 and 4. If we were asked “what is the relation
between them”? One natural response would be that the second number is twice the
first number. And there are a lot of other real numbers satisfying this condition: 3
and 6, —m and —2m, 2.2 and 4.4, etc. So we might want to define a “relation” on R
by saying aRb if b = 2a. Note that all the points on the line y = 2z in R? satisfy this
relation. Here is the formal definition

Definition 8. A (binary) relation on a set A is a subset R C A x A. If (a,b) € R
write aRb.

Examples.

(1) A=R, R:=={(z,y) e R?: z <y} (v,y) € R < z<y.
(2) A=N, R:={(n,m) e N>:n?> <m+1}.
(3) Given a set S, the power set of S is the set P(.S) of all subsets of S:

P(S)={B: BCS}.

Define the relation R on P(S) by ARB if AN B = (). Note that this is a subset
of P(S) x P(S) consisting of all pairs of disjoint subsets of S.

Definition 9. A relation R on a set A is called an equivalence relation (write
a~bif(a,b) € R)ifVa,b,ce A:

(1) a ~ a — reflexivity
(2) a ~b= b~ a — symmetry
(3) a~b,b~c=— a~ c — transitivity

Examples of equivalence relations.

(1) A=Z,R={(a,b) € Z:a=0b}ora~bifa=0b

(2) A=2Z,a~bif a—bis divisible by 3

(3) A=RxR\{0}, (a,b) ~ (c,d) if § = &. Reflexivity: (a,b) ~ (a,b) since § = ¢;
symmetry: if (a,b) ~ (c,d) then § = &, which implies § = ¢ which implies
(c,d) ~ (a,b); transitivity: if (a,b) ~ (c,d) and (c,d) ~ (e, f), then § = £ and
E_to gt (ab)~ (e f).
Exercise: write this relation as a subset of R?.

(4) A=S? aspherein R3 a ~ bif a=bor a and b are antipodal

Non-examples.

(1) A=TR? (a,b)R(c,d) if ac = —bd: symmetric, but not reflexive and not transitive

(2) A=7Z, aRb if a = 2b: all three properties fail

(3) The relation on the power set P(S) given above is symmetric, but not reflexive
and not transitive
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Equivalence classes. Let A be any set, and ~ an equivalence relation on it.
Definition 10. The equivalence class of a € A is the set
la] :={be A:b~a}
of all elements b e A s.t. b~ a.
Example. A =R x R\ {0}. Define ~ by (a,b) ~ (c,d) if § = 5 then
(1,2)] = {(z,y) e R x R\ {0} : y = 22} C R™.
Theorem 11. For any a,b € A either [a] = [b] or [a] N [b] = 0.

Proof. Let a,b € A and suppose Jc € [a] N [b]. We want to show the equality of sets
[a] = [b].

1. Let = € [a] = x ~ a. Since ¢ € [a] we also have ¢ ~ a and by symmetry a ~ c¢. By
transitivity from x ~ a and a ~ ¢ we obtain x ~ ¢. Similarly, since ¢ € [b)] = ¢~ b
= (by transitivity again) z ~ b = z € [b].

2. Now assume z € [b]. In the same way as in part 1. we can show that = € [al.
1.,2. = [a] = [b] provided [a] N [b] # 0 O

Definition 12. Partition of A is the collection of all distinct equivalence classes,
i.e. A can be written as a union A = Uaer Ay of pairwise disjoint equivalence classes

of A.

Theorem 13. If A = U, A, where A,’s are pairwise disjoint, then R = {(a,b) €
Ax A:a,be A, for some o € I} defines an equivalence relation on A.

Proof. Exercise. O



FUNCTIONS

A function f : A — B is a rule that assigns to each element of A a unique element
of B. The set A is the domain of f, and B is the co-domain of f.

Definition 1. Let f : A — B, the range of f is the following subset of B

R(fy={beB:3ac Astb=f(a)}
Also denoted as f(A).

Examples.

(1) f:R—=R, f(z) =sin(z). R(f) =[-1,1]

(2) f:N=>Z
Fn) = {"T—l if 0 is odd,

—5, if nis even.

(3) Identity function: ids : A — A, ida(x) = x Va € A.
(4) Indicator function. Let B C A, xp : A — R is defined by

(2) 1, ifx € B,
€T) =
B 0, ifx¢B.
Definition 2. Two functions f and g are equal if they have the same domain, same
co-domain, and f(x) = g(x) for every point x in the domain.
Example.
(1) Define
f R—=R, flz)=a?
g:R = [0,00), g(x) = ?

Then f # g since they have different co-domains
(2) Define

FR=R, f(z) = |al
g:R—>R, glz)=Va?

Then f = g since they have the same domain, same co-domain, and vz? = |z|
Vr € R.



2 FUNCTIONS
FUNCTIONS ACTING ON SETS

Let f: A— B, and E C A. The image of E under f is the following subset of B
f(E):={f(e):e€ E} C B.
Let D C B. The inverse image (or preimage) of D under f is the following
subset of A
f'(D)={ac A: f(a) € D} C A.
Remark 3. z € f~1(D) iff f(z) € D.

Remark 4. The notation f~(set) does not imply that f has an inverse.

Examples.
(1) f:R—=R, f(z) = 2%
f([oa 2]) = [074]7 f_l([_la?)]) = [_\/37 \/g]a f_l({l}) = {_17 1}

(2) Let f: A— Band E C A. Then E C f~1(f(E)).

Proof. By definition f~'(f(E)) ={x € A: f(z) € f(E)}. Let e € E, this implies

fle) € f(E) = e € [T (f(E)). 0
(3) Back to the first example: f: R — R, f(z) = 22

f([0,00)) =[0,00), and f7([0,00)) =R = f(f([0,00))) =R # [0, 00)
In fact we have [0,00) C R.

COMPOSITION OF FUNCTIONS

Let A, B,C, D be any sets such that B C C'. And let
f:A—= DB, and ¢g:C — D.

The composition of g and f is the function go f : A — D defined by go f(x) =
g9(f(x))

Examples.
(1) Let
f R—=R, f(x) = (z+1)
g:R—=R, glx)=2°—1
Then
go f(z) =g(f(@) = g(x+1)*) = [z +1)’]" = 1= (z+1)° — 1

fogla) = flg(x)) = f(2° = 1) = (2" = 1 +1)* = 2",

Note that go f # fog.
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(2) Let

f:10,00) = [0,00), f(x) =V
g:R—1[0,00), g(x) =2°

Then

go f:[0,00) = [0,00), go f(x) = (vVa)* = ||
fog:R—[0,00), fog(x)=Va2=|z|.

INJECTIVE, SURJECTIVE, AND BIJECTIVE FUNCTIONS.

Definition 5. f : A — B is injective, or one-to-one (1 — 1), if Va,d' € A,
fla) = f(a') implies a = a' (equivalently a # o’ implies f(a) # f(d')).

f: A — B issurjective, or onto, if Vb € B Ja € A such that f(a) = b (equivalently
f(A)=B).

f A — B s bijective if it is both injective and surjective.

Inverse. Let f : A — B be a bijective function. Then by surjectivity for every b € B
we have an element a € A such that f(a) = b. Moreover, by injectivity this element
is unique. Thus we have the following definition

Definition 6. Let f : A — B be a bijective function. The inverse of f is the function
g: B — A defined by g(b) = a iff f(a) =b. In this case the function f is also called
invertible, and we denote the inverse f~! = g.

Example. Let f(x) = 2.

1. f:R — R. Not injective: f(1) = f(—1), but 1 # —1. Not surjective: Px € R s.t.
flx)=-1

2. f:R—0,00). Not injective: f(1) = f(—1), but 1 # —1. Surjective

3. f:]0,00) = [0,00). Injective and surjective = bijective.

The inverse f~1:]0,00) — [0,00) is given by f~(y) = /¥

Theorem 7. (1) Let f : A — B and g : C' — D be injective functions, and B C C.
Then go f: A — D is injective.

(2)If f: A— B and g: B — D are surjective functions, then so is go f: A — D.

(3) If f: A— B and g : B — D are bijective functions, then sois go f: A— D

Proof. (1) Let f: A — B and g : C — D be injective functions, and B C C. WTS:
go f:A— D is injective, i.e. if go f(a) = go f(a’) then a = d'.
Suppose go f(a) = go f(a’'), which means g(f(a)) = g(f(a’)). Since g is injective,
this implies f(a) = f(a'). Since f is injective, this implies a = a/. We showed
go f(a) =go f(d') = a=d, which means g o f is injective.
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(2) Let f: A— Band g: B — D be surjective functions. WTS: go f: A — D is
surjective, i.e. Vd € D Ja € A s.t. d =go f(a).
Let d € D, since g : B — D is surjective this implies 3b € B s.t. d = g(b).
Since f : A — B is surjective, we have that for that b there exists an a € A s.t.
b= f(a). Therefore, d = g(b) = g(f(a)) = go f(a) which shows go f is surjective.
(3) Follows directly from (1) and (2).

O
Example. Consider the functions
fRxR—=R
(z,y) ==
and
g R—-RxR
z+— (z,0)

Then f is not injective, but it is surjective. g is injective, but not surjective. We can
also calculate fog: R — R

flg(x)) = f((2,0)) =z +0=x
so fog(x)=z. Thus, it is both surjective and injective, and therefore bijective. For

gof:RxR—=RxR we get

9(f(z,y)) = g(x) = (x,0).
Thus, g o f is not injective (go f(1,1) = go f(1,0) = 1) and not surjective (nothing
maps to (1,1)).



FIELDS

FIELD AX10MS

A binary operation on a set A is a function o: A x A — A.
Example. Operations of +,—,- on R; U and N on the power set of any set.

Definition 1. A set F is a field if it has two binary operations @ (addition) and ®
(multiplication) on it, together with two special elements, 0,1 € F, satisfying the 10
field axioms:

F1 Addition is commutative: for all x,y € F
rTDhYy=y>dx
F2 Addition is associative: for all x,y,z € F
(r®y) Pz=2® (yd 2)
F3 There is an additive identity: an element O such that for all x € F
r00=u
Fj Additive inverse: for every x € F' there is an element y € F such that
r®y=0

The element y is denoted —x. Subtraction is then defined by x — z == x @& (—=2)
F5 Multiplication is commutative: for all z,y € F

TRY=yYQ«x
F6 Multiplication is associative: for all x,y,z € F
TRy Rz:2=21 (yQ 2)
F7 There is a multiplicative identity: an element 1 such that for all x € F
1®r==x

F8 Multiplicative inverse: for every x € F, x # 0, there is an element y € F such
that
r®@y=1
The element y is denoted x=1 or 1/x. Division is then defined by x/z = r @2z}

for z # 0.
F9 Distributivity: for oll x,y,z € F

m®(y@z)=(%®y)@(z®z)
F10
140
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Examples.

(1) The set of rationals, Q, with & =+, ® =+, 0 =0, and 1 = 1, is a field.
(2) N is not a field, there is no additive identity
(3) Z is not a field, no multiplicative inverse. E.g. 2 € Z, but fz € Z s.t. -2 = 1.

Field properties.

(1) The additive identity is unique
Proof. Let 01,05 € F satisfy

(a) r@®0p =2, VeeF
(b) 17@0221', Ve e F

Let © = 0g, then from equation (a) we get

02 @ 0; = 02 by (a)
= 05 =02 ¢ 0,
=01, ® 0, by commutativity of addition
=0, by (b)
(2) Cancellation law. Let x,y,z € F. Then
rPy=rdbz = yYy==z
Proof. Adding —x to both sides of the equation we have

B (DY) = 2@ (2@ 2)

(—z@z)Py=(—20x)D2 by associativity of addition
0by=0c=2 by additive inverse
y®0=2d0 by commutativity of addition

y==z by additive identity

(3) Let z € F, then
r®0=0
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Proof.
r®0=(z®0)®0 by additive identity
=(2®0)® ((r®0)— (z®0)) by additive inverse
=((z®0)® (x®0)) — (z®0) by associativity of addition
=r®(0®0)—2®0 by distributivity
=r20-2®0 by additive identity
=0 by additive inverse

(4) Let z,y € F. Then
TQYyYy=0 <= x=00ry=0

Proof. For if and only if statement we need to prove both ways. Start with
assuming z ®@y = 0. If z # 0 by multiplicative inverses there exists 7!, and thus

ey =r"'0 multiplying both sides by 2!
(r'®r)@y=0 by associativity of multiplication and property (3)
1y=0 by multiplicative inverses

y=20 by multiplicative identity

This shows that either z = 0 or y = 0. Now assume that z = 0 or y = 0, then
from (3) and commutativity of multiplication we immediately get x ® y = 0. [

(5) Let z € F, then

(-1)®z=—x
Proof. We have
@ (-1)®z)=1®z)d((-1) @) by multiplicative identity
=(z®1) @ (z®(-1)) by commutativity of multiplication
=z® (16 (-1)) by distributivity
=r®0 by additive inverse
—0 by (3)
We showed x @ (—1) ® z = 0 which means (—1) ® z is the additive inverse of z,
in other words (—1) ® x = —xz. O

(6) Using field axioms explain mathematically why “you cannot divide by zero”
SOLUTION: From part (3) we see that any element of the field multiplied by 0
gives 0, and since 0 # 1 no element can be a multiplicative inverse of 0. Thus,
0 does not have a multiplicative inverse and the operation of division by zero is
not defined.
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MODULAR ARITHMETIC

Let n € N, define a relation on Z by a ~ bif a —b=nz, z € Z, i.e. a — b is divisible
by n. This relation is called congruence modulo n. Notation

a=b modn

(a is congruent (equal) to b modulo n). It is straightforward to check that this is an
equivalence relation

Reflexivity: a — a = 0 divisible by n

Symmetry: a —b=nz = b—a=n(—=2)

Transitivity: a—b=nz, b—c=nzxwithz,x € Z=a—c=a—-b+b—c=n(z+2)
and z +x € Z.

We can then partition Z into disjoint equivalence classes. How many classes do we
get? First note that the classes

[0]7 [1]7 [2]’ AR [n - 1]

are all disjoint, so we have at least n distinct equivalence classes. On the other hand
[n] = [0], [n + 1] = [1] etc. So there are at most n distinct equivalence classes. Thus,
there are exactly n distinct equivalence classes, and we denote the set of all of them

Z/nZ =Z, = {[0],[1],[2], ..., [n — 1]}.

Examples.

(1) n=2,Zy = {[0], [1]}
(2) clock = mod 12, week days = mod 7, months = mod 12
(3) Let n € Z be a (k+1)-digit number with digits ngng_1 . ..ning, i.e.

n=mng+ng-10+---+ny- 10"

Show that n =ng+n;+---+n, mod 9. In particular, if ng+ny+---+n, =0
mod 9 (i.e. it is divisible by 9), then n =0 mod 9, i.e. n is divisible by 9.

Proof. Working modulo 9 we have
n=n-mn1-9-—m9-99—---—n,-99...9 mod 9
=ng+n;-1+---+ng-1 mod9
=ng+n;+---+nr mod9

Goal: Define operations of + and - on Z,. Can we make Z, into a field?
Proposition 2. Ifa=a mod n and b =1V mod n, then

(1) a+b=d +b modn
(2) ab = a't/ mod n



FIELDS 5

Proof. Write ~ for = mod n.

(1) We have a ~ &' which implies by definition that there exists k € Z s.t. a = a’+kn.
Similarly from b ~ b we have 3l € Z s.t. b = b + In. Adding the two equalities
gives

atb=d+V+kn+in=ad+V+(k+0n, k+1cZ
which implies a + b ~ a’ + V.
(2) With the notation from part (1) we have

ab= (a'+ kn)(b' +In) = 'V + (a'l + b'k + kin)n, where o'l + b'k + kin € Z
since a’, 1,0, k,n € Z.

Thus, ab ~ d'b'.

Denote

Definition 3. For a,b € Z,, define

(1)(‘169@2@_4—(). Denote a+b=a®b. ) )
(2) a®@b=ab and let 1 =1,0 =0. Denotea-b=a®b.

Addition and multiplication tables.

+]/01 2 3
TIEE
74 111230
202 0 2
202 3 0 1 513 9 1
31301 2
+]/01 2 3 4 Wil 934
0(0 1 2 3 4
1/1 2 3 4
1112340
Zs 202 4 1 3
202 3401
313 1 4 2
3(3 401 2 11301
414012 3

Remark 4. Notice that in Z, we have 2®2 = 0 since 2 is a factor in 4. Therefore, Zy4
is not a field (recall property (4)). We also notice that 2 does not have a multiplicative
muverse.

In Zs however, no two nonzero elements multiply to zero (no zero divisors), and every
nonzero element has a multiplicative inverse.

Theorem 5. (1) Z, is a field for any prime integer p



6 FIELDS
(2) Zy, is not a field if n > 1 is not a prime

Proof of (2). Let n = kl with k,[ € Z. Since k < n we have k # 7 =0, and similarly
[ # 0. On the other hand,

k@l=kK=nmn=0
This contradicts property (4) of a field, and thus Z,, is not a field. O
Idea for the proof of (1). To show that each element has an additive inverse define

—a = p — a. To show each nonzero element has a multiplicative inverse proceed as
follows

Show that there are no a,b € Z,\{0} such that a ® b =0
Show that if @,b,¢ € Z,\{0} and b # ¢, then a ® b # ¢
Show that for any @ # 0 there holds a® 0 #a®1# - #a®p—1
Conclude that there must exist b € Z, such that a ® 1

Examples.

(1) What is 637 in Z5?
Since 6 = 1 we have

Ol
I
|
_
|
I
|

67 —G 6.
(2) What is 5° mod 3?
Since 5 = 2 mod 3 we have 2°° mod 3. To further simplify this expression, note
20=1
2t =2
22=4=1 mod 3
23 =8=2 mod 3

We thus observe that 2% = 2(* m°d2) med 3. Indeed suppose n = [ + 2k, then
on = oIk — gkol — k9l — 9l mod 3, since 4 =1 mod 3.

Therefore, we need to calculate 5° mod 2. Since 5 = 1 mod 2, we have 5° = 1
mod 2, and finally

5" =25 mod 3
— 203> mod2) 1593

=2'=92 mod 3
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ORDER

Definition 6. An ordered field is a field F' with a relation, denoted <, satisfying
four axioms

O1 (Trichotomy) For all x,y € F, exactly one of the following statements is true:
r<y, y<wz, T=4y.
02 (Transitivity) The relation < is transitive, i.e. for all x,y,x € F,
r<y and y<z = x<2.
03 (Additive translation) For all x,y,z € F,
r<y = Thbz<ydz
04 (Multiplicative translation) For all x,y,z € F,
r<y and 0<z = Rz<YR=z

Remark 7. The relation x > y is defined by x >y <= y < x. And the relation
r<yisdefinedbyx <y < x<yorx=y.

Order properties.

Hzr<y=—x>-—y
2)z<yand 2<0=2rR2z>yRz
B)rz#0=>z®x>0
(4)1>0and -1<0
BGlw<zrzandy<z=wdy<zrdz

Proof. (1)
T <y
—rhr<-—xrPhy by additive translation
—yd(—rdr)<—yd(—rdy) by additive translation
—yB0<—yd(yd —x) by additive inverse, and commutativity of addition
—y<(—y®y) ®(—x) by additive identity, and associativity of addition
—y < —x by additive inverse and additive identity

(2) Since z < 0 we have —z > —0 by (1). We also note that since 040 = 0, it implies
that 0 is the additive inverse of itself, i.e. —0 = 0. Thus, —z > 0. Together with
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x <y by O4 it implies
T (—2)<y®(—=2)

—(r®2) < —(y® 2) by homework question (—z) @ y = —(z ® y)
—(—(z@2)>-(=(y®2) by (1)
TRZ2>YR 2 by Exercise 8 below

Exercise 8. Show that for any x € F we have —(—x) = x, i.e. the additive
wnverse of the additive inverse of x is x.

(3) Since = # 0, by Ol we have either z > 0 or z < 0. If z > 0 we have by O4
applied to 0 < x

ORr<r®x
O<zrz®x by property (3) of the fields we proved in class

On the other hand, if < 0 we apply (2) to < 0 to obtain
TRQ@r>0®z=0

(4) By (3) we have 1®1 >0 and by F7T1®1 =1, s0 1 > 0. Then by (1) we get
—1 < —0 = 0 where the last equality has been shown above in the proof of (2).
(5) Since w < x, then by O3 we get

WPy <rdy.
Similarly, y < z = y@®x < 2@z, or by F1
rhby<zdz.

Using transitivity (O4) from these two inequalities we conclude w @y < z @ z.
O

Example 1. Let p be a prime, then Z/pZ is a field. Can it be ordered?
Suppose it can be done, and let < be the order relation. Then from what we proved
before (property (4)), we must have 0 < 1, or 0 < 1. By additive translation (03)
and the definition of @ in Z/pZ, we have

1<2,2<3, ..., p—1<p=0.

Then applying transitivity (0O2) p times we obtain 1 < 0, which is a contradiction.
Therefore, we conclude that Z/pZ cannot be ordered.

Number sets.

(1) N — natural numbers (with addition and multiplication) can be constructed
intuitively. However, they do not contain additive or multiplicative inverses.
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(2) Z =“N U {0}U additive inverses”. Can be formally constructed as the set of
equivalence classes on Ny x Ny under the relation (a,b) ~ (¢,d) if a+d =b+ ¢,
with addition [(a, b)]®[(c, d)] = [(a+c¢, b+d)] and multiplication [(a, b)|®[(c, d)] =
[(ac + bd, ad + bc)]. Additive and multiplicative identities can then be defined as
0 = [(0,0)] and 1 = [(1,0)]. We can also introduce oder by defining [(a,b)] <
[(c,d)] <= a+d<b+ec.

Z, however, is still missing multiplicative inverses.

(3) Q is an ordered field. It can be constructed from Z as follows. Define a relation
(a,b) ~ (¢,d) on Z x Z\{0} as follows: (a,b) ~ (¢,d) if a-d =b-c. On the set of
equivalence classes under this relation define addition and multiplication by

[(a,0)] @ [(¢, )] = [(ad + be, bd)], [(a,b)] @ [(c, d)] = [(ac, bd)].

With 1 = [(1,1)] and 0 = [(0,1)] this set satisfies ten field axioms. The order
relation can then be defined as [(a,b)] < [(¢,d)] if bd > 0 and ad < be, or bd < 0
and ad > bc. One can check that the four order axioms hold for this relation.
(4) R: why do we need a bigger field? What is missing from Q7 Consider the set
A:={x € Q: 2% < 2}. Tt can be shown that for all z € A we have x < 2, so
we say that the set A is bounded above. However, for every x € A we can find
another y € A satisfying y > x. In other words there is no “exact” upper bound
on A. Another way to capture this is to consider a sequence of rational numbers

1

—1, e

1
L, 141, 14—, 1
o L+ 1 1T+ T+ 1 +
The members of this sequence become “closer and closer” to each other, but there
is no rational number that it converges to. The property that is missing is called
completeness, and we will make it precise in the next section.

COMPLETENESS

Bounds. Let F' be an ordered field, X C F.

Definition 9. (1) b € F is an upper bound of X if x < bVz € X. It is a least
upper bound (supremum) of X if (i) it is an upper bound of X; and (ii) for
every upper bound ¢ of X there holds: ¢ > b. Notation: b = sup X.

(2) a € F is alower bound of X if x > a Vx € X. It is a greatest lower bound
(infimum) of X if (1) it is a lower bound of X; and (ii) for every lower bound c
of X there holds: ¢ < b. Notation: a = inf X.

Proposition 10. If sup X exists, it is unique. If inf X exists, it is unique.

Proof. We will consider the case of supremum, infimum left as an exercise. Let b,
and by be suprema of X. We want to show b; = bs.

We have (1) b; is an upper bound of X; (2) V upper bound b of X there holds
b > by; (3) by is an upper bound of X; (4) V upper bound b of X there holds b > bs.
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Properties (1) and (2) hold because by = sup X, and properties (3) and (4) hold
because by = sup X. We have

(2),(3) = b2 =b1; (1),(4) = by = b
By trichotomy this gives b; = bs. U

Definition 11. (1) The set X is bounded above if it has an upper bound. It is
bounded below if it has a lower bound. X is bounded if it has an upper bound
and a lower bound.

(2) If sup X € X it is called the maximum of X, and if inf X € X it is called the
minimum of X.

Examples.

(1) Let F =Q, N C Q. Nis bounded below, but not bounded above (thus sup N and
max N DNE). inf N = 1, and since 1 € N, minN = 1.

(2) X =(0,1) CR. inf X =0, sup X = 1, min, max DNE.

(3) Let X ={1/n:n € N} CQ. Then sup X =max X =1, inf X =0, min X DNE
Proof. We will prove that inf X = 0. First, 1/n > 0Vn € N, thus x > 0 Vo € X
and 0 is a lower bound. Second, any negative lower bound is < 0, so it cannot be
a greatest lower bound. Finally, we show that no positive rational can be a lower
bound for X and this will conclude that inf X = 0. Let r € Q, » > 0, define
n=[1/r]+1 € N. Thenn > 1/r = r > 1/n, and since 1/n € X, r is not a
lower bound for X. Thus, 0 is a lower bound for X and no positive rational can
be a lower bound i.e. b < 0V lower bound b. Therefore, 0 = inf X. O

(4) X ={(-1)":n e N} CQ. We can see that X = {—1,1} soinf X = min X = —1
and sup X = max X = 1.

Completeness. An ordered field F' is complete if every non-empty subset of F' that
is bounded above, has a supremum in F'.

Example. Let F = Q, recall A = {zx € Q : 2* < 2}. Claim: A is bounded above.
Proof: we will show b = 3 is an upper bound for A. Indeed, if x > 3, then by
transitivity x > 0, and by multiplicative translation x* > 3x and 3z > 3% (since we
also have 3 > 0). So by transitivity v* > 3> = 9, and thus * ¢ A. We showed
x> 3= x ¢ A which by contrapositive shows © € A = x < 3. So for every z € A
we must have x < 3 and therefore 3 is an upper bound.

We now claim that A does not have a supremum in Q. The proof is rather technical,
and we will not give all the details; rather we sketch the idea. Suppose dc € Q s.t.
c=sup A. It can be shown that ¢* = 2 (this is the technical part), and to arrive at a
contradiction we will show that ¢ cannot be rational. Assume it is, and write it as an
irreducible fraction

m
c=—,meZ, neN
n
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Since ¢ = 2, we have m? = 2n?, so m? is even. This implies that m is even, so

m = 2k for some k € Z. Then 4k* = m? = 2n® = n? = 2k?, thus n? is even and so
is n. Since m and n are both even, the fraction m/n is reducible which contradicts
our assumption. This concludes that the set A C Q, although bounded above, does
not have a supremum, and thus Q is not complete.

Definition 12. Two ordered fields, Fy and F, are isomorphic if there exists a bi-
jection f: Fy — Fy s.t.

fla®b) = f(a)@f(b), f(a®b) = f(a)®f(b), anda <b <= f(a) < f(b), Va,b e Fy
In other words, f is a bijection that preserves arithmetic operations and order.
Theorem 13. There exists a complete ordered field, R. Moreover, R contains a sub-

field that is isomorphic to Q. Finally, any two complete ordered fields are isomorphic.

Idea of proof. The field R will be constructed from Q. The members of R will be
certain subsets of Q, called cuts. A cut is, by definition, any set a C Q with the
following three properties:

(1) a# 0 and a #Q
(2) If pe o, g€ Q, and ¢ < p, then q € «
(3) If p € a, then p < r for some r € « (i.e. « has no largest member)

Define “a < 8”7 to mean o C 3. Define addition as
a®f={r+s:re€asecf}
Define 0 = {r € Q : r < 0}. The additive inverse of a will be
—a={peQ:—p—r¢afor somer > 0}.
For multiplication first consider the set RT™ = {a € R: a > 0}. For «, 8 € R" define
a®@f={peQ:p<rsforsomerecasecfr>0,s>0}

Define 1 = {qg € Q : ¢ < 1}. To complete the definition of multiplication, set
a®0=0®a=0 for all cuts «, and

(—a)® (=8), ifa<0,8<0,
a®@pf=<—((—)®p), ifa<0,p>0,
—(a® (=p)), ifa>05<0.

It then remains to verify 10 field axioms, 4 order axioms, and the completeness axiom.
Rational numbers are then isomorphic to “rational cuts” defined by

r*={peQ:p<r}.

Example. A familiar real number v/2 can be defined as the following cut
V2={reQ:r?<2)u{reQ:r<0}.
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ABSOLUTE VALUE

Let F' be an ordered field (not necessarily complete). The absolute value of = € F

is
x, ifxz>0
|z| == :
—x, ifx<O0.

Remark 14. We write 0 for 0 (the additive identity of the field F'), and —x stands
for the additive inverse of x.

Remark 15. |z| € F Vz € F.

Properties. Let I’ be an ordered field, then Vx,y,a € F

(1) || > 0; and || =0 iff x =0

(2) 2] = | -

(3) —Jo| < = < Ja]

(4) |z| <aiff —a <z < a. Similarly, [z| < e iff —a <z <a

(5) |zy| = |z||y| (here zy stands for z ® y).

Proof. We will prove (3) and (4), the rest is an exercise.

(3) Recall that by trichotomy we have z =0, z > 0, or x < 0.

Case 1: x =0 =(by (1)) |z| =0 = —|z| = 0. We thus have —|z| = x = |z|, which
in particular implies —|z| <z < |z|.

Case 2: z > 0 = (by definition) |z| = 2, and in particular = < |z|. Moreover,
—|z| = —x < 0 (by the property of order proved in class), thus by transitivity
combining with > 0 we obtain —|z| < z. In particular, —|z| < x.

Case 3: © < 0 = (by definition) |z| = —z = —|z| = —(—2) = x (see Exercise 8),
and in particular —|z| < z. Moreover, |z| = —z > 0 (by the property of order proved
in class), thus by transitivity combining with < 0 we obtain |z| > x. In particular,
z < |zl

(4) =: let |z| < a, then (3) and transitivity < |z| < a. Again by property (1) of
order we have —|z| > —a, and thus (by (3) and transitivity) —a < —|z| < x.

<: let —a < x < a. Then if x > 0 we have by definition |z| = < a. On the other

hand, if z < 0 we have |z| = —z, and since © > —a = —z < —(—a) = a. Thus,
|| = —x < a in this case as well. By trichotomy, there are no other cases.
The proof for the strict inequality proceeds in exactly the same way. Il

Triangle inequality. Let F' be an ordered filed, and x,y € F. Then
(1) |2+ y| < [z +[y|
Remark 16. Here + stands for the addition operation & in F.



FIELDS 13

Proof of (1). By property (3) we have —|z| < x < |z| and —|y| < y < |y|. Adding
the two inequalities (property (5) of order proved in class) we obtain

—lz| =yl <z +y <|z|+|y|

Next, recall that we proved —z = (—1) ® , which implies by distributivity
—|z[ =yl = (=D + (=D)ly| = (=1)(|z[ + |y[) = —(lz| + [y]). Therefore,

—(|z[ +y) Sz +y < ||+ yl,
which by property (4) (with a = |z| + |y| and = + y in place of x) implies (1). O

COMPLEX NUMBERS

Note that there is no element z € R s.t. 22 = —1. Goal: construct the smallest

possible field containing R and an element z s.t. 22 = —1.
Definition 17. The set of complex numbers is defined as

C:=R*={(a,b): a,b € R}
with addition + and multiplication - defined by

(a,b) + (¢,d) = (a4 ¢,b+d)
(a,b) - (¢c,d) = (ac — bd, ad + be)

V(a,b), (c,d) € C.
Theorem 18. C is a field with 0 = (0,0) and 1 = (1,0).

Proof. Exercise. Hint: verify that —(a,b) = (—a,—b) and (a,0)"" = (=%, 75)

are the additive and multiplicative inverses respectively. O
Remark 19. If we defined “multiplication” by simply assigning (a,b)-(c,d) = (ac, bd),
then we would have (1,0) - (0,1) = (0,0) = 0 while (1,0) # 0 and (0,1) # 0 which is
impossible in the field.

We now note that V(a,b) € C we can write (a,b) = (a,0) + (b,0) - (0,1). All the
elements of the form (a,0) form a subset of C that can be put in a bijective corre-
spondence with the set of real numbers (a,0) +— a. Moreover, this bijection preserves
the arithmetic operations (a,0) 4 (b,0) = (a +b,0), (a,0) - (b,0) = (ab,0). From now
on we will identify the subset {(a,0) € C} C C with the set of real numbers. We
next establish an important property of the special element (0, 1).

Definition 20. Define i = (0,1).
Proposition 21. 2 = —1, i.e. (0,1)-(0,1) = (—1,0).

Proof. The result follows by direct verification using the definition of multiplication
from Definition 17. U
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Definition 22. The real part of a complex number (a,b) is Re(a,b) = a. The imag-
inary part of a complex number (a,b) is Im(a,b) = b. We then write (a,b) = a + bi,
and note that both real and imaginary parts of a complex number are real numbers.

Example 2. Consider 2 + 3i,4 + 52 € C. We then have
(1) (2+3i)+ (44 5i) =6+ 8¢
(2) (24 3i)(4 4 5i) = 8+ 10i + 12i + 15:2 = —7 + 22;
1 2 -3 2 3
—_— 2 -1 e = — — —
(%) 553 = 23 <22+32’22+32> 13 13"

Solutions to polynomials in different number fields. With identification of R
with a subset of C, the field of complex numbers is the largest number set we have
constructed so far. In other words we have

NCZCQCRCC

At every step in this chain of inclusions as we are adding new elements, we enlarge
the class of polynomials that have roots in a particular number set. For example,

x + 1 has no solution in N, but has a solution in Z, r=—1

1
2z + 1 has no solution in 7Z, but has a solution in Q, xr= —3
2?2 — 2 has no solution in Q, but has a solution in R, z = /2 (and x = —\/5)
2% + 1 has no solution in R, but has a solution in C, x =1 (and z = —i)

This may serve as an additional motivation for constructing the field of complex
numbers.
Complex conjugate and modulus.
Definition 23. The complex conjugate of z = a +1b € C is
z=a—1beC.
The modulus (or the length, or the absolute value) of z = a+ib € C is
12| = V2 -2 =Va® + b2 € Ryy.

Remark 24. If x € R, i.e. Re(z) = = and Im(xz) = 0, then the modulus of x
coincides with the absolute value defined previously: |x| = V2.

Examples.
(1) Write in the form a + ib
4—i  (4—i)(3+2) 8—12i 8 12

312 9+4 13 13 13




FIELDS 15

1 1—i 2-3 (1-9)@2+3) 7 2.
@ rstes s 3 13 B 1B
Properties.
(1) zZ==2
2 zFw=z2+w
(3) z+z=2Re(z) and z — zZ = 2iIm(2)
) zzw=z w
(5) if w # 0 then w # 0 and
z z
<w> W
(6) z=ziff z€e R
(7) z=0iff z =
(8) || = |2]
9) z-z=|z2?
10) |zw| = |z||w
11) |Re(2)| < |z| and |Im(2)| < |z|
12) Triangle inequality: |z + w| < |z]| + |w|

Proof. (1) Let z =a+ib, then z=a—ib=a+i(-b) = Z=a—i(—b) =a+ib==z
(2) Let z =a+ib and w = ¢+ id, then

ztw=a+c+ilb+d =a+c—i(b+d)=(a—ib)+ (c—id) =z +w
(3) Let z = a + ib, then
z+zZ=a+ib+a—ib=2a=2Re(z); z—ZzZ=a+1ib— (a —ib) = 2ib = 2iIm(z)
(4) Let z = a + ib and w = ¢ + id, then

z-w = (a+ib)(c+id) = ac — bd + i(ad + bc) = ac—bd—i(ad+bc) = (a—ib)(c—id) = zZ-w

(5) Let w = ¢+ id, if w # 0 then either ¢ # 0 or d # 0. Since w = ¢ — id we thus
obtain that w # 0. Next, using property (4) we have

OENEDE

Dividing both sides by w # 0 gives the result.
(6) We need to show two implications. First, assume z = z. Denoting z = a + ib we
obtain

a+ib=a—1b = 21b=0 = b=0 = z=a€R.
On the other hand, assume z =a € R,ie. z=a+0i = zZ=a—0i=a = z.
(7)Ifz=a+ib=0,thena=b=0= zZ=a—ib=0. If Z= 0, then by property
(1) z =Z = 0 by what we just showed.
(8) Let 2 = a+ib, then |z| = Va2 + b2, and z = a—ib = |z| = \/a? + (=) = Va2 + b2 = |2|.
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(9) Let z = a +ib, then Z = a —ib so
z-zZ=(a+ib)(a —ib) = a* + b* +iab — iab = a® + b* = |z|*.
(10) By (9)
lzw|? = (2w)(zw) = (by (4)) = z2wzw = 2Zww = (by (9) again) = |z*|w|>.

Taking the square root on both sides, and using the fact that modulus is always
nonnegative, we obtain |zw| = |z||w|.

(11) Let z = a + ib, then |z|?> = a® + b?, and |Rez|? = a?. This gives |Rez|? < |2|?,
which implies by taking the square root and using nonnegativity of modulus,
|Re z| < |z|. By the property of absolute value (z < |z| Vo € R) we conclude
Rez < |z]. The second inequality for the imaginary part is shown in the same
way.

(12) For the triangle inequality, first recall from your homework that zw + zw =
2Re(zw) Vz,w € C. Then using (9) we have

lz4+w)? = (z +w)(z+w) = (by (2)) = (z + w)(Z + W) = 2Z + w0 + 20 + Zw
= (by (9) and hw) = |z|* + |w|* + 2Re(zw) < (by (11)) < |2 + |w|?* + 2|zw|
= (by (10) and (8)) = |2|” + [w]* + 22| |w]

Finally, using nonnegativity of the modulus and extracting the square root com-
pletes the proof.

g

Proposition 25. C cannot be ordered.

Proof. Suppose that it can, and let < be the order relation. Since i # 0 we have
by property (3) of order proved in class: > > 0. Thus, —1 > 0 = 1 < 0, which
is a contradiction since in every ordered field we must have 1 > 0 (order property
(4)). O

POLAR FORM OF A COMPLEX NUMBER

We showed that for any nonzero z € C, z/|z| is a unit vector. Another way to think
about it, is that it is a point on the unit circle centered at (0,0). In turn, every point
on the unit circle has the form (cosf,sinf) where 6 is the angle between the line
through the origin containing the point, and the z-axis. This motivates the following
definition

Definition 26. The argument of z € C\{0} is the angle 0 between z and the x-azis,
arg(z) = 0. The polar form of z is

z = |z|(cos @ + isin ).

The argument is usually taken to be in (—m,w] or [0,2m).
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Remark 27. We have z = |z|(cosf + isinf) = Rez = |z|cosf, Imz = |z|sind

= tané lm 2
anv = .
Re z
Examples.
(1) 2=7+Ti
|4:NM%+WZ7¢ZUm9:1¢0:%
z=TV2(cos T +isin7).
V3 i
2) 2=~ + =
(2) 2= +3

1
|z| = 5\/3—1— 1=1; tanf =

Sl
\
Il

o=

1 (cos % +isin )
z2=1(cos— +isin— ).
g Tising
(3) 2 =3 5i
5)
|z| = V32 + 52 = V34; tanf = -3
Moreover, cos = 3/v/34 > 0 and sinf = —5/v/34 = 0 € [37/2,27). Thus
2= /34 (cos +isin#),
where 6 is the unique angle such that 6 € [37/2,27) and tanf = —5/3.

Geometry of addition and multiplication. For addition we can use the parallel-
ogram law

e Rt 2
Zz _,—"—,’

For multiplication, let z = |z|(cos @ 4+ isin @) and w = |w|(cos 1 +isint)). Then using
trigonometric identities we obtain

2w = |z||w|(cos O + isinB)(cos Y + isinyy) = |z||w|(cos(d + 1) + isin(f + ¢))

That is when multiplying two complex numbers, their length multiply, and the argu-
ments add.
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Example 3. Let z = T+ 7i, we showed z = T+/2 (cos% + 7sin %) We then can easily
calculate different powers of z

z2:z~z:49-2<cosg+isinz>

2
3 3
2 = (TV2)? (cos Zﬂ + isin %)

BOUNDED, OPEN, CLOSED SETS

Let F =R or C.
Recall that if x € R we defined |z| the absolute value of z. If z € C, then |z| is the
modulus of z (which coincides with the absolute value, if z happens to be real).

Definition 28. A subset A C F isbounded if 3IM € R, M > 0 s.t. |2| < M Vz € A.

Examples.

(1) {ze€ C:|z| <5} CCis bounded

(2) {i":n € N} C C is bounded since |i"| = [i|"=1<1Vn €N

(3) {z € R : x < 1} is unbounded, since VM > 0 there is x = —M — 1 < 1 s.t.
lz|=M+1> M.

Definition 29. The distance between z,w € F' is
d(z,w) = |z — w|.
Proposition 30 (Triangle inequality for the distance). Vz,w,u € F we have
d(z,w) < d(z,u) + d(u, w).
Example 4. Let F = C, z = a+ib, w = c+id = d(z,w) = [z2—w| = y/(a — ¢)2 + (b — d)2.

Definition 31. The open ball centered at z € F with radius r € R, r > 0 is the
following subset of F

B(z,r):={we F :d(w, z) < r}.

Examples.
(1) F=R

B(a,r) = (a—r,a+r) open interval of R
(2) F=C

B(a+ib,r) = {z+iy € C : |(z+iy)—(a+ib)| < 7} = Bla+ib,r) = {(z,y) € R* : (z—a)*+(y—b)* < r
open disk centered at a + b, radius r.

Definition 32. A subset U C F is open if Vo € U 3¢, > 0 s.t. B(zv,e,) CU. That
s every point in U has a ball around it that is contained entirely in U.
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Let F =R or C.
Recall that if z € R we defined |z| the absolute value of x. If z € C, then |z| is the
modulus of z (which coincides with the absolute value, if z happens to be real).

Definition 1. A subset A C F is bounded if 3IM € R, M > 0 s.t. |2] < M Vz € A.

Examples.

(1) {z € C: |z] <5} C C is bounded

(2) {i" : n € N} C C is bounded since |[i"| = |i|*=1<1Vn €N

(3) {x € R : x < 1} is unbounded, since VM > 0 there is © = —M — 1 < 1 s.t.
x| =M+1> M.

Definition 2. The distance between z,w € F' is
d(z,w) = |z — w|.
Proposition 3 (Triangle inequality for the distance). Vz,w,u € F we have
d(z,w) < d(z,u) + d(u, w).
Example 1. Let F = C, 2z = a+ib, w = c+id = d(z,w) = |z—w| = y/(a — ¢)2 + (b — d)2.

Definition 4. The open ball centered at z € F with radius r € R, r > 0 s the

following subset of F'
B(z,r):={we F :d(w,z) <r}.

Examples.

(1) F=R, B(3,1) =(2,4)
(2) F=C,B(1+i1)={weC:|w—(1+1i)] <1} — an open disk centered at
1+ 4, radius 1.

Definition 5. A subset U C F is open if Vo € U e, > 0 s.t. B(z,e,) CU. That
15 every point in U has a ball around it that is contained entirely in U.

Proposition 6. U C I is open iff it can be written as a union of open balls.

Proof. =: suppose U C F' is open, which means Vo € U 3¢, > 0 s.t. B(x,e,) CU.
Claim: U = U,epB(x, &,).
Proof of claim: let y € U = y € B(x,e,) for v =y € U = y € Uy B(x,2,).
On the other hand, if y € UyepB(z,€,), then 3x € U s.t. y € B(z,e,). But since
B(z,e,) C U this gives y € U.

1



2 TOPOLOGY OF R AND C

<: suppose U can be written as a union of open balls, i.e. there exists a subset
S C Fst. U=UgsB(a,r,), where r, > 0 Va. Now let = € U, we want to show that
there is a ball around z that is entirely in U. From our assumption we have da € S
s.t. © € B(a,r,) = d(z,a) < r,. This shows in particular that r, —d(z,a) > 0, so we
denote ¢, = r, — d(z,a). We now claim that B(z,e,) C U. Indeed, let y € B(x,¢e,)
ie. d(y,x) < ;. Then by the triangle inequality d(y,a) < d(y,x) + d(z,a) <

er +d(z,a) =1, =y € Bla,r,) CU. O
Examples.

(1) 0 is open

(2) F is open

(3) An open ball is open

(4) F =R, (a,b) C R is open since (a,b) = B (£, 259

(5) F=C, A= (a,b) x(¢,d) ={2€ C:a<Rez < bec<Imz < d} is open.

Fr

or any z € A let ¢, = min{Rez — a,b — Rez,Imz — ¢,d — Imz} > 0, then
B(z,e,) C A (exercise).

(6) F =R, [a,b] CR is not open. We have a € [a, ], but for any £ > 0
B(a,e) = (a—¢e,a+¢€) € [a,b].

Definition 7. A subset X C F is closed if its complement X¢ = F\X is open.

Remark 8. There are sets that are open, closed, both, neither. This means that the
properties of open and closed should always be checked separately, as they are not
mutually exclusive.

Examples.

(1) @ is closed, since ()¢ = F which is open

(2) F is closed since F¢ = () which is open

(3) F = R, [a,b] C R is closed since [a,b]® = (—o0,a) U (—o0,b) which is open
(exercise).

(4) F =R or C, the closed disk defined as

D(a,r)={z€ F :d(z,a) <r}
is closed.

Proof. D(a,r)¢ = {x € F : d(z,a) > r} = U,epeB(z,d(z,a) —r) = D(a,r)° is
open. O
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Topology.
Definition 9. A collection T of subsets of F' forms a topology on F if

(1) 0, F €T
(2) Uy € TVa €1 = Uye U, €7
(3) Uy € TVa €I and I is finite = NaesUs € T

Proposition 10. The collection of open sets on F =R or C forms a topology on F.
More precisely,

(1) O and F are open
(2) arbitrary unions of open sets are open
(8) finite intersections of open sets are open

Proof. We will show part (3), the rest is an exercise. Let Uy,...,U, be open, and
consider U := N}_,U;. To show U is open we will show that for any point a € U
Jr, > 0s.t. Bla,r,) CU. Let a € U = a € U, Yk =1,...,n. Since each Uy is open
we have Vk = 1,...,n 3r, > 0s.t. B(a,r;) C Ug. Define r, = min{ry,ro, ..., 7} > 0,
then B(a,r,) C B(a,r,) CU, Vk=1,...,n = B(a,r,) C N}_,Ux = U, which shows
U is open. Il

Question. Why did we have to require that there are only finitely many sets? What
happens to the proof if we consider an infinite collection of sets Uy, Us, ... ¥



INDUCTION

Suppose we want to prove that some statement P is true for all integers n that are
greater or equal to some fixed integer ng (often ng = 0 or 1). (P, ¥n > ng). The
method of proof, known as mathematical induction consists of two steps:

Step 1 (base case): Show that P holds for ng (B,,).
Step 2 (inductive step): Assume that P holds for some n > ng (P, for some
n > ng). Show that P holds for n + 1 (P,41).

Why does it prove P for all n > ny? First of all, in step 1 you show F,, and then
step 2 gives you P, 1. Then you can apply step 2 again for n = ng+ 1 and conclude
P,,+2. You can continue this way to conclude P, for all n > ny.

Examples.

(1) Let s; = 1 and define recursively s,,+1 = 2s, Vn > 1. What is a general formula for
s, in terms of n? First we calculate a few first terms: sy = 251 = 2, 53 = 259 = 22,
sy = 2s3 = 23, .... This suggests s, = 2"! Vn > 1, which we now prove by
induction. We denote P, the statement that s, = 2"71.
Base case: ng = 1, we know s; = 1 = 2° = 2!7!_ 50 the formula holds for n = 1.
Induction step: assume s, = 2" ! for some n > 1. We then have s, 1, = 25, (by
definition), thus by induction assumption s, = 2s, = 2- 2"~ = 27 = 2(n+1)—1
which is P,.1.

(2) Prove that ¥n > 1

2
k=1
which is P;.
Inductive step: assume » ., k = n(n;l) (P,) for some n > 1. Then
n+1 n

; k= ; kt(n+1) = (by P,) = @Hnﬂ) _nntl) ; 2(n+1) _ (nt 1)2(n +2).

which is P,.1. O
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(3) Prove that Vo € R and Vn > 1

(1 —JI)Zl‘k =1
k=0
Proof. Base case: Let ng = 1, then
1
(1—x)ka: 1-2)(1+z)=1—-2°=1—2"""
k=0
which is P;.

Inductive step: Assume that for some n > 1 we have PB,, i.e.

n

(1—:C)Zxk =1—z"

k=0
Then we have
n+1 n
(1—%) Zxk _ (1_1.) Zl‘k—i-(l—SE)QCnJrl — (by Pn) = gl pntl__pnd2 _ 1_xn+27
k=0 k=0
which is P, 1. O

(4) Prove that 2"~! <n! V¥n >1
Proof. Base case: Let ny = 1, then

ogno—l — 90 — 1 <1 =11,

which is P;. Inductive step: assume 2"~! < n! for some n > 1, then

o= l.2<pl.2 by P,
<n!-(n+1) sincen>1=n+1>2
=(n+1) which is P,1.

(5) Prove that [[;_,(1 —1/k) =1/n Vn >2.
Proof. Base case: ng = 2, then
m(i-t)-i-1-!
k) 2 2
k=2

which is P,. Inductive step: suppose [[,_,(1 —1/k) = 1/n (P,) for some n > 2.
Then

n+1 n
H 1_l :H 1_l 1= 1 _ 1 1— 1 oo ’
k k n+1 n n+1 n n+1 n+1
k=2 k=2

which is P, 1. O
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(6) There are exactly n people at a gathering. Everybody shakes everybody else’s
hand exactly once. How many handshakes are there?

SOLUTION: Let a, be the number of handshakes between n people. We first
need to come up with a formula for a,, and then prove it by induction. We start
by calculating first few values: a1 =0, as = 1, a3 = 3, ay = 6. The pattern is not
immediately clear, but we can reason in the following way: suppose there are n
people who all shook each other’s hands. If another person enters the room and
shakes everyone hands, then there are extra n handshakes. This gives a recursive
formula

(%) (py1 = Qp + M.

Using this formula repeatedly we obtain

Upi1 = Qp+n = ap_1+n — 14n = a, o+ (n—2)+(n—1)+n =--- = a1 +1424- - -+n = Z k.
k=1

The result in example (2) thus leads to the following assumption

n(n—+1
an—i-l: ( 2 )7
or .
a, = w (P,).

We will now prove P, ¥n > 1. Base case: ng = 1, then a; =0 = (1 —1)1/2 so
P,, is true. Inductive step: assume P, is true for some n > 1. Then using (x) we
have

(n—1)n (n—1)n+2n n(n+1)

an+1:an—|—n:T+n= 9 - 9 )

which is P,1.



SEQUENCES

Definition 1. An infinite sequence is a function s : N — C (domain = N,
co-domain = C). Notation: write s, = s(n) — the n'™ term of the sequence,
s={s1,52,... } = {Sn}n>1 — the sequence.

Examples.

(1) {c}, ¢n, = ¢ ¥n € N — constant sequence

@) {1/} = (112,15,

(3) {(= )}—{ L1,-11,...}

(4) {i"} = {i, - i,l,z’, 1 —i,1,...}

(5) Recursively deﬁned 5] = 1 Spi1 = 28, Vn > 1. We have shown that s, = 27!
(6) {k}rez is not a sequence, since the domain is Z not N.

Arithmetic operations. Let {s,}, {t,} infinite sequences, and ¢ € C. Define

(1) {sn} £ {tn} = {sn £ tn}

(2) {sn} - {tu} = {50 tn}

(3) {5} = {c5,)

(1) (3,10} = {sufta} iE £y £ 0n € N

LIMITS OF SEQUENCES
Definition 2. Let {a,} be a sequence of complex numbers, and a € C. We say that
{a,} converges to a, orlim, . a, =a (a, — a asn — ), if
Ve>0 INeN st |la—ay| <e VYn>N.
a is called a limit of {a,}. The sequence is called convergent if it has a limit.

Otherwise, it is called divergent.

Remarks.

(1) N depends on e. Usually, for smaller € you need a larger N
(2) la, —a| < e <= a, € B(a,e). Thus the condition lim,,_,. a, = a can be
re-written as

Ve >0 IN €N s.it. a, € B(a,e) VYn > N.

(3) If lim,, o a, = a, then given € > 0 all but finitely many a,’s are in the e-ball
around a.
1
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Examples.

(1) {c} converges to ¢
Proof. Let € > 0, choose N = 1. Then if n > 1 we have |¢, —¢| =|c—¢| =0 <
€.

(2) lim, 00 1/mn =0
Proof. Let € > 0, choose N to be any integer satisfying N > 1/e. Then if n > N
we have n > 1/e, and therefore

——0l==-<e
n n

1 ‘ 1
0
(3) limy, 00 ¢/n =0 Ve € C.
Proof. If ¢ = 0 then we have a constant sequence {0} and by example (1) it
converges to 0. If ¢ # 0, then |¢|] > 0. Let ¢ > 0 and choose any integer
N > |c|/e. If n > N we have

el _ ld
N /e

C C
——O‘:US €.
n n

Theorem 3. If a sequence converges, its limit is unique.

Proof. Suppose s,, — s and s, — s’. This means that for every ¢ > 0 we can find
natural numbers N; and N s.t.

|sp, — s <§, Vn > Ny
|s, — §'| < g, Vn > Nb.
Let N = max{Ny, Ny}, then we have both N > N; and N > N,. Therefore, using
the triangle inequality we have
s —s'| =|(s —sn)+ (sy — &) < |s —sn| +|sy — | <e.

This shows |s — §'| < e Ve > 0. We now claim that this implies |s — /| = 0. Indeed,
assume the contrary |s — s'| > 0 and choose € = |s — §|/2. Then |s — §'| < |s — §'|/2
= |s —§'|/2 <0 = |s — §'| <0 which is a contradiction since the modulus is always
non-negative. Thus, |s — | =0= s =" 0

Theorem 4. Let o € C, and consider the sequence {a™}. There are three cases

(1) If « =1, then o™ — 1 as n — o0
(2) If |a| < 1, then ™ — 0 as n — oo
(3) If a« # 1 and |a| > 1, then {a™} diverges.
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Proof. (1) Let o = 1, then o™ = 1 Vn € N, and therefore {a"} = {1} a constant
sequence which converges to 1 by Example (1).

(2) Let |a] < 1. If @ = 0 then {a"} = {0} is again a constant sequence, which
converges to 0. If a # 0, then |a| > 0. Moreover, since |a| < 1, we have In |a| < 0.
Now let € > 0. Assume first that ¢ < 1, which in particular implies Ine < 0,
so A& > (. Take N to be any integer strictly bigger than 125, N > 1B > (),

In o In|a|’ In |o

Then if n > N we have

Ine

>
" In |

= nlnja| <Ine (since In|a| < 0)

enln|a| < nlna
la* < e
lo|* = 0] <e.
In the case € > 1 it is sufficient to take N = 1 and is left as an exercise.
(3) Let @ # 1 and |a| > 1. We will prove that {a"} diverges by contradiction.
Suppose that {a"} converges, i.e. Ja € C s.t. lim,_, @™ = a, which means
(*) Ve>0 IN €N st. [a"—a| <e Vn>N.

la—1]

Let ¢ = 5

N € N s.t.

which is strictly positive since o # 1. Then by (*) there exists

la" —a| < ]a;1| Vn > N.
We also have |[a"™! — a| < @ for such n, since n +1 > n. Using the triangle
inequality we then obtain
2™ — ot =" —a4a—a"| < | —a|+|a— " < |a—1].
On the other hand, since |a| > 1 we have
o™ — | = |o"(a = 1)| = |a["|a = 1] > |a — 1].

We thus showed
la—1] < Ja"t —a"| < |a — 1],

which is a contradiction.

Examples.

(1) {(—=1)"} diverges. Indeed, we have a = —1, so « # 1 and || = 1 which is case
(3). Thus {(—1)"} diverges.
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(2) {(1/2+1/4)"} converges to 0. In this case we have

LoD o (Y 2 /o
o= — —_ o = —_ — — _
2 4 2 4 16 ’

which is case (2) of the Theorem.

Divergence. Recall that a,, — a if
Ve>0 AN eN st. Vn >N |a" —a| <e.
Therefore to say a, /4 a we need to negate the above statement to obtain
>0 YNeN In>N st. |a" —a| >e.
This motivates the following definition
Definition 5. The sequence {a,} diverges if
VaeC Je >0 YNeN In>N st |a" —a| >e.
In other words, it does not converge to any number a € C.

Example. Consider {n} we will show that the sequence diverges. Let a € C be any
complex number, choose € = 1. For every N € N choose an integer n > N + 1+ |a|,
then we have using the triangle inequality

n = |n| = |n—a+|a|| < |n—a|+la|] = |n—a| >n—|a] > N+1+|a|—|a] = N+1 > 1 =¢.

Bounded sequences.

Definition 6. A sequence {s,} of complex numbers is bounded if
M >0 s.t. |s,| <M VneN (equivalently s, € B(0,M) Vn € N).

Theorem 7. {s,} converges = {s,} is bounded.

Proof. Suppose s,, — s as n — 00. Let ¢ = 1, there exists N € N s.t. s, € B(s,1)
Vn > N (*). Let
M = max{|s1], |s2|,- .-, |sn|, 1+ |s|}.

Then

|sp] < M Vn <N by definition of M,

lsn] <|sn—s|+|s|<1+]|s|] <M ¥n>N  using the triangle inequality, (*),

and definition of M

Thus, |s,| < M ¥n € N. O

Remark 8. Note that the reverse implication is not true, for example (—1)" is
bounded but does not converge.
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Limit theorems.

Theorem 9. Suppose that lim,,_so S, = s, lim, oo t, =1, and ¢ € C. Then

(1) lim(s,, +t,) = lim s, + limt, = s+t
(2) lim(s,t,) = lims, - limt, = st
s, lims,

(@lﬁn#OVneNamﬁ#ﬂ,mmhmazzhm%::§
(4) lim(cs,) = cs

Proof. We will show (2), the rest is an exercise. Let ¢ > 0, we WANT TO SHOW:
(WTS) AN € N s.t. [sut, — st| <e VYn > N.

Define
=min<1 ;
" Tt s+ 1S

and note that from the definition 0 < < 1. We have
Sp—s = dN;eN st. |s,—s|<n Yn>N;
tp, >t = 3dAN, €N st. |t, —t|<n ¥Yn> N.

Let N = max{Ny, N2}, then Vn > N |s, —s| < nand [t, —t| <n (*). Next it is an
exercise to check that

Sptn — st = (8, — 8)(t, — t) — s(t — t,) — t(s — sp).
Therefore, Vn > N

|sptn — st| < [sn, — s|[t, —t| +|s||t — ta] + [t]]s — sn] by triangle inequality
<o* +Isln + [ty by (*)
= n(n+ |s| +[t])
<n(1+|s|+1t]) since n < 1

€
<e¢ sincen < ——.
= T |

g
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Examples.
, n? 1
(1) lim 53 =3
Proof.
: n? = b 1+
lim =lim % - ——— = lim &
3n3 —n % 3n3 —n 3-%
hm ( %)
hm (3 — %)
lim1 + lim %
" lim3+ lim (—%)
lim1+ 21im%lim%
" lim3 — lim L lim 2
1
"3
1 1, 2
(2) lim "2;;21 = lim % = lim ™ +2 w2
(3) lim (T does not exist, the sequence diverges
Proof. Assume the contrary: 4L € Cs.t. lim (= 31

= L, or equivalently lim &

by (2) and (4)

by constant seq. and 1/n

4

1+1 -

Consider two sequences {s,} = {(71 n} and {t,} = {1+1}. By assumption,

1+1

$p — L, and using the limit theorem (1), ¢,, — 1. Thus, by part (2) of the limit

theorem we have

lim(—1)" =lims,t, =L-1=1L,

which is a contradiction since {(—1)"} diverges.
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REAL SEQUENCES

Theorem 10 (Comparison Theorem). Let {s,} and {t,} be real sequences s.t.
S, =~ sandt, —t. IfAN € N s.t. s, <t, Vn> N, then s <t.

Remark 11. Limits do not preserve strict inequalities. I.e. it is NOT TRUE that
Sp < t, implies s < t. Consider for example 0 < 1/n, but im0 = lim1/n = 0.
Howewver, since strict inequalities imply non-strict inequalities it is TRUE that

Sp < t, implies s < t.

Theorem 12 (Squeeze Theorem). Let {a,}, {b,}, and {c,} be real sequences s.t.
a, = L and ¢, — L. Suppose AN € N s.t. a, < b, < ¢, Yn > N. Then {b,}
converges and

lim = L.

n—o0

Proof. Let ¢ > 0, 3Ny = max{Ny, No} s.t. |a, — L| < e and |¢c, — L| < & ¥n > Nj.
We have

la, — L <e <— —e<a,—L<e Yn>N,
lecn — L <e <= —e<c¢,—L<e Vn>N,
a, <b,<¢, = a,—L<b,—L<¢,—L ¥Yn>N.

Combining we obtain for all n > max{Ny, N}

—e<a,—L<b,—L<c¢,—L<e = |b,—L|<e.

]

Examples.

i 1 i 1 11
(1) lim S 0,since —1 <sinn<1VneN= ——< il <—-—and ——,— — 0.

o n n n n'n
(2) lim — =0, since Vn > 2

n!

0< n_ L < ! — 0.

nl (n—1! " n-1

Monotone Convergence Theorem.

Definition 13. A sequence of real numbers {s,} is called
increasing (non-decreasing) if s, < $p+1 Vn € N
decreasing (non-increasing) if s, < $p+1 Vn € N.
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Examples.

(1) {1/n}, {—n} are decreasing

(2) {n}, n® are increasing

(3) {c} is both decreasing and increasing
(4) (—=1)"n, sinn/n are neither

Theorem 14 (MCT). Let {s,} be a sequence of real numbers. If IN € N s.t.
{$n}n>n 1s increasing and bounded above, then {s,} converges and

lim s, = sup{s, : n > N}.

If AN € N s.t. {sp}nu>n is decreasing and bounded below, then {s,} converges and
lim s, = inf{s, : n > N}.

Example. Define {s,} recursively as follows:

s1=1, spy1=+vV1+s, Vn>1.

We will first prove that {s,} converges in three steps.

(1) {sn} 7, i.e. sp < 8p11 Vn € N,

Proof. We will show this by induction. First, s, = v/2 > 1 = 51 = base case.
Now assume s, < s,.1 for some n > 1. Then

Spt2 = \/1+Sn+1 < V148, = Snt1,
which concludes the inductive step. Il
(2)0<s,<2Vn>1.
Proof. 0 < s, is an exercise. We will show s,, < 2 by induction. First, s; =1 < 2
= base case. Now assume s,, < 2 for some n > 1. Then
Snp1 =V1ts, <VIt2=+3<2,
which concludes the inductive step. Il

(3) Using steps (1) and (2) we conclude by MCT s, — s.
(4) To find s we will use the following result without proof: if t,, — t and t,, > 0 Vn,

then /t, — Vt. We have shown that s, — s, and thus 1 +s, — 1+ s. By a
HW question we also have s,.1 — s. Combining this we obtain

s =lims, = lims,;; =limv1+s, =V1+s,
which shows that the limit s must satisfy the quadratic equation
2 —5—1=0.
Selecting the positive root gives

1++5

S = .

2
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Divergence to infinity.

Definition 15. We say that a real sequence {s,} diverges to oo if
VM >0 AN eN s.t. s, > M ¥n> N.
Write lim s, = oco. Similarly, {s,} diverges to —oo if
VM >0 AN eN s.t. s, <—-M Vn> N.
Theorem 16. Let {s,},{t,} be real sequences and suppose AN € N s.t. s, < t,
Vn > N. Then
(1) If lim s, = oo then limt, = oo
(2) If limt, = —oo then lim s, = —o0.

n?>—3

— = 00 since
n?—3 -
— =
and lim(n — 1) = oo (exercise).

Example. lim

CAUCHY SEQUENCES

Definition 17. A sequence of complex (or real) numbers, {s,}, is called a Cauchy
sequence if
Ve>0 AN €N st [s, — sm| <& Vn,m > N.

Theorem 18. Let {s,} be a sequence of complex or real numbers.

(1) {sn} converges = {s,} is Cauchy.
(2) {sn} is Cauchy = {s,} converges.

Proof. We will only prove part (1). Suppose s, — s asn — 0o. Then Ve > 03N € N
s.t. s, — | <e/2Vn > N. If n,m > N we have using the triangle inequality
|Sn — Sm| = |sn — s+ 5 — sm| < |sp — | + |sm — 5| < g+%:a
U

Example. Consider {(—=1)"}. For any N € N let n = 2N,m = 2N + 1. We have
n,m > N but

(=1)" = (=)™ = [(=1)* = (-1)*" " =2,
which cannot be smaller than 1 no matter how large N is. This shows {(—1)"} is not
Cauchy and therefore does not converge.



SERIES

Definition 1. Let {ay}ren be a sequence of complex numbers. The n*® partial sum
of {ax} is Sp := > p_ar = a1+ as + -+ + a,. The infinite series with k™ term ay
is the sequence of partial sums {s, tnen. Notation: Y | ay.

Definition 2. The series ) .-, a; converges to s € C, if the sequence of partial
sums {s,} converges to s. Write Y ;- ay = s. The series Y -, aj diverges if {s,}
diverges.

Example. Consider the series

> 1 1
> e T
£ Ji(k + 1) k(k+1)

To show the series converges, consider the sequence of partial sums

- 1

To figure out a formula for s, first expand ay in partial fractions
1 1 1

TRk Kk k+ D
which implies
1 1 1 1 1

Sp=1—= - —

1 1
273 §+...+n n+1 = n+l
This is called a telescoping sum. [t is an exercise to prove this formula by induc-
tion. With that we have

: ) 1
lim s, = lim (l—l— ):1,

so the series converges to 1: Zzozl _k(k1+1) =1

Arithmetic. If the series Y a; and > by converge, > ay = a and ) by = b, then we
can define

iak—i_ibk = i(ak—l—bk) = a+b.
k=1 k=1 k=1

However, if one of the series (or both) diverges, we cannot conclude anything about

> e (ag + bg). Recall, that the same is true about sums of sequences.
1
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GEOMETRIC SERIES

Definition 3. A geometric series is a series of the form

[e.e]
Z R
k=1

for some r € C.

Remark 4. Note that
Zrk_1:1+r+r2+...: k.
k=1 k=0

It will often be convenient to start the series at k = 0.

Theorem 5. Letr € C. Then

1
1—r

(1) If |r| < 1, then Zrk =
k=0

(2) If |r| > 1, then Zrk diverges.
k=0
Proof. Recall that we showed by induction that

(1—7’)237’]’“:1—7“"4rl Vn > 0.

k=0
Now assume first |r| < 0, which implies 1 — r # 0 so by above

n
. 1_Tn+1
= rt=l=
k=0

Since |r| < 1 we showed that lim,,_,o, 7" = 0, and thus using limit theorems

1 1
lim s, = lim (1 — ") :
n—00 1 —17n—o00 1—17r

This proves part (1).
To prove (2) consider first the case r = 1. In this case s, = > ., ;1 =n+1— oo as
n — 00, so the series diverges.
Finally, assume that r # 1 and |r| > 1. Then 1 —r # 0 and as before we obtain
1— ,r,n+1

S _—
" 1—r
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We show that s, diverges by contradiction. Assume s, — s for some s € C. Then
expressing r" via s, from the above equality we obtain

1 1
rm=—-1-(1-r)s,) > —(1—(1—r)s) using limit theorems.
r r
This is a contradiction since we know that the sequence {r"} diverges for |r| > 1,
r# 1. O
Examples.
00 .\ Kk .
i 1 2 2(2+1)
1 — — — = .
O3 (3) ~rmera

o¢]
(2) Z4k diverges since 4 > 1.

k=0
00

9\ ¥
(3) Z (5) . Note that the summation starts with 5 so we need to be a little bit

B ORCROSNOT NS

careful. We have
9\ 5 X, 79\ F 2\ 1 2\ ?
(5) () = () mam=23)
3 prd 3 3) 1-2/3 3

o0 2 k
> (5)
HARMONIC SERIES

k=5

| =

o0
The harmonic series is E
k=1

1
Theorem 6. Z z diverges to oo.
k=1

Proof. Let h, =Y}, +. We claim h,, — 0o as n — 00, i.e.
VM >0 dN €N st. h, > M Vn> N.

Fix M > 0, and let m be any integer > 2M. Choose N = 2™, we claim that

h, > m/2 > M ¥n > N. First notice that h,.; = h, + n+r1 > h,, therefore, it is

enough to show hy > m/2. We will prove by induction that hon > n/2 Vn > 1, which
will show that hy = hom > m/2 > M. First, if n = 1 we have
1 1 n

hn:hzl —>—:—
2 2 t923 =
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which shows the base case. Now assume hgn > n/2 for some n > 1. Then

2n+1
1 n 1 n+1
2n+1 2+k;+1k_2+ 2n+1_2+2 5

This concludes the induction proof that hyn > n/2 ¥n € N, which shows in particular
hy = hom > % > M.
O

Remark 7. Note that the harmonic series diverges to infinity, even though the k'™
term 1/k — 0 as k — oo. The condition ar, — 0 is therefore not sufficient for
convergence of the series. However, the next theorem shows that it is necessary.

Theorem 8. If the series Zzozl ay converges, then limyg_ . ar = 0.

Proof. The sequence {s,} = {D>_;_, ar} converges, and therefore is Cauchy. In par-
ticular,
Ve>0 IN €N s.t. |8, —spr1| <e Vn > N.

Since s,11 — S, = G4y this shows lim, . a1 = 0, and thus lima,, = 0. U

Examples. Using Theorem 8 it is easy to see that all of the following series diverge

—1)* —1)F— —.
2V 2 X ap s
k=1 k=1 k=1
Indeed, for the first two series we have previously shown that {a,} diverges, so it cer-
tainly does not converge to 0. For the third example it is easy to show a;, — 1/2 # 0.

ABSOLUTE CONVERGENCE

Definition 9. The series > ;- aj is called absolutely convergent if the series
Yorey lag| converges. If 702 |ag| diverges but Y -, aj converges, then the series
Y re, ag is called conditionally convergent.

Theorem 10. Let Y.~ ai be absolutely convergent. Then Y .| ay converges.

Remark 11. The converse to the theorem 1is not true, in other words there exist
conditionally convergent series. For example, 2211(—1)"’% converges by the alternat-
ing series test. However, Y oo [(=1)"¢| = Y32 + diverges since it is the harmonic

series. Therefore, Zzozl(—l)k% converges conditionally.



LIMITS OF FUNCTIONS

Let FF =R or C.

Definition 1. Let A C F. Then x € F is a limit point of A if every ball centered
at x contains a point of A not equal to x, i.e.

Ve >0 Jy € B(x,e)NA, st yF#u.

Examples.
(1) A=(0,1) C R, limit points = [0, 1]
A=(0

1
(2) A=(0,1) U{7} C R, limit points = [0, 1]
(3) B(0,1) C C, limit points = B(0,1) ={z € C: |z| < 1}

Definition 2. Let ACF, f: A— F, and a € F a limit point of A. The limit of
fasz—ais L lim,,, f(x)=L) if

Ve>0 36>0 st 0<|r—a|<d = |f(x)—L|<e.
Equivalently,
Ve>0 30 >0 s.t. f((B(a,d)\{a})NA) CB(L,e).

Examples.

(1) lim,_o(52 + 3) = 13
Proof. Let € > 0, choose 6 = ¢/5. If 0 < |x — 2| < 4, then

|f(z) — 13] = |5z + 3 — 13|

= |5z — 10|
= 5|z — 2|
<50 =¢

(2) lim,_, 2% = 16



2 LIMITS OF FUNCTIONS
Proof. Let € > 0, choose § = min{1,£/9}. If 0 < |z — 4| < §, then
|z* — 16| = |z + 4|z — 4]
= |z —4+8||lz — 4]

< (|lz — 4] + 8)|z — 4] triangle inequality
< (6+8)d since |z — 4| < 0
<96 since 6 <1
<e since § < /9.
, O
.oxt—1
) :}slgili c—1 2

Proof. The function (z? —1)/(x — 1) is defined on R\{1}. Since 1 is a limit of
R\{1}, the limit makes sense. Now given ¢ > 0, let 6 =¢. Thenif 0 < [z —1| < §
(which in particular implies z # 1), we have

r?—1 2
=r+1 = —2l=lz+1-2|=z—-1<d=c
r—1 -1
U
(4) lim, 9 (22 +14)? = —25 (exercise)
(5) lim,_, V4 =2
Proof. Let € > 0, choose 0 = ¢, then if 0 < |z — 4| < § we have
Ve =2llVe+2] _ |z —4] 6
’\/E_2|: |\/5_2’ < 5 <§<€.
U

Limit theorems.

Theorem 3. If a limit exists, it is unique

Proof. Let lim,_,, f(x) = Ly and lim,_,, f(z) = Ls. Then Ve > 0
301 st |f(z) — Ly <eg/2 if O0<|z—al <
A0y s.t. |f(z) — Lol <eg/2 if 0<|z—al <d
Then if 0 < |z — a| < min{dy, do}

e €
OS|L1—L2’§|L1—f($)’+’f(37)—[12‘<§+§

Since this is true Ve > 0 we conclude |L; — Ly| =0 = L; = Lo. O

= E&.
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Theorem 4. Let F =R or C, and a,c € F. Let f,g: A — F and a be a limit point
of A. If lim,_,, f(x) = L and lim,_,, g(x) = M, then

(1) lim,_,,c=c

(2) lim, ,,x = a

(3) lim, ., (cf(x)) = cL
(4) timgo(f(x) + g(x)) = L+ M

(5) i, )o(2) = LM

(6) lim,_, % 17> provided M # 0 and a is a limit point of the domain of 5.

2 +5 lim(z? + 5) 1245

Example. lim _
xampre. NP “3r+1 lm(z® —3z+1) 1B_3-1+1

— —6.

CONTINUITY

Let A/ BCF.
Definition 5. A function f : A — B is continuous at a € A if
Ve>0 36>0 st |[x—al<d = |f(z) — fla)| <e.
Equivalently,
Ve>0 30 >0 st f((B(a,9)NA)C B(f(a),e).

f is continuous if it is continuous at all a € A.

Remark 6. Definitions of a limit and continuity have certain similarities, but here
are some important differences.

(1) [ has to be defined at a
(2) a has to be in A, but it does not have to be a limit point of A
(3) the condition on x is |x —a| < 0, not 0 < |x —al < ¢

Proposition 7. Let f : A— B, a € A. Then

(1) If a is NOT a limit point of A, then f is continuous at a
(2) If a is a limit point of A, then f is continuous at a iff lim,_,, f(x) = f(a).

Proof. (1) Suppose that a is not a limit point of A. Then 36 > 0s.t. B(a,d)NA = {a}.
Then, if |z — a| < 6 we must have x = a which implies |f(z) — f(a)] =0 < ¢
Ve > 0.

(2) Suppose now that a is a limit point of A. We need to prove both directions.
=: Let f be continuous at a, then

Ve>0 36 >0 st. [z —a|<d = |f(z)— fa)| <e.
Since 0 < |z —a| < 0 = |z — a|] < § we conclude that
Ve>0 360 >0 st. 0<|z—a|<d = |f(z)— f(a)| <e, so lim f(x)= f(a).
T—ra
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<: Now assume lim,_,, f(z) = f(a), i.e.
Ve>0 30 >0 st. 0<|z—a|<d = |f(x)— f(a)| <e.
However, if © = a we have |f(z) — f(a)| = 0 < . Combining the two we get
Ve>0 30 >0 st. |[z—a|]<d = |f(z) — fla)] <e,

i.e. f is continuous at a,

Example. Consider the function

0, r=1.

We have shown lim,_,; f(x) = lim, % =2, but f(1) =0 # 2. Thus f(x) is
discontinuous at x = 1.

DERIVATIVES

Let A,BCF.

Definition 8. Let f: A— F, ACF, and a € A a limit point of A. f is differen-
tiable at a € A if

i LB (o JESED)
In this case this limit is called the derivative of f at a. Notation: f'(a), %(a),
oo
Example. Find f'(i) for the function f defined below
f:C—=C
=

By definition
f’(z’):limf<i+h)_f(i) g U G REOR

h—0 h h—0 h h—0 h

BASIC PROPERTIES



POWER SERIES

Definition 1. Let {a,}5°, be a sequence of complex numbers. The series f(z) =

o
g a,z" is a power series with n'" coefficient a,.
n=0

Remark 2. (1) For each z € C we get a different series

(2) The n'™ term is a,2", the n' coefficient — a,,

(3) Suppose that for all z € D C C the series y - anz" converges to f(z). Then f
defines a function from D to C, z — f(2)

o
. z" _ . .
Example. Consider E — - We will investigate absolute convergence, i.e. conver-
n
n=1

(o] > n
gence ofz % Using the ratio test we have
n

n=1
|Z|n+l n2 n 2
_2._n:|z] —— | —z] as n—
(n+1)2 |z n+1

Thus the series converges absolutely provided |z| < 1, and it does not converge ab-
solutely if |z| > 1. If |z| = 1 we have S°°°, EX = S°°° L which converges by the

n=1 n2 n=1 n2
p-series test. Thus, we have absolute convergence for |z| < 1. The series therefore

defines a function f: D — C on the closed unit disk D = {z € C: |z| < 1}.
Theorem 3. Let f(z) => " a,z". Then one of the following holds

(1) f(z) converges only when z =0

(2) f(z) converges for all z € C

(3) There exists a real number R > 0 s.t. f(z) converges absolutely if |z| < R and
diverges for |z| > R.

Moreover, in case (2) convergence is absolute.

Definition 4. The number R from Theorem 3 is called the radius of convergence
of the power series y - an,z". We say R =0 in case (1) and R = oo in case (2).
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Examples.
o Zn
(1) f(2) = E —» 2= 7 Using the absolute convergence test and the ratio test we
n!
n=1
have

2"l ]
(n+1)! [z]*  n
Thus, f (z) converges absolutely Vz € C = R = co.

—0<1 as n—o0, VzeC.

n

(2) f(z) = Z ;—n R — 7 Again, by the absolute convergence test and the ratio test
n=1
we have
- S - W & 2l _
5""’1‘W:€—>E as n — oo, andg<11f]z\<5

Thus, f(z) converges absolutely for all z satisfying 2| <5 = R =5.

2" — 7 As above we have

:1

Bn+1)! @)
W+1H%H+D)( n)!

 (Bn+3)(Bn+2)(3n+1) 97
(n+1)(2n+2)(2n+1)| |_>—|Z| as n — oo,

d—— <1lif|z2| <
an || if |z 57

Thus, R = 4/27.
To prove Theorem 3 we need the following lemma

Lemma 5. Let f(z) = >~ a,2" and suppose f(w) converges for some w € C\{0}.
Then f(z) converges absolutely for all z € C s.t. |z] < |w|.

Proof. Assume w € C\{0}, f(w) converges, and |z| < |w|. We will show that f(z)
converges absolutely. Since f(w) = > 7 a,w™ converges, we must have lim,,_, o a,w" =
0 = the sequence {a,w"} is bounded, i.e. IM > 0 s.t. |a,w"| < M Vn € N. We can
then write

n
la,2"| = |a,w"| ,
w
and note that the series > M|z/w|" converges since |z/w| < 1. By the comparison
test this implies that the series > a,2™ converges absolutely. U

Proof of Theorem 3. Suppose cases (1) and (2) do not hold. Define the following
subset of R

S:={reR:3weCst. |w=rand f(w Zanw converges}.
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Note: 1) 0 € S so S # (; 2) S is bounded by Lemma 5 since we assumed that case
(2) does not hold. By the completeness of R this implies that there exists sup .S, and
we denote R :=sup S. We now show that R satisfies the conditions in (3). First, let
|z| < R which implies that |z| is not an upper bound for S = Jw € C s.t. |w| > |z|
and f(w) converges = by Lemma 5 that f(z) converges absolutely.

Now let |z| > R, this implies |z| ¢ S = f(z) diverges by the definition of S. The
proof that in case (2) the series converges absolutely is left as an exercise. U

Differentiation of power series. Recall that f(z) =Y~ a,2" defines a function
on B(0, R) where R is the radius of convergence. We now would like to investigate
some properties of this function. In particular, the question is: is f(z) differentiable
on B(0,R)?

First note that each partial sum, that we now denote s,(z) := >_,_,axz" is a poly-
nomial in z, and is therefore differentiable for all z € C. Moreover, we can calculate

n
z) = E kapz* 1.
k=1

Now, for each z € B(0, R) we have

f(z) = lim s,(2) = 4 (z) = — lim s,(2).

n—soo dz dz n—oo

If we could interchange the order of taking a limit and differentiation (which is also
taking a limit) we would get

o d N -1\ k-1
= (2) = nh_{go ES”(Z) = 7}1_)11;0]921 kapz""" = ; kayz

So the derivative of f(z) is also a power series. Using the ratio test to determine the
radius of convergence we get
|ars1|(k +D)|z* apa| k+ 1| |
|ax|kz]" jax| K

- aga |k +1 |Gk+1| |Z’
lim ————|z| = li 2| =
k—o0 |ak] k k |(Z |

which shows that f/(z) would have the same radius of convergence as f(z). However,
interchanging the limit and differentiation is a non-trivial task. We state the following
theorem without proof

Theorem 6. Let f(z) = > 7 a,z" have mdz’us 0f convergence R. Then [ is dif-
ferentiable on B(0,R) and f'(z) = Y7 na,z""*. f'(z) has radius of convergence
R.
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Corollary 7. Under the conditions of Theorem 6 the function f(z) has derivatives
of all orders on B(0, R) that can be obtained by term-by-term differentiation of the
power series defining f(z).

Proof. Note that f'(z) can be written as a power series

o0

o0
= E kapz"~ E alﬂz
k=1

=0

Therefore, we can apply Theorem 6 to f/'(z) to obtain the result for the second
derivative f”(z). The rest follows by induction. O

COMPLEX EXPONENTIAL

[e.e] n

Let f(2) = Z Z—| with the convention 0! = 1. We showed that the radius of conver-
n!
n=0
gence of this power series R = 00, so f(z) defines a function f : C — C. By Theorem
6 we have

n—1

f’<2):ZmT:Zn_1 ZH: (2), VzeC.

n=1

Also note that f(0) = 0, and recall that for x € R we have (%) = ¢” and ¢’ = 1.
This motivates the following definition

Definition 8. Define the exponential function exp(z) : C — C by

o0 n

exp(z) = Z %

n=0

Proposition 9. Vo € R exp(z) =

Proof. Let h : R — R be defined by h(z) = exp( . Note that h(0) = 1 and differenti-
ating gives for all x € R

@) - G -0

Since h'(x) = 0 Vo € R we conclude that h(z) = const. Moreover, h(0) = 1 =
h(z) =1Vzr € R = exp(xr) = e” Vo € R. O

W(z) = exp'(z)e” — exp(z)(e®)  exp(x)e” — exp(x)e”
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TAYLOR SERIES

Consider f : FF — F and assume that f is continuous at a € F', then near the point
a the function f can be approximated by a constant function y = f(a). Now assume
in addition that f is differentiable at a. By the definition of derivative, if x is close
to a, the derivative f’(a) is approximated by x) f (@) We can therefore write

f(z) — f(a)

Tr —a

f(@) = f(x) = fla) + f(a) = (z —a) + f(a) = f'(a)(z — a) + f(a),

and thus f is approximated by a linear function y = f’(a)(x — a) + f(a). Can we
approximate by higher degree polynomials? In oder to do that we need higher order
derivatives. Notation: if f’ is differentiable we denote (f')’ = f” = f®. We can
define n'* derivative of f by induction, saying f is n times differentiable if its n — 1st
derivative is differentiable, and write f™ = (f(=D)".

Definition 10. Let the function f have n derivatives at the point a of the domain.
The Taylor polynomial of f centered at a of order n s

fla)
2!

) (4 n k) (g

To(z) = f(a) + f'(a) + (z—a)l+ -+

Example. Consider f(z) = 2% + 323 — 22 + 5, and let a = 0. It is easy to calculate
f(0)=5
fl(z) =42 + 92 — 2 f'(0) = —
f(x) =122 + 18z f"(0) =
FO(x) = 24z + 18 f<3>(0) =18
fO(z) =24 fD(0) =24
fO)=0 Vn>5 VrecR.

Proposition 11. If f is a polynomial of degree d, then ¥Ya € F and any n > d, the
n" order Taylor polynomial of f centered at a, equals f.

Definition 12. Let the function f have derivatives of all orders at the point a of the
domain. The Taylor series of f centered at a is

< (M) (g
0 T(x)zzf D (s — )

l’—ak

Notation: f(x) ~ Z
k=0
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Example. Let f(z) = 2€C, z#1, and let a = 0. We can calculate

f0)=1

lz’

We can easily show by induction that f "(z) = # Vn € N. Indeed, the base

n)

D) = -
)
(

case n = 1 is shown above. Now assume f(z) = # for somen > 1, then

fr0(e) = (=) = ((1 _n'>> B <1(n—+z>13i2’

which concludes the inductive step and the general formula is proven. We therefore
obtain f™(0) = n! and substituting into (1) we conclude

Finally, recall that the geometric series Y, 2™ converges for all z € C s.t. |z| <1 and
the limit is 1/(1 — z). We thus obtain

—Zz Vz € B(0,1).

The next two theorems give sufficient conditions for the Taylor series of a function
to converge. Note that in the case of a complex function we seemingly require much
less than in the case of a real function. See Remark 15.

Theorem 13. Let A C C, f: A — C, and let T(z) be the Taylor series of f(z)
centered at a € A. Suppose that the function f is differentiable on B(a, R) C A for
some R> 0. Then T(z) = f(z) Vz € B(a, R).

Theorem 14. Let A C R, f: A — R, and let T(x) be the Taylor series of f(x)
centered at a € A. Suppose that the function f has derivatives of all orders on
B(a, R) C A for some R > 0. If f and all its derivatives are bounded on B(a, R) (i.e.
M >0 s.t. |f™(z)| < M Yz € B(a, R), ¥n > 0), then T(x) = f(x) Vo € B(a, R).
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Remark 15. (1) If f(2) is differentiable at z € C it actually has derivatives of all
orders at z.

(2) Recall that derivatives are defined using limits. If we are working in F = R
then to define a limit at a € F we only need to consider x € B(a,d) C R, i.e.
z € (a—0,a+9). While working in F' = C means considering all z € B(a,d) C C
which s a much bigger set.

(8) Roughly speaking, it is much harder to be differentiable in the complex field, than
being differentiable in the real field.

0, -0
J(x) = {ez12 i#o

It is an exercise to check that lim,_,o f(z) = 0, and therefore f is continuous at 0.
Next we calculate VY # 0

Example. Define

Py = 2ot = (G- %) e

6 ot

and it can be shown by induction that for x # 0
1

f(n) (:L’) =P, (_) e—fg
x

where Py, is a polynomial of degree n. Moreover,

2 =0, VkeN.

2 Tl
We then have 0
1(0) = lim fl@) = 10) = lim —e 32 =0
z—0 x z—0 ¢
and thus we can show by induction

f™0)=0 VneN.

This implies that every term in the Taylor series of f centered at 0, is 0, and thus
T(x) = 0. Therefore, f(x) # T(x) for any x # 0. Though f has derivatives of all
orders in any ball around the origin, there is no uniform bound on those derivatives
so Theorem 14 does not apply.
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Trigonometric functions. Recall that we defined the complex exponential function

as
X _n

exp(z) = Z %

n=0
Suppose now that z is purely imaginary, i.e. z = ix for some x € R. We then have

expliz) = f: () | G @) Gt )

> n! 21 3! 41 51
T S S
I T R T

(_1)kx2k ' a (_1)k—1$2k—1
=2 o Y e

Exercise 16. Calculating the Taylor series for sin(x) and cos(x) centered at 0 obtain

00 (—1)k$2k . . o (_1)k71x2k71
cos T % O sin x 2 2k = 1]
Using Theorem 14 we can show that Vx € R
B e (_1)kx2k:' . B e (_1)kz—1x2k—1
COS.%—Zw, SIH.I;W

We thus arrive at a famous formula (writing €™ in place of exp(ir))

e = cosz+isinz Vx € R.‘

We can also extend the definitions of sin and cos to the complex plane (note that the
series below converge absolutely for all z € C)

k12k1

B e (_1)k22k. o
COSZ—Zw, sin x Z 2]{;—1

k=0 ’ =



