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SET THEORY

LECTURE 1

Set — a collection of objects = elements. It is a basic concept and we will accept it
without rigorous definition.

Definition 1. A (binary) relation on a set S is a subset R C S x S. If (a,b) € R
write a ~ b.
~ is an equivalence relation if Va,b,c € S:

(1) a ~ a — reflexivity
(2) a ~b = b~ a — symmetry
(8) a~b, b~c= a~ c — transitivity

Examples of equivalence relations.

(1) S=7Z, R={(a,b) €Z:a=blora~bifa=0b

(2) S=7Z,a~bif a—bis divisible by 3

(3) S =82 aspherein R® a~bif a=0bor aand b are antipodal

(4) S = L*(R): all functions whose square is integrable on R. f ~ gif [, |f—g|* =0

Exercise 2. Give examples of equivalence relations on Q and R

Non-examples.

(1) S =TR? (a,b) ~ (c,d) if ac = —bd: symmetric, but not reflexive and not transitive
(2) S=7Z,a~bif a=2b: all three properties fail

Exercise 3. Give examples of relations for which only one of the properties from
Definition 1 fails.

Partition.

Definition 4. Ya € S, the equivalence class of a is the subset S, :={b€ S :b~

a}.
Claim: Va,b € S either S, = S, or S, NS, =0
Proof. Exercise O

Definition 5. Partition of S is the collection of all distinct equivalence classes.
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2 SET THEORY

Conversely, let S = {J,.; To, To pairwise disjoint. Define ~: a ~ b if a,b € T, for
some « € I. Then ~ is an equivalence relation.

Proof. Exercise. O

Examples.

(D) R =U,ep, Tos Ta = {z € R’ : |2| = 0}
2) Ry = UkENU{O} Ty, T, = {CL eR, : LCLJ = k}
R=U,rTo: To ={a €R:a— |a] =a}

* Vitali set. Define ~ on R"” by x ~ y if x —y € Q™. Then ~ is an equivalence
relation on R™ (exercise). Choose one element from each equivalence class to form
the set V (using the Axiom of Choice). Let q1,¢s,... be a list of the elements
of Q" (since Q" is countable), and define V,, := ¢; + V. Then V|, are pairwise
disjoint and R™ = (J;=, V,,. We will prove and use this later.

(2)
(3)
(4)

LECTURE 2
Cardinality.

Definition 6. Sets S and T' have the same cardinality if there exists a bijection
f:85—=T.

Recall: f: S — T is surjective (onto) if Vy € T 3z € S s.t. f(z) = y. fis
injective (1-1) if 21 # xo implies f(z1) # f(x2). f is bijective if it’s surjective and
injective.

Let F be a collection of sets, S,T € F.

Proposition 7. Let S ~ T if S and T have the same cardinality. Then ~ is an
equivalence relation on F.

Proof. (1) Symmetry: S ~ S, f — identity map
(2) Reflexivity: S ~T = 3f : S — T a bijection = f~': T — S also a bijection =
T~S
(3) Transitivity: S ~ T, T ~ ) = bijections f : S — T and g : T — Q =
fog:S — @Q also a bijection = S ~ Q.
Il

Definition 8. A set is countable if it has the same cardinality as N ={1,2,3,...}.
A set is finite if it has finitely many elements.



SET THEORY 3
Properties.

Proposition 9. Fvery infinite set contains a countable subset.

Proof. Let S be an infinite set. Choose s; € S an arbitrary element of S. Since S is
infinite we can choose sy € S s.t. sg # s1. Next, choose s3 € S\{s1, s2}, continue. [J

Proposition 10. A subset of a countable set is either countable or finite.

Proof. Let B C A, A countable. Write A = {ay,as,...,ap,...}, then B = {a,,, ap,, ...}
where ny,ns,... € N. If sup{ny,ns,...} < oo then B is finite. Otherwise B ~ N
since we have a bijection B — N given by a,, — k. U

Proposition 11. The following sets are countable: (1) a countable union of countable
sets; (2) a finite union of countable sets; (3) a countable union of finite sets. A finite
union of finite sets is finite.

Proof. We will give a proof of (1), the rest is an exercise. Let S1, 55, ... be countable
sets, and let S; = {s;1, Si2, . . .}. Make an array

511 S12 S13
591 S22 523
531 532 533

List the elements as follows: read off the diagonals and throw out repeated elements,
S11, 512, 521, S31, 522, 513, - - - O

Example 12. Hilbert’s Grand Hotel Paradox. Imagine a hotel with a countable
number of rooms, each of which is occupied. If a new guest arrives can they be
accommodated? Yes: a, — an.1. What if finitely many new guests arrive? What if
countably many new guests arrive? (Exercise)

Corollary 13. Z is countable.

Proof. Z={...,—2,—-1} U{0} U{1,2,...}. O

Corollary 14. Q is countable.

Proof. Vn € N define Q, := {a/n: a € Z}. Then Q = [J,cy Qn and each @, is
countable (exercise). O

Exercise 15. Prove the above corollaries directly by giving an explicit bijection into
N, without using Proposition 11.



4 SET THEORY
CANTOR’S THEOREM
Theorem 16 (Cantor, 1892). R is uncountable.

Proof. (Cantor’s diagonal process). First note that it is sufficient to show that a
subset of R is uncountable (exercise). Define 7' C R as

T :={a € [0,1): decimal expansion of a contains only 0’s and 1’s}

Claim: T is uncountable.

Proof of Claim: assume the opposite: 3 a bijection f : N — T ie. Vx € T dln € N
st. f(n) = x. Write f(n) = 0.2,12n2 ... Construct y € T: y = 0.y19s ... where
Yo =0 if z,, =1 and y, = 1 if 2, = 0. Then y # f(n) for any n € Nbut y € T
Therefore, f is not a bijection, contradiction. O

Exercise 17. Let S = [0,1) and suppose we have a bijection f: N — S, again write
f(n) = 0.xp1xpe ... Construct y € S, y = 04192 ... where y, # Tpn ¥Yn € N. Does
that show S is uncountable? If not, what is the problem? How can we fix it?

Examples of uncountable sets.

(1) Any non-empty interval (a,b) C R
(2) Set of points on a plane
(3) C([a,b]) — the set of continuous functions on [a, b]

Exercise 18. Show that [0,1) has the same cardinality as R.

LECTURE 3

Cardinal numbers.
Definition 19. S, T sets, write

(1) |S| =T if S and T have the same cardinality

(2) |S| < |T)| if there is an injection S — T. Example: |N| <R

(3) |S| < |T| if |S| < |T| and there is no injection T — S. Example: |N| < R,
proof: exercise.

Properties.

(1) If |S| < |T'| and |T'| < |S| then |S| = |T'| (Cantor-Bernstein theorem)
(2) If [S| < |T'| and |T| < |U] then [S| < |U]
(3) VS, T either |S| < |T| or |T| < |S| (assuming the Axiom of Choice, see below)

Now recall that by Proposition 7 all sets can be partitioned into equivalence classes
based on their cardinalities. We can thus “define” cardinal numbers to be these
equivalence classes. Properties 1.-3. show that the relation < given in part 2. of
Definition 19 is a total order on the set of cardinal numbers.
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We can also think of natural numbers as cardinal numbers: e.g. number 2 is the
equivalence class of sets that have exactly 2 elements. Thus, we can write for example

{—1,2} = 2.

Exercise 20. Show that the “smallest” infinite cardinal number is the cardinality of

N.

Aleph: |N| = Xj. N; stands for the smallest cardinality which is strictly larger than
No.

Question: Is it true that |R| = N;?7 More precisely, is there a set S such that
IN| < |S] < |R|?

Continuum Hypothesis. (Cantor 1878): there is no set S such that |[N| < |S| < |R|.

This was one of Hilbert’s problems presented in 1900, and was resolved by Godel
(1938) and Cohen (1963). To gain more insight and answer the question, we first
need to talk about Power Set and Axiom of Choice.

Power Set.

Definition 21. Let S be any set, the power set of S, denoted 2° is the set of all
subsets of S.

We will use an accepted notation: 25| = 2/5I.

Exercise 22. Let S be finite and |S| = m (i.e. S has m elements). Show that
|25] = 2™, i.e. the power set of S has 2™ elements.

Theorem 23. For every set S we have |S| < [2°].

Proof. First, we have |S| < |25] using the natural injection
S 29
z— {x}.

Second, we need to show that there is no surjection f : S — 2°. Assume the opposite:

f:S — 2% and define

B:={seS:s¢ f(s)},
i.e. B is the set of all elements of s that are not in their images under f. Since f
is surjective, b € S s.t. f(b) = B. Does b € B? If yes, then b € B = f(b) so by
definition of B, b ¢ B. This is a contradiction, so we must have b ¢ B. But then
b¢ B = f(b) so by definition of B we must have b € B. This is again a contradiction,
so there cannot be a surjection from S to 2°. Il

Note that the above proof is basically a reiteration of Cantor’s diagonal argument.



6 SET THEORY
LECTURE 4

Bertrand Russell, 1901: let A be the set of all sets (the universal set). If A already
contains all possible sets, how can 24 be larger than A?

Russel’s paradox: Let R be the set of all sets that are not elements of themselves,
ie. R:={A:A¢ A}. Does R € R? Similar argument as before shows that both
assumptions lead to a contradiction (exercise).

Example 24. Let A ={...{{1}}...}, then A€ A.

This contradiction led to the development of Zermelo-Fraenkel set theory (ZF'), which
in particular does not allow for the universal sets and sets that can be elements of
themselves.

Axiom of Choice (Zermelo 1904). Let I be a collection of indices, and {Sy}acr
a collection of non-empty subsets. Then there exists a family {sq}aer s.t. Sa € Sa
Ya € I. In other words, for any collection of sets it is possible to create a set that
contains exactly one element from each set in the family.

ZFC stands for Zermelo-Fraenkel theory with the Axiom of Choice.

Back to continuum hypothesis. Recall the notation Xy = |N|, X; > 8, and also
denote ¢ = |R|. The question is, does N; = ¢?

If we try to search for a candidate for a set S s.t. |N| < |S| < |R|, the first set one
might consider is 2V.

Theorem 25. [2| = |R|, in other words 2% = c.

Proof. We will show two inequalities: ¢ < 2% and 2% < .
1) ¢ < 2%: we need to construct an injection R < 2. Since |Q| = |N] it is sufficient
instead to construct an injection from R to 29. Let

f:R—20

z—{qg€Q:q<uz},

then fis 1 — 1 (exercise).
2) 2% < ¢ Recall that |R| = |[0,1)] and define f : 2N — [0, 1) as follows. For every
M € 2V let

0, ifi¢ M,
xy = 0.2y g2 0 ...,  Where iijM:{ 1 ifigéeM

Then if f(M) = xyy, it is 1 — 1 (exercise). O

The above theorem shows that the set 2V is “too large” to confirm the continuum
hypothesis. What is the answer then?
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Godel, 1938: CH is consistent with ZFC
Cohen, 1963: the negation of CH is consistent with ZFC

Thus, in the framework of ZFC, the continuum hypothesis is neither provable nor
disprovable.



METRIC SPACES

LECTURE 1

Definition 1. A metric space is a set M and a function d : M x M — R, called
metric on M, such that Vx,y,z € M the following three properties hold

(1) d(z,y) > 0 and d(x,y) = 0 iff © = y — positivity
(2) d(z,y) = d(y,) — symmetry
(3) d(z,z) < d(z,y) + d(y, z) — triangle inequality

Examples.

(1) M =R", d(z,y) = |z —y| = iy (@ — yi)z)l/2 — Euclidean metric
(2) M =R", d(z,y) = maxi<i<n [2i — il

(3) M = C([a.b), d(/. ) Supxe[ab]|f( r)—g (961)/|2

(4) M = 12((a,b]), d(f.9) = (J!1/(z) - 9(2)P)

0, ifzx=y
1, ifx#y

Proof. Positivity and symmetry are obvious. To prove triangle inequality, consider
three points z,y, 2 € M. There are four cases

(a) v #y # z, then d(x,z) =1 <2 =d(z,y) + d(y, 2)

(b) x =y # z, then d(z,2) =1 =0+ 1=d(z,y) + d(y, 2)

(¢) x#y =z then d(z,2) =1=1+0=d(z,y) + d(y, 2)

(d) =y =z, then d(z,2) = 0 =d(z,y) + d(y, 2)
This concludes the triangle inequality. U

(5) M any set, d(x,y) = — discrete metric

Open sets.

Definition 2. Let (M,d) be a metric space. The open ball centered at x € M with
radius v > 0 is the set

B(z,r)={y e M :d(z,y) <r}.
The closed ball is the set B(z,7) = {y € M : d(z,y) < r}.

Definition 3. A subset U C M is open if it contains an open ball around each of
its points, i.e. Yo € U Ir > 0 s.t. B(z,r) CU.

Proposition 4. An open ball is open (as a set).
1



2 METRIC SPACES

Proof. Let y € B(x,r).

Claim: B(y, R) C B(xz,r) where R :=r —d(x,y) > 0.

Proof of Claim: First, since y € B(z, ), by definition we get d(z,y) < r and thus R :=
r—d(z,y) > 0. Now let z € B(y, R), then d(z,y) < r—d(z,y) = d(z,y)+d(z,y) <.
By triangle inequality, d(z, z) < d(x,y) + d(y, z) < r, and therefore z € B(z,r). O

Proposition 5. Let (M,d) be a metric space

(1) 0 is open

(2) M is open

(3) {Us}aer a family of open sets, then |J,c; Ua is open (in other words, arbitrary
unions of open sets are open)

(4) Let Uy, Us, ..., Uy be open sets, then ﬂle U; is open (in other words, finite inter-
sections of open sets are open)

Proof. We will prove (4), the rest is an exercise. Let z € ()_, U;, then z € U for all
i=1,..., k. Since U; is open, for each i there exists r; > 0 s.t. B(z,r;) C U;. Define
ri=minj<;<x{r;}, then B(z,r) CU; Vi=1,...,k = B(z,1) C ﬂle U;. O

Example 6. Let M = R with Fuclidean distance, and let U, = (—=1/n,1/n), n € N.
Note that each U, 1is an open ball centered at 0, and is therefore open. However,
Mnen Un = {0} which is not open. This shows that arbitrary intersections of open
sets are not necessarily open.

Definition 7. A neighborhood of a point x € M is any set containing an open set
containing x.

Remark 8. A neighborhood is often taken to be an open set.

0, fo — Y What is B(x,r)?

L ifzFy

Recall B(z,r) =y € R:d(x,y) <r. Since the distance between x and y is either 0
or 1 we need to consider two cases. First, if r < 1, the condition d(z,y) < r is only
satisfied when d(z,y) =0, i.e. x =y. Thus if r <1, B(z,r) = {z}. Now, if r > 1
we have d(z,y) < r satisfied for any y, and therefore B(z,y) = R.

Example 9. M =R, d(z,y) =
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LECTURE 2

Closed sets. Let (M, d) be a metric space.
Definition 10. Let S C M. A point x € M s

(1) A contact point of S if every neighborhood of x contains a point of S

(2) A limit point of S if every neighborhood of x contains infinitely many points of
S

A point s € S is

(3) An isolated point of S if there exists a neighborhood of s containing no other
points of S besides s
(4) An interior point of S if there exists a neighborhood of s contained in S

Exercise 11. Can a contact point be not a limit point?
Can every neighborhood of a point contain exactly two points of a given set?

Examples. Let M =R, d = |- |

(1) S =(0,1). The set of contact points = the set of limit points = [0, 1]

(2) S = N. The set of contact points = S. No limit points. Every point of S is
isolated

(3) S = Q. The set of contact points = the set of limit points = R

Definition 12. The closure of S C M, denoted S, is the set of all contact points of
S. S isclosed if S = 5.

Proposition 1?: (ZiS cS

(2) SCT= SCT

(3) S=S
(4) SUT =SuT
(5)0=0

Remark 14. It is not true in general that SNT = SNT. See example 15 below.

Proof. We will prove (2) and (4), the rest is an exercise.

(2) Let z € S = x is a contact point of S = every nbhd of z contains a point
yeS. S CT = yeT = every nbhd of x contains a point of 7' = x is a contact
point of T = z € T.

(4) We have S € SUT and T' C SUT and therefore by (2) S C SUT and T C S U
— SUT CSUT

OTOH: Suppose » ¢ S UT = 3U,V, neighborhoods of z, s.t. U NS = () and
VNT = 0. Now let W := UNV, then W is a nbhd of 2 (exercise) and WN(SUT) = ()
= 1 ¢ SUT. This shows SUT C SUT.

~
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Example 15. Consider the Euclidean R?, and let S = B((0,0),1) and T = B((2,0),1).
We have SNT =0, and thus by (5) Proposition 13 we get SNT = (). On the other
hand, SNT = {(1,0)} — an isolated point.

Examples.

(1) M =R, d:|'|7m: [aab]
(2) Closed ball in (Euclidean) R™ is closed
(3) M = R with discrete metric.
B(z,1)={yeR:d(z,y) < 1} = {2} = B(x,1) = {z} = B(z,1).

OTOH: B(x,1) ={y € R:d(z,y) <1} =R = B(z,1) =R = B(z,1).
Proposition 16. S is closed iff S contains all its limit points

Proof. =>: exercise

<=: S contains all its contact points, moreover, isolated points are by definition
contained in S. By Homework problem contact points are either limit points or
isolated points, therefore, S contains all its limit points = S = S = S'is closed. O

Proposition 17. S is closed iff S is open

Proof. =>: S is closed = S contains all its contact points = S¢ does not contain
any contact points of S = every point of S° has a nbhd that doesn’t contain any
point of S, thus only contains points of S¢ = 5 is open.

<=: exercise. 0

Corollary 18. Single point sets are closed

Proof. Homework O

Corollary 19. (1) 0 is closed

(2) M is closed

(3) {Ua}aer a family of closed sets, then () ,c; Uq is closed (in other words, arbitrary
intersections of closed sets are closed)

(4) Let Uy,Us, ..., Uy be closed sets, then Ule U; is closed (in other words, finite
unions of closed sets are closed)

Proof. (MNaer Ua)C = e US, apply Proposition 5. O
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The Cantor set.

C = nizo F;

(1) C is closed by (3) Proposition 19 since each F; is closed by (4)

(2) Clearly, 0,1,1/3,2/3,1/9,2/9,7/9,8/9,... € C (these are the endpoints of the
removed intervals)

What other points are in the Cantor set?
Let = € [0, 1], write z in ternary (base-3) expansion
¢ = i@—", a, € {0,1,2}
n=1 3

Then z € C <= a, # 1 Vn, i.e. x is not in the ‘middle interval’ at any scale.

Remark 20. Here we use the notation convention
1 =2

3N 3n
n=N+1

Theorem 21. C is uncountable, moreover, |C| = |R|

Proof. Define f: C — |0, 1] as follows:
0, ifa, =0

if o = 3207, 4 where a, € {02}, Jet by =4 7 "

n=1 3n

cand let f(z) =507, g—n

Then f is surjective, which shows |C| > |[0, 1]| (exercise).
|C| <1]0,1]| is obvious by using the natural injection C' — [0, 1]. O
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LECTURE 3

Limits and continuity.

Definition 22. Let (M,d) be a metric space. A sequence {x,} in M converges to
x € M ifVe AN >0 s.t. Vn > N d(z,x,) < .

Remark 23. z, -z in M <= d(z,,z) — 0 in R.
Theorem 24. Letx € M, S C M.

(1) x is a contact point of S iff there exists a sequence {x,} in S s.t. x, — x
(2) x is a limit point of S iff there exists a sequence {x,} of distinct points in S s.t.
Ty —> T

Proof. We will prove (1), the proof of (2) is similar.

<= exercise.

= if = is a contact point of S, then Vn € N B(z,1/n) contains a point of S, call it
z,. Obtain a sequence {z,} in S s.t. d(z,z,) < 1/n = z,, — x. O

Continuity.

Definition 25. Let (X,dx) and (Y,dy) be metric spaces. A function f: X — Y is
continuous at zp € X if Ve >0 35 > 0 s.t. dx(zo,z) < = dy(f(z0), f(z)) < €.
Equivalently, Ye > 0 30 > 0 s.t. f(Bx(zo,0)) C By(f(x0),€). [ is continuous if it
18 continuous at every r € X.

Theorem 26. [ : X — Y is continuous at xo € X iff for every nbhd V of f(xq)
there exists a nbhd U of xg s.t. f(U) C V.

Proof. HW ]

Theorem 27. f is continuous at xro <= for each sequence x, — x¢ we have
flxn) = fxo), i.e. im, oo f(xn) = f (limy, o0 ).

Proof. =: let f be continuous at xg, and let x,, — x9. Let ¢ > 0, by continuity
of f, 30 > 0 s.t. dx(xg,x) < 6 = dy(f(z0), f(x)) < e. Since x, — w0, for that ¢
dN € N s.t. dx(zo,2,) < 0 ¥Yn > N. Combining, we get that Ve > 0 3N € N s.t.
dy (f(20), () < 2 ¥ > N = f(a) = f(ao).

<—=: Assume that f is not continuous at zy. Then Je¢ > 0 s.t. Vo > 0 dzs s.t.
dx(zo,zs) < 6 but dy(f(xo), f(x)) > €. Consider a sequence 6, = 1/n, n € N.
Then Vn 3z, s.t. dx(vo,z,) < 1/n but dy(f(xg), f(x)) > e. Thus, z, — xo but
f(zn) = f(xo). U

Theorem 28. Let f: X — Y. The following are equivalent (TFAE):

(1) [ is continuous
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(2) SCY open = f~1(S) C X is open
(3) SCY closed = f~1(S) C X is closed

Pmof (1)=(2): Let z € f71(S), i.e. f(z) € S. Since S is open, Je¢ > 0 s.t.
By (f(z), ) C S. By contmulty of f, 36 > 0s.t. f(Bx(x,0)) C By(f(z),e) €S =
Bx(x,0) € f71(S) = f7'(5) is open.

(2)=(1): Let z € X, and let V be an open nbhd of f(z). By assumption, f~(V)

is open. Moreover, x € f~1(V), so U := f~}(V) is a nbhd of z. Tt is straightforward

to check that f(U) = f(f~1(V)) € V, so by Theorem 26 we conclude that f is

continuous at x.

(2) <= (3): exercise. O

Remark 29. If f : X — Y is continuous, and y € Y, then f~'({y}) is a closed
subset of X.

Definition 30. A subset X C M is dense if X = M.
Example 31. Q is dense in R (with | -|)

LECTURE 4

Completeness.

Definition 32. A sequence {z,} in a metric space (M,d) is a Cauchy sequence if
Ve >0 3N € N s.t. d(xp,x,) <eV¥m,n>N

Theorem 33. Every convergent sequence is a Cauchy sequence

Proof. Let x, — x, then Ve > 0 IN s.t. d(z,,x) <e/2Vn > N = if myn > N,
then d(x,, z,,) <(by triangle inequality)d(z,, z) + d(zmy,x) < ec/2+¢/2 =¢ O

What about the converse?

Example 34. M = Q, d = |-|. Let x, be the n-th decimal approzimation of /2.
Then {x,} is a Cauchy sequence in M, but Px € Q s.t. x, — .
Alternatively, you can define
1 1 1
[E0:1+§, $1:1+m,,$n:1+m
This is called a continued fraction expansion. It’s an exercise to check that x, is
Cauchy and x,, — /2 in R (thus, x,, doesn’t have a limit in Q).

Theorem 35. FEvery Cauchy sequence is bounded, i.e. 3B(a, R) s.t. {x,} C B(a, R).

Proof. {z,} is Cauchy = 3N € N s.t. d(z,,z,) < 1 Vm,n > N.
Let r := maxj<,<y d(z,, xy) and R := max{r, 1}.
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ifn <N
Then Vn > 1 we have d(z,,zy) < {r, mnsS d(zp,zy) < RVn > 1 =

|11, ifn>N
{z,} C B(xy,R+1) O

Theorem 36. If {x,} is a Cauchy sequence, and it has a subsequence {x,,} converg-
ing to a point x, then {x,} — .

Proof. HW U

Definition 37. A metric space M is complete if every Cauchy sequence in M
converges.

Examples.

(1) Q with Euclidean metric is not complete (see Example 34)

(2) R with Euclidean metric is complete
Proof. Recall the least upper bound property of R (completeness of R as a field):
for any non-empty subset 7' C R that is bounded above, sup(T) exists in R. Now,
let {z,,} be a Cauchy sequence in R, by Theorem 35 {s,} is bounded. This implies
that in particular the set {z,,zn11,...} is bounded for each n € N. By the least
upper bound property u, := sup;s,, x; is well defined. Moreover, the sequence
{u,} is non-increasing and bounded below (exercise) and therefore converges by
Monotone Convergence Theorem. Denote v = limu,,. Claim: x,, — u.
To prove that, fix e > 0, and let Ny be s.t. |z, — 2| < £/2 Vm,n > Ny, where we
are using the fact that {z,} is a Cauchy sequence. Fixing n > N; we thus have
T < Ty + /2 ¥Ym > n. Since u,, = sup,,~,{xm}, this gives z,, < u, < z, + /2
¥m > n, and in particular x, < u, < x, +/2. We therefore obtain |z, —u,| < €
Vn > Ni. Now let Ny bes.t. |u,—u| < e/2Vn > Ny. Choosing N = max{ Ny, N}
and using the triangle inequality we obtain

|z, — u| < |z — un| + |u, —u|l <e ¥Yn > N.
O
(3) R™ with Euclidean metric is complete
Proof. Follows from completeness of R, exercise. O
(4) (0,1) with Euclidean metric is not complete, [0, 1] is.

Theorem 38. Let M be a complete metric space, S C M. Then S is complete <=
S is closed. (The implication S is complete = S is closed is true even if M is not
complete).

Proof. HW U
(5) M = C([a,b]) with d(f,g) = SUDyefa | f (1) — g(t)| is complete.

Proof. See Theorem 40 in the next section. O
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LECTURE 5

Uniform convergence. Let {f,} be a sequence of functions, f, : X — Y, where
(X,dx) and (Y, dy) are metric spaces.

Definition 39. f, — f pointwise ifVx € X, Ve > 03N = N(g,2) s.t. dy(fu(z), f(z)) <
eVn > N.

fn — f uniformly if Ve > 0 AN = N(¢) s.t. dy(fn(z), f(z)) <e ¥n > N, Vx € X.
Equivalently, Ye > 0 AN = N(e) s.t. sup,cy dy (fu(z), f(z)) <e Vn > N.

Consider M = C([a,b]) with d(f, g) = sup,ej [f(t) — g(t)]. Let {f.} be a sequence
in M. Note that f : R — R, where R is endowed with the Euclidean metric. Suppose
now that f, — f uniformly, i.e.

Ve >0 3N s.t. sup |fu(t) — f(t)] <& Vn> N,

t€la,b]
which is equivalent to

Ve > 0 3N s.t. dy(fn, f) < e Vn> N.

Therefore, the uniform convergence of a sequence of functions from C([a, b]) is equiv-
alent to the convergence of the sequence in the metric space (M,d). We have the
following result

Theorem 40. The space C([a,b]) with the supremum metric is complete.

Proof. Let {f,} be a Cauchy sequence in C([a, b]). In proving completeness, there are
usually three steps: 1. find a candidate for f, the limit of f,; 2. prove that f, — f
in the right metric; 3. prove that f belongs to the right space (in this case C([a,b]))
1. Since {f,} is Cauchy, we have

Ve >03dN: sup |fu(t) — f(t)| <e Vm,n >N,

te(a,b)

which implies |f,(t) — fi(t)| < € Vt € [a,b] = for each fixed t € [a,b], {f.(£)}
is a Cauchy sequence in (R,|-|) = (by completness of R)= f,(t) — f(¢) in R
Vt € [a,b] (pointwise convergence). This f is our candidate.
2. Let € > 0, since {f,} is Cauchy IN s.t. d(fn, fn) < /6 Vm,n > N. Moreover,
Vt € [a,b] Im = m(t,e) which we can take to be > N s.t. |f.(t) — f(t)] < /6 by
pointwise convergence. Thus Vt € [a,b], Vn > N

Fal8) = F@O < 1Falt) = Fun O]+ i) — F(0)] < /3
—> Syl | fult) = (D] < /3. 50 f, = f uniformly.

3. Let t € [a,b], € > 0, by part 2. IN s.t. d(f,, f) < /3 Vn > N. Since fy is
continuous, 30 = d(e, N, t) s.t. |fa(t) — fn(x)| < €/3 Vo € B(t,0). This gives

1f (&) = f(@)] <[f@E) = In@O + [fn(8) = fn(@)| + | fn(x) = flo)] <&, Va e B(t,0).
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U

Corollary 41. Let {f,} C C([a,b]), and suppose f, — [ uniformly. Then f is
continuous on |a, b].

Proof. Follows from part 3. of the proof of Theorem 40. O
1—nx, if0<z<l1/n
0, if1/n<zx<1

C([0,1]) Vn. Moreover, Vo € (0,1] AN > 1/x s.t. f.(x) =0 Vn > N, which implies
fo(z) = 0 Vz € (0,1]. We also have f,(0) =1 Vn, so

Example 42. Let f,(z) = . It is easy to check that f, €

1, ifx=0

_ pointwise,
0, if0<x<1

falz) = f(z) = {
and f(z) is clearly discontinuous at x =0, so f ¢ C([0,1]).
Moreover, sup,eio 1) |fn(7) — f(z)] =1 Vn, so f, does not converge to f uniformly.

LECTURE 6

Let (M, d) be a metric space.
Definition 43. The diameter of S C M is diam(S) := sup, .5 d(t, s).

Note that S is bounded iff diam(S) < oo — exercise.
Theorem 44. TFAE:

(1) M is complete
(2) For every nested sequence S1 O Ss O S3 D ... of closed non-empty sets S; with
diam(S;) — 0, we have (), S; # 0

Proof. (1)=(2): let M be complete, and S; O Sy D S3 D ... a sequence as above.
Vi choose s; € S; (axiom of choice). Claim: {s;} is Cauchy.

Proof of Claim: let ¢ > 0, choose N s.t. diam(S,) < e Vn > N. Then Vn,m > N we
have s,, 8, € Sy = d(Sn, Sm) < diam(Sy) < e.

Since M is complete, s, — s € M. We are left to show s € (), S;. Fix i € N and
consider the sequence {s;n}n>1. It is easy to see that lim, o s;1, = $, and since S;
is closed we have s € S;. This is true for all 7, and thus s € [, ;.

(2)=(1): let {x,} be a Cauchy sequence in M. For eachi € Nlet T; := {x;, 541, ...},
and define S; := T;. Then {S;} satisfies all the conditions in (2) (exercise) and there-
fore 3z € N, S;. Claim: lim,_,o z, = .

Proof of Claim: let € > 0, choose N s.t. diam(S,,) < e ¥n > N. Since z € S,, Vn and
Ty € Sy, d(z,x,) < diam(S,) < e V¥n > N. O
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Contraction mappings.

Definition 45. Let (X,dx) and (Y, dy) be metric spaces. A function f: X —Y is
a contraction mapping if

da <1 st dy(f(s), f(t)) <adx(s,t) Vs, te X.

Proposition 46. f is a contraction mapping => f is continuous.

Proof. HW. U

Banach Fixed Point Theorem. Let f : M — M be a contraction mapping, and
M is complete. Then f has a unique fixed point, i.e. x € M s.t. f(x) = x.

Proof. 1. Uniqueness: Let f(z) =« and f(x) =y, then
d(z,y) = d(f(2), f(y)) < ad(z,y) = (1 = a)d(z,y) < 0= d(z,y) =0 =z =y.

2. Existence: We will construct the point x as a limit of successive approximations.
Let xg € M, define 7,1 = f(z,), Vn >0, ie. x, = f™ (). Claim: {x,} converges.
Proof of claim: Let m < n, then

d(Tp, Tm) = d(f(”)(xg),f(m) (x0)) < a™d(xo, f("_m)(xo)) = a"d(zo, Tn_m)
< a™ (d(zg, 1) + d(z1,22) + ... + d(Tp—m—1, Tn,,))

m

<a™(l+a+a®+...+a" ™ ) d(zg,21) < 1Oi—ad(a:0, x1)

Thus, given € > 0 can choose N (exercise) s.t. Vm,n > N d(x,,x,) < ¢ =
{z,} is Cauchy =>(by completeness of M) x, — x € M. Since f is continuous,
lim,, oo f(x,) = f(z). OTOH, lim,, o f(z,) =lim, ooy =2 = f(z)=2. O

Examples.

(1) Let f € C([a,b]) with |f'(z)| < K < 1 Vz € [a,b]. By the Mean Value Theorem
Va,y € [a,b] I € [a, b] s.t.

[f (@) = )l = 1f(Ollz —yl < K|z —y|
so f is a contraction. Moreover, [a, b] with Euclidean distance is complete. There-
fore, by Banach fixed pt thm 3 a unique z € [a,b] s.t. f(x) = x.
OK, let f(z) =x/2—1 € C([0,1]). Clearly, f is differentiable and f'(x) =1/2 <
1. But f(z) =x gives /2 — 1 =2 = . = —2 ¢ [0,1]. What is the problem?
(2) Let f:]0,00) — [0,00) be defined by f(z) = v1+ 22 Then f'(z) = T= <1
so |f(x) — f(y)| < |z — y|. However, f(z) = x implies 1 + 2% = x? which has no
solutions. This example shows that we need o < 1 that works for all z.
(3) Let f: R\{2} — R\{2} given by f(z) = z/2+ 1. f'(z) = 1/2, therefore it is a
contraction. There is no fixed point in R\{2}, which shows the necessity of the
completeness assumption.
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LECTURE 7

Picard’s theorem. Suppose we want to solve the initial value problem y' = f(z,y),
y(xo) = yo. The right hand side can be a nonlinear function of y so how do we solve
it? Idea: solve y' = f(x,yo), get 1. Plug this into the RHS, solve ¢ = f(x,41), get
y2. Continue forever, and hope that this process converges to a solution.

Picard’s Theorem. Let f(x,y) be a continuous function on a closed rectangle R C
R? whose interior contains (xo,yo). Suppose f is Lipschitz in y uniformly in x, i.e.
M >0 s.t

|f<x>y1) - f(x7y2)’ S M‘yl - y2|7 Vr s.t. (x7y1)7 (‘Tay2) € R.

Then there exists an interval |z —xo| < & in which the differential equation y’ = f(z,y)
has a unique solution y = p(x) satisfying the initial condition p(xo) = yo.

Proof. 1. Choose § > 0 and b > 0 s.t. [zg — d, 20 + d] X [yo — b,yo + b] C R and
M§ < 1. Denote Is = [xg — 0, ¢ + 0].

2. Let D C C(Is) be the set D := {f € C(Is) : f(I5) C [yo — b,yo + b]}. Then D is
closed with respect to the uniform metric (exerCISe) = D is complete.

3. Define A : D — D by AMg|(t) = yo + fx f(s,0(s))ds. Then A is continuous
(exercise) and

Alel(t) — 4o = / f(s,0(s))ds < [ [f(s,0(s))|ds < Kt — x| < K6 <

In the above inequalities we used |f(z,y)] < K on R since f is continuous and R
is closed and bounded (Extreme Value Theorem). The last inequality follows by
choosing § sufficiently small. We therefore get A(D) C D.

4. The last step is to show A is a contraction. Using the fact that f is Lipschitz, we
get

AL () — A)()] < / (s, 0(8)) — F(s,1b(s))|ds

<M/ lo(s) (s)|ds

< Mésup [p(s) = P(s)| = Mod(p, )

s€ls

Taking sup,c;; in the above inequality we therefore obtain

d(Ag] = A[Y]) < Mad(p, ) < d(p, )
by making § even smaller if necessary to satisfy MJ < 1.
From 1.-4. we conclude that 3 a unique fixed point ¢ € D st. Ag| = ¢, ie.
o(t) =yo +fx f(s,¢(s))ds. Tt is an exercise to check that ¢(t) is differentiable, and
taking the derivative we get ¢'(t) = f(t,¢(t)). @(zo) = yo trivially. O
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Example 47. Consider the following IVP

y =y, y(0) =0
Solve: y
Y
e —dr = Yl =2+C = y=(x+C)/27
0 if x € (a,b)
y(0) =0 = y = 23/27. However, y = (x —b)3/27 ifz>b is a solution
(x—a)®/27 ifz<a
for any a < 0 < b, as well as y = 0, therefore, we have infinitely many solutions.
Exercise: check that f(z,y) = y*? is not Lipschitz in y.

LECTURE 8

Completion.

Definition 48. Let M be a metric space. Complete metric space M* is called a
completion of M if M is a subspace of M* (meaning M C M* and dy-|,, = dur)
and M = M*.

Here M is the closure of M in M*.

Theorem 49. Every metric space M has a completion. This completion is unique
up to an isometry that has all the points in M as its fized points.

Proof. Uniqueness. Let M* and M** be two completions of M. We need to show
there exists ¢ : M* — M** s.t.

(1) p(x) =2 Vo € M (fixed points)
(2) dye(p(x7), o(y")) = dy=(27,y*) Vo™, y* € M~ (isometry)

We will define ¢ as follows. Let x* € M*, by definition of completion z* is a contact
point of M, therefore, H{x,} C M s.t. z, — x* € M*. Since {x,} converges in M*
it is Cauchy in M*, and thus in M. We also have {z,} C M** and M** is complete,
thus z,, — =™ € M**. Exercise: ™ does not depend on the choice of the sequence
{x,} converging to z*. Define ¢ : M* — M™* by p(z*) = x**. First, if z € M and
T, = x € M, then z** = z. So ¢(x) = x. Second, if z, — z* € M* z, — ™ € M*™,
and y, = y* € M*, y, = y** € M**, then

n—00 n—00 n—00
by the result from HW.
Existence. Given any metric space M consider the set of Cauchy sequences in M.

Define the equivalence relation on it by {z,} ~ {y,} if dys(2p,yn) — 0asn — co. It
is an exercise to check that it is indeed an equivalence relation (reflexive, symmetric,
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transitive). We can therefore partition the set of Cauchy sequences in M into disjoint
equivalence classes, call this set M*. Define the distance on M* as follows

(1) dyr (2", y") = lim das (20, yn),

where {z,} and {y,} are some representatives of z* and y* respectively. We need to
show that it is in fact a distance, namely, that the limit exists and doesn’t depend on
the choice of representatives; and the three properties defining a metric hold. First,
by one of the HW questions

‘dM<5Cn7 yn) - dM(xma ym)‘ < dM(xna xm) + dM(yn7 ym)
and the right hand side can be made arbitrarily small by choosing n, m large enough,
since both {z,} and {y,} are Cauchy sequences in M. This shows that {d(z,,y,)}
is a Cauchy sequence in R and therefore converges. Now, if {z,,} and {z]} are two
representatives of x*, and {y,} and {y/,} are two representatives of y*, we have

since {z,} ~ {z} and {y,} ~ {y,}. This shows that the limit doesn’t depend
on the choice of the representative of the equivalence class. Symmetry and non-
negativity follow immediately from the definition. The triangle inequality follows
from the triangle inequality for dj; and definition (1).

Finally, we need to show that M* is a completion of M. For each x € M let x* € M
be the equivalence class of Cauchy sequences converging to x. If x = lim,,_,, x,, and
y = lim,,_, yn, then

dy(2,y) = lim da(2n,yn) = dar- (2%, 57),

so the map M — M* given by x + x* is an isometry, and we can consider M as a
subspace of M*. Write d for dy;~. We are left to show that

(1) M = M*
(2) M* is complete
To see (1) we only need to show M* C M (exercise). Let z* € M*, fix ¢ > 0, and

choose some representative of z*, i.e. a Cauchy sequence {z,} C M. Then IN s.t.
d(xp, xm) < e V¥n,m > N. Therefore,

dpr (T, ) = lim dpy (T, ) <eVn > N
n—oo

SO Ty, — x*¥ as m — oo, which shows z* is a contact point of M. Finally, to show
completeness of M* we note that by definition of M*, every Cauchy sequence {x,}
in M converges to a point x* € M*. Moreover, M is a dense subset of M*. By one
of the homework problems it shows that M* is complete. U

Example 50. Construct R as the completion of Q with Fuclidean distance. Problem:
extend the arithmetic.
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LECTURE 1

Definition 1. A topology on a set X is a collection of subsets T of X such that

(1) Der

(2) X er

(8) T is closed under arbitrary unions
(4) T is closed under finite intersections

FElements of T are called open sets; (X,7) — topological space.
Definition 2. A subset of a topological space is closed if its complement is open.

Definition 3. A neighborhood of x € X is a set containing an open set containing
x.

Examples.

(1) Any metric space

(2) Let X be any set, let 7 := {(), X}. This is the trivial or indiscrete topology,
the coarsest possible topology.

(3) Let X be any set, let 7 := 2%, This is the discrete topology, the finest possible
topology.

(4) X ={a,b}, =10, X, {b}}. Closed sets: X,0,{a}.

Definition 4. A collection of subsets B is a base (basis) for topology T if every open
set in X is a union of sets in B. A collection of sets S is a subbase (subbasis) if
the collection of finite intersections of elements of S is a basis for .

Example 5. (M,d) metric space, open balls = base

Definition 6. Let (X, 1) be a topological space, Y C X. The subspace topology (
n Y is defined by
Ge( <= dI'er:G=TnNY.

Product topology.

Definition 7. X,Y — topological spaces, the product topology on X x Y is the
topology whose base consists of sets of the form U x V with U open in X and V open
nY.
Equivalently, the product topology is the one generated by the subbase of the form
S ={p;"(U) : U open in X} U {p; (V) : V open in Y}. This can be generalized to
[Tic; Xi by defining the subbase as S = J;o; Si, Si = {p; (U;) : U; open in X;}.

1
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Here py, is the canonical projection p; : [[,.; Xi = X defined by pi((2:)ier) = -

Example 8. Let X, Y be two topological spaces. Consider the set F' of all functions
from X toY. We can define topology of pointwise convergence on it as follows.
Consider f : X =Y as a point in Y~ =[], Yy whose x-coordinate is f(x). Here
Y, is just a copy of Y, but we take one for each x € X. Then YX = [[ . Ys has
the product topology, i.e. given a point x € X and an open set U C Y the sets of the
form

S(z,U)={f:feY™ and f(z) € U}

form a subbase for a topology on F. We have the following result

Definition 9. Let (X, 7) be a topological space. A sequence x,, — x in X if for every
nbhd U of v AN € N s.t. x, € U Vn > N.

Theorem 10. A sequence of functions { f,,} converges to f in the topology of pointwise
convergence iff Ve € X fo(x) — f(z) inY, i.e. f, — f pointwise.

Proof. =: Suppose f,, — f in the topology of pointwise convergence, 7. This means
that for any nbhd V of f AN € Ns.t. f, € V for all n > N. For any « € X and an
open set U containing f(z), S(x,U) is a nbhd of f in 7. Therefore, f,, € S(x,U) for
aln >N = f,(zr) € U ¥n > N.

<: Suppose f,(z) = f(z) Vo € X. It is sufficient to show that for any arbitrary
element of the subbase, S(z,U), containing f, we have f, € S(x,U) for all n suffi-
ciently large (depending on z and U) (exercise). But since f,(z) — f(x) Vo € X
and for any open U containing f(x) AN s.t. fu,(z) € U Vn > N = f,, € S(x,U)
Vn > N. O

LECTURE 2

Hausdorff spaces. Axioms of separation.

Definition 11. A topological space X is Ty if Vx,y € X, x # y, 3 nbhd U, of x
and Uy of y s.t. x ¢ U, and y ¢ U,. We say that X satisfies the first axiom of
separation.

Examples.

(1) Any discrete space is T}

(2) Metric spaces are T}

(3) Any space with trivial topology that has at least two points is not T3
(4) X ={a,b}, =10, X, {b}}, is not Ty

Theorem 12. FEvery finite subset of a T1 space is closed.
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Proof. First note that it is sufficient to show that a single point set is closed (exer-
cise). Let X be a T} space and = € X. Then Vy € X 3U, open s.t. ¢ U,. We have
X\{z} = U, ex yzr Uy which is open as a union of open sets. Since X\{z} = {z}° is
open, {z} is closed. O

Definition 13. X is Hausdorff or Ty if Vo,y € X, x # y, 3 nbhd U, of x and U,
ofy s.t. U, NU, =0.

Proposition 14. Fvery Hausdorff space is T\. The reverse is not necessarily true,
see Example (4) below.

Examples.

(1) Any metric space

(2) A discrete topological space

(3) Any space with trivial topology that has at least two points is not T3

(4) Let X be any set. The finite complement topology is defined as follows:
7 = {0, X, all sets obtained from X by removing a finite number of elements}.
Then X is 77 but not Hausdorff (HW)

Proposition 15. If X is Hausdorff, then a sequence converges to at most one point.

Proof. Suppose z,, = = and y # . Then 3U,, U, — nbhds of xz and y respectively
st. U, NU, =0. x, — x implies IN s.t. z, € U, Y¥n > N = Vn > N z,, ¢ U,.
Therefore, x,, - . O

Proposition 16. Let X be finite Ty topological space. Then X 1is discrete, and there-
fore Hausdorff.

Proof. Let X = {x1,...,2,}, and fix x; € X. By Ty foreach 1 < k <n, k # 1, 3
a nbhd Uy of z; s.t. x ¢ Uy. Define U = Ny Uy, then U is open and z; € U. By
construction, U does not contain any point of X other than z; and thus U = {x;}. O

Continuity.

Definition 17. Let X and Y be two topological spaces. f : X — Y 1is continuous
at v € X if V nbhd V of f(x) 3 a nbhd U of x s.t. f(U) C V.

Theorem 18. f: X — Y is continuous iff f~1(V) is open for every open set V C Y.

Proof. =>: let V. C Y be an open set and z € f~}(V) = f(z) € V, so V is a nbhd
of f(z) = 3U a nbhd of z s.t. f(U) CV (by continuity) = U C f~1(V)

<=: let f(z) € V and V open = z € f~(V). Since f~'(V) is open we can take
U := f~YV) and it is the required nbhd of z. O

Proposition 19. If z,, — x in the topological space X and f : X — Y is continu-
ous, then f(x,) — f(x). The reverse implication is not necessarily true for general
topological spaces X and Y .
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LECTURE 3
COMPACTNESS

Definition 20. An open cover of Y C X, a subset of a topological space, is a
collection of open sets whose union contains Y .

Example 21. R, = (0,00), open cover {(0,2n),(n,3n) : n € N}

Definition 22. Y C X is compact if every open cover of Y has a finite subcover.

Examples.

(1) R is not compact (with Euclidean topology)

(2) (0,1) C R is not compact: {(1/n,1):n € N}

(3) [0,1] is compact. More generally, [a,b] C R is compact.
Proof. Let € be an open cover of [a, b]. Define

S :={z € [a,b] : [a,z] has a finite cover}

First, a € S = S # (). Moreover, S C [a,b], thus by the least upper bound
property of R 3¢ := sup S, and ¢ € |[a, b] since b is an upper bound for S. Since ¢
is an open cover of [a,b], AU, € € s.t. ¢ € U.. By the openness of U. 3¢ > 0 s.t.
(c—e,c+e) CU. Let z € SN (c—¢g,c|, exercise: why such an z exists? Then
by the definition of S, [a, z] has a finite subcover, call it €”. It then follows that
%" U U, is a finite cover of [a,c+ /2], i.e. a finite cover of [a,z] for x = ¢ + £/2.
Since ¢ was the supremum of such x € [a,b] we must have c+¢/2 > b Ve > 0
= c=b. O

(4) {0} u{l/n:n e N} (HW)
Theorem 23 (Connection between closed and compact).

(1) A closed subset'Y of a compact space X is compact
(2) A compact subset K of a Hausdorff space X is closed

Proof. (1) Let {U,} be an open cover of Y. Then Y°U|J, U, = X. X is compact
— Jay,.., st YUUL U, =X =Y CU, U,

(2) Fix x € X\K, and let y € K. Since X is Hausdorff 3U, 5 y and V}, > x open s.t.
U,NV, = 0. {U,}yek is an open cover of K, K is compact => Jyi, ...y, € K s.t.

K U, U, Thus V := )}, V,, is an open nbhd of z s.t. V N (ﬂle Vy> =0.
Thus V C X\K = X\K is open = K is closed.
U

Corollary 24. A compact subset of a metric space is closed.

Example 25. [0,00) C R is closed but not compact
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Theorem 26. If f : X — Y is continuous and X is compact, then f(X) is compact.

Proof. HW O

Compactness in metric spaces.

Theorem 27. Let (M,d) be a metric space, and K C M a compact subset. Then K
18 closed and bounded.

Proof. M is a metric space = M is Hausdorff = K is closed. To show boundedness
note that J,., B(z,1) is an open cover of K. Since K is compact, 3{z,...,z,} C

.....

Ui—, B(z;,1) (exercise) = B(z1, R+ 1) O K = K is bounded. O

Example 28. Let S = [0,1] N Q C Q, where Q is equipped with Euclidean metric.
Then S is closed and bounded in Q (exercise), but it is not compact. To see this
fix v € [0,1\Q and let U, = ((—=1/n,r —1/n)U(r+1/n,1+1/n)) N Q. Then
S C Upen Un, Uy is open in Q, but there is no finite subcover.

Example 29. Let M = [? with the usual distance. Consider the unit sphere
S:{xEZQ:inzl}.
n=1

This set is clearly bounded, and it is also closed (exercise). Since M is complete, S
is also complete. Now, |J,.q B(x,1/2) is an open cover of S, and if y,z € B(x,1/2)
we have d(y,z) < 1. Consider {e,} C S where e, = (0,0,...,1,0,...), i.e. e, has 1
in the nth spot and 0 everywhere else. Then d(e,,,e,) = V2 >1VYm #n S0 e, and
e, cannot belong to the same ball B(x,1/2). Since {e,} is an infinite subset and we
need at least one ball to cover each element, we cannot select a finite subcover from
U,es B(x,1/2) to cover {e,}, and thus S. This implies that S is not compact.

Total boundedness.

Definition 30. Let (M,d) be a metric space, and ¢ > 0. A set A C M is called an
e-net for a set S C M, if Ve € S Ja € A s.t. d(x,a) <e.

Example 31. Let (M,d) = (R",|-|), and A = Z™ (all the points with integer
coordinates). Let x € R", then Yk = 1,...,n Jay € Z s.t. |z —ag] < 1 =
d(x,a) = (O 0 (zg — ak)2)1/2 < \/n, where we defined a := (ay,...,a,) € A. There-
fore, A is \/n/2-net for M. Let

Definition 32. S C M is totally bounded if Ve > 0 S has a finite e-net.



6 TOPOLOGICAL SPACES

Properties.

(1) every subset of a totally bounded set is bounded
(2) totally bounded = bounded
(3) bounded #= totally bounded

Proof. (1) trivial

(2) exercise

(3) Recall Example 29, in particular d(e,,, e,) = v/2. It follows that there is no e-net
for S for e < \/5/2 Thus S is not totally bounded.

g

Theorem 33. (M,d) is compact <= it is complete and totally bounded

Proof. We will prove this theorem later, after we discuss sequential compactness. [

Corollary 34. Let (M,d) be a complete metric space. Then S C M is compact iff it
15 closed and totally bounded.

Example 35. Cantor set is compact (as a subset of (R,|-])). First recall that C' is
closed, and therefore complete since R is complete. Now we claim that C' is totally
bounded. For every € > 0 choose n € N s.1. 3% < ¢ and let A = {endpoints of
F.}. ThenVx € C, x € F, since C = ey Fr = Ja € A s.t. d(a,z) < 3% < €.

Therefore, A is a finite e-net.

Sequential compactness.

Definition 36. S C M is sequentially compact if every sequence contains a
convergent subsequence.

Theorem 37. (M,d) is compact <= it is sequentially compact

Proof. =>: Let M be compact, and {z,} € M any sequence. Define S = {x, :
n € N}, i.e. S is the set of all the points in the sequence. If S is finite then 3 a
constant subsequence of {x, } which clearly converges. Thus assume S is infinite. We
have S is a closed subset of a compact space M, which implies S is compact (by
Theorem 23). Claim: 3z € S s.t. Ve > 0 B(z,¢) contains infinitely many points of
S (i.e. x is a limit point of S). Proof of claim: assume the contrary: Vz € S Je, s.t.
B(z,e,) NS = {z}. Then U := |J, .5 B(z,,) is an open cover of S with no finite
subcover => S is not compact, which is a contradiction.

Thus, z is a limit point of S = I{x,,, } s.t. =, — .

<=: Let M be sequentially compact. We will prove compactness in five steps.

Step 1: M is totally bounded.

Fix e > 0, x; € M. If B(x1,6) = M then done. If not, let o € M\B(z1,¢).
If B(zy,e) U B(xg,e) = M then done, otherwise continue. If for some n € N we
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get Up_,B(zg,e) = M then we constructed a finite e-net. Otherwise we obtain a
sequence {x,} with d(x,, ;) > € Vm # n. Such a sequence cannot have a convergent
subsequence (exercise) which is a contradiction to sequential compactness. Thus we
must have a finite e-net, so M is totally bounded.

Step 2: M is separable, i.e. has a countable dense subset.

For every n € Nlet S, be a finite 1/n-net, and let S := (J,, .y S». Then S is countable,
andVex € MVe >03dn eN,se€ Sst. 1/n<eandd(zr,s) <1/n<e= s € B(z,e).
This shows that = is a contact point of S, and since this is true Vx € M we obtain
S=M

Step 3: M is second countable, i.e. has a countable basis for its topology. Let
S = {x1,2,...} be a countable dense subset.

Let U C M be any open set, and x € U. Since U is open and S is dense, 3¢ > 0, x,,, €
S s.t. xy € B(x,e/3) € B(x,e) CU = In € Ns.t. x € B(x,,,1/n) C U. Thus the
open balls B(x,,,1/n) form a countable base for M

Step 4: Every open cover has a countable subcover.

Let € = {U,} be an open cover of M, and . a countable base constructed in the
previous step. Vo € M da st. x € U, and dB, € ¥ s.t. © € B, C U,. The
collection of all such B, is countable or finite (since . is countable) and covers M.
Choosing one U, € € s.t. B, C U, for each of B, gives a countable subcover.

Step 5: Every countable open cover has a finite subcover.

Let € = {U,}nen be a countable open cover. Let F,, := (Up_,Ux)" = N{_,U§, then
Fy D F, D .... Suppose that Vn € N F,, # () and choose z,, € F,. By sequential
compactness {z, } has a subsequence converging to some = € M. For each n one can
choose a subsequence of that subsequence C F), converging to x (exercise). Since F},
is closed, z € F,, Y/n = x € N, F,, = = ¢ U, F* — = ¢ U, U, which contradicts
to U,U, being an open cover. Thus we must have F,, = () for some n which implies
{Uy,...,U,} is a finite subcovering. O

We can now prove Theorem 33.

Proof of Theorem 33. ==: Let M be compact. Then Ve > 0 the open cover | J,.,, B(z,¢)
contains a finite subcover J_, B(x;,e) = M. It follows that Vo € M Ji € {1,...,n}
st. x € B(zj,e) = {x1,...,2,} is a finite e-net. Thus, M is totally bounded.
Next, since M is compact it is also sequentially compact (= part of Theorem 37).
Thus for every Cauchy sequence there exists a convergent subsequence = the whole
sequence converges (proved in HW). This shows M is complete.

<=: Suppose M is totally bounded and complete. We will prove sequential com-
pactness. Let {x,} be any sequence in M. First cover M by finitely many balls

of radius 1 (by total boundedness). At least one of these balls contains an infinite

subsequence {%(11)} of {z,}, call it B;. Now cover M by finitely many balls of radius
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1/2, choose B, and {2} C {xg)} as above. Thus for each k£ € N we obtain a subse-
quence of {z,,} contained in By, a ball of radius 1/2*. For each k inductively choose
Tp, € {xq(lk)} C By s.t. ng > ng_1. Then {z,, } is a Cauchy sequence (exercise) and
thus it converges by completeness of M.

0

Compactness in R"”.

Theorem 38. A subset S C R"™ is compact <= it is closed and bounded.

Proof. =>: Theorem 27
<=: S is bounded = 3 a cube [-R, R]" O S. We claim that [—R, R]" is totally
bounded. Let € > 0, consider the set

€ 2e 2e
A=< —— (k1 ko,... k) ki€l —— <k, <—= Vi=1,...
{2\/%( 1, 2, ) n) ze ) R = g > R VZ ) 7”}

Then A is finite and it is an e-net for [-R, R|" (exercise). Thus [—R, R]" is totally
bounded and S is totally bounded as a subset. Since S is also closed, and R" is
complete, it is compact by Theorem 33. O

Example 39 (Bolzano-Weierstrass Theorem). Every bounded sequence of real num-
bers has a convergent subsequence.

Proof. Let {z,} C R bounded, i.e. IM > 0s.t. |z, < M Vn € N = {z,} C
[—M, M]. [—M, M] is compact = sequentially compact = every sequence has a
convergent subsequence. O

Continuity and compactness.

Theorem 40. If f : X — Y is continuous and X is compact, then f(X) is compact.

Proof. HW U

Proposition 41. A metric space (M,d) is compact <= there exists a continuous
function f mapping the Cantor set onto M

Example 42 (Cantor function). Let x € C, then x =Y °, &, a; € {0,2}. Define

f(x):= Z ai/?, a;/2 €{0,1}

21
=1

Then f : C — [0,1] is onto (exercise). To see that f is continuous, fit y € C and
e>0. Let N € N be s.t. 1/2N < & and choose § = 1/3NT1. Then for any x € B(y,d)
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we have a, = b, Yn < N, where a,,b, € {0,2} are the coefficients in the ternary
expansions of x and y respectively. Therefore,

o0

= a,/2 — by/2 an /2 — by /2 1 | X aipn/2 — bisn/2
@) = fl = D" = | D T m
n=1 n=N-+1 =1
1 1
S on Z 2 TN
The Cantor function f can be extended to a continuous functzon g:[0,1] — [0,1] by

making it constant on the middle-third intervals. This function is constant a.e., but
grows from 0 to 1 on a finite interval. It’s called Devil’s staircase.




MEASURE THEORY

LECTURE 1
LEBESGUE OUTER MEASURE

We will first construct a measure on R”.

Definition 1. A rectangle in R is a set of the form (a,b),[a,b), (a,b], or [a,b] with
a,b € R, a < b. An interval is either a rectangle or a set of the same form with
either a = 0o or b = oo (or both). The length of a rectangle I with endpoints a <b
is (1) = b — a. The length of an infinite interval is set to be equal co.

Definition 2. A rectangle (interval) in R" is a Cartesian product [ = I X ...x I,,,
where each 1I; is a rectangle (interval) in R. The n-dimensional volume of I is

I(1) = [Ti=y 1T

Convention: if [(I;) = 0 for some 4, then (1) = 0. If not, and I(I;) = oo for some 1,
then {(I) = oo.

Example 3. [([1,1] x (0,00)) =0
Definition 4. If X C R", the outer measure of X is

m*(X) = inf{Zl(]k): U Iy D X} :

where the infimum is taken over all sequences of rectangles Iy, I, ... in R™ that cover
X.
Examples.
(1) I € R™ arectangle in R, then m*(I) = {(])

Proof. See Example 5. O
(2) m*(0) =0

(3) m*(Q) = 0. More generally, if X is any countable subset of R", then m*(X) = 0.
Proof. Let {x1,29,...} CR" ¢ > 0. Define I to be the cube centered at x) with

side length = (£/25)"". Then I(I7) = /2", and
o € S € - €
k=1 k=1

Therefore, m*(X) <e Ve >0 = m*(X) =0. O
1
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C' C R the Cantor set, then m*(C') = 0.

Proof. Recall C' = N F,, so C C F,, Yn > 0. Moreover, F;, is a union of 2"
intervals of length 1/3" each, thus m*(F,) = (2/3)" = m*(C) < (2/3)" Vn =
m*(C) = 0. O

Properties of the outer measure.

(1)
(2)
(3)

0<m*"(X)<ooVXCR"
XCY = m"(X) <m*(Y)
m* is translation invariant: VX C R", Vp € R"

m* (X 4 p) = m*(X)
Proof. Exercise. Show that the n-dimensional volume, [, is translation invariant
first. ]

The definition of m* does not change if we restrict I’s to be open, or closed, or
half-open, etc.

Proof. Let {I)} be any cover of X, and let € > 0. Define {I},} to be an open cover
of X, where I}, D I is open and [(I}) < I(I}) +&/2*. Then
m*(X) <Y (1) <) I(Iy)+¢
k=1 k=1

Taking infimum over all covers we obtain
m*(X) < inf {Zz(f,;); U, 2 X, I, open} <m*(X)+e Ve>0.
k

On the other hand, if {I;} any cover of X, then {I,} is a closed cover, and
I(Ty) = U(I). O
Given any 0 > 0 we may in addition assume diam(Iy) < § VI in the cover.

Proof. Exercise: Split each [ in an arbitrary cover into sufficiently small subin-
tervals O

Countable subadditivity: If X;, X5,... C R", then
Proof. If m*(X;) = oo for some i, then the result is trivial. Assume m*(X;) < oo
Vi. Let € > 0, Vi 3 cover {I} };>1 of X; s.t.

(X)) < DU <m0 + o
k=1
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(exercise: why?). Since U; Uy I}, is a cover of U; X;, we have
, 3
“(UX;) < () < (X —.): (X)) + €.
m* ( )_;;(k)_; m*(Xi) + o ;m( )+e

Since this is true Ve > 0 we obtain the result. O

LECTURE 2
Question 1. Let A, B € R" s.t. ANB = 0. Do we have m*(AUB) = m*(A)+m*(B)?
(7) Let A, B € R" and suppose d(A, B) = infacapep d(a,b) > 0. Then
m* (AU B) =m*(A) + m*(B).

Proof. First, by countable subadditivity we have m*(AU B) < m*(A) + m*(B),
so we only need to show the reverse inequality. Fix ¢ > 0, let {I;} be a cover
of AUB st. >, I(Ix) < m*(AU B) +¢e. By property (5) we may assume
diam(Iy) < d(A, B) Vk, which implies no [; contains points from both A and B.
Write {I,} = {I2Y U{IPY U {I}, where IAN A # 0, IPN B # 0, and I are all
other intervals. Then {I{!} covers A and {IP} covers B, and therefore

m*(AUB) +e> Y I(I) = > UL+ UIP)+ ) I} =m"(A)+m*(B).

Since € > 0 was arbitrary, the result follows. O

Example 5. I CR"™ a rectangle in R™, then m*(I) = I(I)

Proof. First, since [ is a cover of I we have m*(I) < [(I). Next, Ve > 0 we can choose
an open cover {I;} of I s.t.

m* (1) < 3 1(Iy) < m*(I) + %

If I is closed, and thus compact, we can choose a finite subcover. If not, let J C I
be a closed interval s.t. I(J) > I(I) + ¢/2. Since {I} is a cover of J and J is
compact, we can choose a finite subcover Iy,..., I, of J. It is an exercise to show
that I(J) <> -, I(I). We therefore obtain

D) <)+ 5 < U+ 5 < DU + 5 <mi (D) 4

k=1 k=1
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GENERAL MEASURE THEORY

o-algebra.

Definition 6. Let X be any set. A o-algebra on X is a collection of subsets of X,
>, s.t.

(1) D ex
(2) if A€ X, then A° € &
(3) ¥ is o-finite, d.e. if {A;}32, C X then |J;2, A€ X

Examples.
(1) ¥ =A{0, X}
(2) ¥ =2%

(3) Let AC X, ¥ = {0, X, A, A%}

Theorem 7. Let A be a collection of subsets of X. Then there exists a unique

smallest o-algebra, ¥ 4, on X that contains A, i.e. for any o-algebra X containing
A, Y4 C3.

Proof. 1. 2% is a o-algebra and A C 2% so there exists at least one.

2. Let ¥4 = nzg 42, where the intersection is taken over all o-algebras containing
A. Then ¥4 is a o-algebra (exercise), ¥4 2 A, and X4 C ¥ for any o-algebra
X U

Definition 8. The smallest o-algebra in R™ containing all open sets is called the
Borel og-algebra, B. Elements = Borel sets.

Theorem 9.

B = Eopen sets — chosed sets — Eopen rectangles — chosed rectangles — Ereciﬁ(mgles = Zintervals
Measure.

Definition 10. Let X be a set, and ¥ — a o-algebra on X. A function pu: ¥ —
R U {o0} is a measure on (X,X) if

(1) n(@) =0
(2) 0 < p(A) <ocoVA ey
(3) Countable additivity (o-additivity): V{A;}ien C X pairwise disjoint

H (U Ai) = ZM(Ai)
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Proposition 11. Any measure is countably subadditive

Proof. Let By, By, ... € X, not necessarily disjoint. We want to show that u (U2, B;) <
>, (B, Let

Al = Bl, AQ = fgg\Bl7 A3 = Bg\(Bl U BQ), ey An = Bn\ U;(Lz_ll BZ
Then A;’s are pairwise disjoint, A; C B;, U2, B; = U2, A;, and A; € X, Vi (exercise),
so by o-additivity we have

[e.e]

p(UZBi) = (U2 A) = Y (A < ZM(Bi)-

Exercise: If A C B, then u(A) < u(B).

Examples.

(1) X — any set, ¥ = 2% u: ¥ — RU {oo} given by

Al, if A is finit
u(A) = |4 _1 '18' - .e ,where |A] is the cardinality of A.
0o, if A is infinite

This is called a counting measure.
(2) X — any set, ¥ = {0, X}, u(X) =1, u(0) = 0.
(3) X =10,1], ¥ ={0, X, [1/4,1/2],[0,1/4) U (1/2,1]} with p =1
(4) X =R", ¥ DB, u=m*

To do: construct X, prove that m*|_ is a measure

by

Definition 12. Let m* be the outer measure on R™. A subset X C R"™ satisfies the
Carathéodory condition if VA € R"

(1) m*(A) = m* (AN X) +m* (AN X°).

(X splits every set additively).

LECTURE 3

Theorem 13. Let £ := {X € R" : X satisfies the Carathéodory condition }. Then

L is a o-algebra on R™, and m :=m*| . is a measure on L.

’ the

Definition 14. L is called the Lebesgue o-algebra on R", and m = m*
Lebesgue measure on R".
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Proof of Theorem 13. 1. Tt follows immediately from (1) that ) € £ and if E € L
then E°¢ € L.

2. Claim: K, Fe L= ENFeL.

Proof of claim: Let A C R"™ any subset. F € L = m*(A) = m*(ANE)+m*(ANE®).
Using (1) with AN E in placeof Aand F € L = m* (ANE)=m*(ANENF)+
m*(AN EN F°). Combining,

m (A)=m" (ANENF)+m"(ANENF) +m" (AN E°).
We now only need to show that the sum of the last two terms is equal to m*(AN(EN
F)°). Using (1) with AN (E N F)° in place of A and E € £ we obtain
m*(AN(ENEF)C) = m*"(AN(ENF)NE)+m* (AN(ENF)°NE°) = m*"(ANF‘NE)+m* (ANE°),

where the last equality is left as an exercise.

3. B Fe L= FUFeL. Indeed, F,F e L = F  F‘e L= EF‘NF‘e L =
EUF =(E°NF)eL

4. By, By, ..., E, € L = U}_,E} € L. If in addition E}’s are pairwise disjoint, then

m (AN (Up By) = > m* (AN E)

This is an exercise. Use part 3. and induction.

5. Let By, Es,... € L and E := U2 E;. Claim: F € L.

Proof of claim: First write £ = U2, E},, where Ej are pairwise disjoint, E}, C Ej and
Ej, € L VEk (see proof of Proposition 11). By 4. we have F,, := U}_,E} € L Vn € N,
and by (1) VA CR”

m (A)=m* (ANF,)+m* (AN E) =m*(Ui_(ANE})) + m*" (AN EY)

= Zm*(A NE,) +m (AN EY),
k=1
where in the last equality we used the second part of 4. Since F,, C E, ANFS D ANE*
Vn, and therefore

(2) m*(A) =Y m* (AN Ey) +m* (AN E°)
k=1
OTOH by countable subadditivity of m*

(3) m(ANE) =m* (U2, (ANE})) <Y m* (AN Ey).

k=1
Thus, m*(A) > m* (AN E)+m*(AN E°). The reverse inequality follows immediately
from the subadditivity of m*, which concludes the claim.

6. From 1.-5. we obtain that L is a o-algebra. We are only left to show that m is
o-additive. Let A = E in (2), (3) to obtain m*(E) =Y .~ E}. O
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Properties of Lebesgue measure.

(1) m is translation invariant

(2) I C R™ a rectangle, then I € £ and m(I) = [(I). Exercise. (Hint: [ splits any
cover of A by rectangles into a cover of AN [ and a cover of AN I°).

(3) Let pu be a measure on L s.t. p(l) =m(I) for all rectangles I. Then u = m.

(4) Let X CR™ and m*(X) =0. Then X € £ and if Y C X, then m*(Y') = 0, and
thus Y € £. (HW)

(5) Every open set and every closed set in R" is Lebesgue measurable, i.e. B C L.

Proof. L is closed under complements, so it is sufficient to consider open sets.
Every open set in R™ is a countable union of open rectangles (HW), and rectangles
are measurable by (2). Since L is closed under countable unions the result follows.

O

LECTURE 4

Approximation theorem.

Theorem 15 (Approximation theorem). The following are equivalent for X C R™

(1) X e L
(2) Ye >0 3 open set U 2 X s.t. m*(U\X) <e
(3) Ve > 0 3 closed set FF C X s.t. m*(X\F) <e

If, in addition, m*(X) < oo, then (1)-(3) are also equivalent to
(4) Ye >0 3 compact set K C X s.t. m*(X\K) <e

Lemma 16. Let A C R", ¢ > 0. There exists an open set G C R"™ s.t. A C G and
m*(G) < m*(A) +¢e. This implies

m*(A) = inf{m(G) : A C G, G open}.
Proof. If m*(A) = oo, then let G = R™. Assume m*(A) < oo, and let {[;} be an

open cover of A s.t. Y 7 (1) < m*(A) +e. Define G := Uiy, then G is open,
G O A, and by o-subadditivity of m*

m(G) <> m (L) =Y I(I;) <m"(A) +e.
O

Proof of Theorem 15. =>: Assume X € £ and m(X) < co. By Lemma 16 3G open,
s.t. X € G and m(G) < m(X) +¢e. Since X € L we have using the Carathéodory
condition and the fact X C G,

m(G) =m(GNX)+m(GNX) =m(X)+ m(G\X).
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Thus, m(G\X) = m(G) —m(X) < e.

Ifm(X)=o00,define Xj :=XN{zeR":|z| <1}, Xy =XN{zeR": k-1<
|z| < k} Vk > 2. For each k € N let G} be open, X}, C Gy and m(Gp\X}) < /2.
Such G, exists since X, € £ and m(Xj) < oo (exercise). Define G := U2 Gy, then
G is open, X C G and G\ X C Uz"zle\Xk, which implies

gy

k=1
<=: Vk € N 3G\ open s.t. m*(Gk\X) < 1/k. Let H := N2 Gy, then H € L
(exercise), and H C G, Yk = H\X C Gx\X = 0 < m*(H\X) < m*(Gx\X) <
1/kVkEeN = m*(H\X)=0= H\X € L (HW) = X = H\(H\X)e £. O

The approximation theorem allows us to establish the following two results which will
help us construct a non-measurable set, and a measurable set that is not Borel.

Proposition 17. Let K C R" be compact, and m(K) > 0. Then the difference set
KoK :={zx—vy:x,y€ K} contains an open ball around the origin.

Proof. K C R" is compact = K is closed = K € L. By Theorem 15 3 open
set U O K st. m(U\K) < m(K) (taking ¢ = m(K)). Since K is compact, U°
closed, and K NU¢ = (), we have § := d(K,U°) > 0 (exercise). Let x € B(0,9), i.e
|z| < 0. Then z + K C U since otherwise Ip € K s.t. 2 +p ¢ U = x+p € U°
— d(K,U°) < d(p,x + p) = |z| < § which is a contradiction. We now claim that
(x+ K)N K # (. Proof of claim: assume the opposite, (x + K) N K = (). Then by
additivity and translation invariance of m we have

m(KU(z+ K)) =m(K)+m(z+ K) =2m(K).
OTOH since K U (x 4+ K) C U, we get
m(K U (z+ K)) <m((U) =m(U\K) +m(K) < 2m(K),

which is a contradiction. This concludes the claim, which shows Ip € K N (z + K)
— p=x+qforsomeqe K = zre Ko K. O

Proposition 18. Let X C R"™ be Lebesque measurable, and m(X) > 0. Then the
difference set X 6 X :={x —y:x,y € X} contains an open ball around the origin.

Proof. If m(X) < oo, then by 15 3 compact K C X sit. m(X\K) < m(X) =
m(K) =m(X)—m(X\K) > 0 and we can apply the previous proposition to K C X.
If m(X) = oo, let Xy be as in the proof of Theorem 15. Then X = U, X, =
0 <m(X)=> ", m(Xy) = m(Xy) > 0 for some k. Since m(X}) < co we can find
K C X, as before. O
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LECTURE 5

Vitali set. Define ~on R" by x ~ y if t —y € Q™. Then ~ is an equivalence relation
on R™ (exercise). Choose one element from each equivalence class to form the set V
(using the Axiom of Choice). Let q1, g, ... be a list of the elements of Q" (since Q"
is countable), and define V,, := ¢; + V.

Lemma 19. V,,’s are pairwise disjoint and R" = J;=, V.

Proof. First, we show that R™ C [J=, V,, (the other inclusion is immediate). Let
x € R", then dy € V s.t. o ~ y. By definition, this implies dg; € Q" s.t. * —y = ¢;
= rx=q t+ty= 1€V,

To show V,’s are disjoint, assume the contrary: 3z € Vi, NV, for some i # j. Then
r=¢+v=gq;+v wherev,v' € V= v—-1v =¢; — ¢ € Q"\{0} = v ~ v which
is a contradiction since V contains only one element from each equivalence class. [J

Theorem 20. V is not Lebesgue measurable.

Suppose V € L. Since m is translation invariant, we have m(V) = m(V,,) Vi € N. By
Lemma 19 and o-additivity of m we obtain

)< (U1 = o) = 3-miv)

If m(V) = 0 this gives m(R") = 0 which is a contradiction. If m(}V) > 0, then by
Proposition 18 the difference set V&V contains an open ball around the origin. This
implies 3¢ € Q"\{0} s.t. g € VeV, ie. Ju,v' € Vsit. q=v—v = v~ (and
v # v'), which is a contradiction again.

Non-Borel measurable sets.

Theorem 21. If X CR" and m*(X) > 0, then X contains a non-measurable set.

Proof. Define X; := X NV, and assume X; is measurable Vi (otherwise X; C X is
the required non-measurable subset). By Lemma 19 X’s are disjoint and X = U; X},
which by o-additivity of m gives

0<m*(X) =m(U; X;) = Zm(Xi).

g

This implies m(X;) > 0 for some i € N = X; © X; contains a ball around the origin
= VeV =V,6V, 2 X,0X, contains a ball around the origin, and a contradiction
follows as in the proof of Theorem 20.

Theorem 22. There exists a Lebesque measurable set that is not Borel.
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Proof. Let f: C — [0,1] be the Cantor function:
xr = (0.1’11’2. . .)3 — (.1'1/27172/27 .. .)2

We showed before that it is continuous and onto, and it can be extended to a continu-
ous onto function g : [0, 1] — [0, 1] called the Devil’s staircase. This is done by assign-
ing a constant value on all the intervals missing from C'. Now define A : [0,1] — [0, 2]
by h(z) = x + g(z). It is an exercise to check that h(x) is continuous and bijec-
tive. Recall that if h is a continuous bijective map between compact Hausdorff spaces
(which [0,1] and [0, 2] are), the inverse function A™! is also continuous (HW). This
implies that for any open subset U of the corresponding interval, h(U) and h™(U)
are open. By question 4 from HW 7 we get that VB € B h(B),h~!(B) € B, since the
Borel g-algebra is generated by open sets. Thus, C € B=— h(C) € B = h(C) € L.
Exercise: m(h(C)) = 1. Hint: m(C') = 0 = m([0,1]\C') = 1 = (since g is con-
stant on all the “middle third” intervals) m(h([0,1]\C)) = 1. OTOH m(h([0,1])) =
m([0,2]) = 2.

It follows from Theorem 21 that 3W C h(C') which is not measurable, and therefore
not Borel. Define W := h"{(W) C C. m(C) =0 = m*(W) =0 = W € L.
However, W is not Borel, since otherwise W = h(W) would be Borel. O

HAUSDORFF MEASURE

Idea: Let I C R be any interval of finite length, |I| < oo. If we scale I by m, we
can write mI = I, U Iy--- U I, where [ is just a translated copy of I. Doing the
same thing with a square, I C R2, we get ml = U’,gﬁl[k; doing this with a cube we
get m? copies of the original cube, etc. This suggests an intuitive way of determining
dimension: if the set mE contains m® copies of E, then E has dimension .

Let us look at the Cantor set C' C [0,1]. Scaling by 3 gives 3C' C [0, 3] which has 2
copies of the Cantor set: one in [0, 1] and one in [2,3]. This suggests the dimension
of the Cantor set should be @ = In2/1n 3 since 2 = 3*. Hausdorff measure makes it
precise.

Definition 23. Let E C R", for a > 0 define

(*175(E) = inf {i(diam(Ej))a: E CU,E;, diam(E;) < (5}

j=1

R:(E) :=limh! s(E) =suph s(E).
0—0 ’ 5>0 ’

Finally, define

7.{.04/2

HYE) = vaho(E), Yo = 20T(a/2) + 1

the a-dimensional Hausdorff measure of F.
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Proposition 24. Hausdorff measure restricted to Borel sets satisfies the three prop-
erties of a measure (non-negative, countably additive, and H*(()) = 0). Moreover,
VAeB
H"(A) = m(A),

where m s the Lebesque measure on R™.
Proposition 25. VECR", 0 <s <t < o
(1) H¥(FE) < oo = HY(E) =0
(2) H'(E) >0 = H*(E) = 0
Definition 26. Hausdorff dimension of £ C R" is

a :=inf{s: H*(EF) = 0}

Cantor set.

Theorem 27. H*(C) = 7,, where a = In2/In3, and v, as in Definition 23. In
particular, the Hausdorff dimension of the Cantor set C' is « =1n2/1In 3.

Proof. Recall C' = Ng>oFy. Each Fy, is a cover of C' by 2F intervals of length 1/3% =
hi s(C) < 28(1/3%)> for § = 1/3F. 1f 3% = 2, ie. o =In2/In3, get b’ ;(C) <1 =
H(C) < Ya-

To show the inverse, let {,} be an open cover of C' by rectangles. Since C'is compact,
there exists a finite subcover, {I;}72,. {I;} finite = (WLOG) inf; I(I;) > 0 = Jk €
N s.t. {I;} covers Fj, and each interval in Fj is contained in some [;, j =1,...,m.
By shrinking I,’s and taking their closure we can arrange: (1) each interval from Fj,
only intersects one of I;’s; and (2) all the endpoints of I;’s are also endpoints of the
intervals from Fj. Thus, Vj = 1,..., either (1) I; coincides with an interval from Fy;
or (2) I; 2 Ly, Lj ¢ Fy, I(L;) > 1(I;)/3. In case (2) partition I; into J; U L; U J} s.t.
Jj U J; covers I; N Fy,. Therefore,

(1) = (I(;) + U(L) + 1(15))°

> (g(l(Jj) +l(I]’.))> since I(Ly) > %(Z(Jj) +U(Ly) + U(1))

9 (%(Z(Jj) + z(I;)))a since 3% = 2

> I(J;)* +1(J;)" by concavity of t*, 0 < a < 1.

[terating, obtain a cover by the intervals from F}, so

;Z(Ij)a O
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LECTURE 1

Recall Riemann integral: upper and lower Darboux sums, U and L. Consider f :=
Xan[o,1], and note that m(Q N [0,1]) = 0. However, U(f) =1 and L(f) = 0, so f is
not Riemann integrable.

MEASURABLE FUNCTIONS

Let (X, X, 1) be a measure space. It will be convenient to allow real-valued functions
on X to take infinite values, that is f(z) belongs to the extended real line R =
R U {£o0}. We say that f is finite valued if —co < f(z) < 00 Vz € X.

Definition 1. A function f : X — R = RU {400} is measurable if f~}(B) € ©
for all Borel sets B C R and f~(o0), f~!(—00) € ¥. The set of all measurable
functions on X is denoted M(X), and MT(X) is the set of all measurable non-
negative functions.

Proposition 2. Let f : X — R, TFAE
(1) f € M(X)

(2) Ay ={xeX: f(z)>a}=f1(a,0]) € VaeR
(3) By ={xeX: f(z)<a}=f1-o0,a]) e VaeR
(4) Co :={zeX: f(x)>a}=fYa,x])eX VaeR
(5) Do :i={z e X: f(z) <a}=f[-o00,a)eX VaeR

Proof. First note that we can write A, = f~'((a,00)) U f~'(00) and similarly for
all other sets. Then (1)== (2)-(5) since each interval of the real line is Borel, and
[~} (F00) € ¥ by assumption. It is also easy to see that (2) <= (3) and (4) <= (5)
since ¥ is closed under complements. Moreover, (2)=(4) since C, = MyZ; Aq_1/n;
and (4)=(2) since Ay, = U;2 Cyy1/n- It remains to show (2)-(5)= (1). First,
FHo0) = NpenAn € 2, and f71(—00) = MpenD, € . Now, to show f~1(B) € ¥ for
every Borel set B C R it is sufficient to show f~1(U) € X for every open U C R since
the Borel g-algebra is generated by open sets. Every open set is a countable union of
open rectangles (HW), and every open rectangle (a,b) = (a, oo] N [—00,b). O

Examples.

(1) f = const is measurable
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1, if E
(2) Let E € 3, xg : X — R the characteristic function of £, i.e. xg(z) =< 1 rer

0, ife ¢ F
Then xp € M(X)

Proof. Let a € R, denote I = (a, 00), it is sufficient to show xz'(I) € . There
aredcases: (1)0¢ 1€l = xz'()=E€X; (2)0cl,1¢]= xz'(I)=
Ecey; (3)0,1el = z'()=XeX; (4)0,1¢1 = x;'(I)=0ex. O

(3) X=R", ¥ =L, f:R" — R continuous = f measurable.
Proof. U C R open = f~}(U) C R" open = f~}(U) € L. O

Proposition 3. Let f,g € M(X), c€ R. Then cf, f*, f+g, fg,|f| € M(X).

Proof. cf — exercise. For f? write

X if a <0,

{f>“}:{d>vﬁhuf<—Wﬂ a0

Similarly,

X, if a <0,
{’f|>a}:{{f>a}u{f<—a} if a > 0.

For f + g write (exercise):

{f+g>a}=J{f>a3n{g>a-qh

q€Q
: : +9)% = (f — 9)* .
Finally, note that we can write fg = (f+9) (f —9)7] and use the previous results
for sums, squares and multiplications by a constant. Il

Definition 4. The positive part of [ is the function [ defined by f*(z) =
max{f(x),0}. The negative part of f is the function f~ defined by f~(x) =
min{ f(z),0}.

Corollary 5. f e M(X) = f*, [~ € M(X).

Proof. Note that

F=r =1 =1t s
Vi ES VY,
pr=tH e

and use Proposition 3. U
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LECTURE 2

lim, inf, sup, liminf, limsup.

Definition 6. Let {f,} be a sequence of functions X — R. Define functions inf,, f,,
sup,, fn, imint,, f,, limsup, f, to be the functions X — R that assign to each element
x € X the following elements of R

inf
;relen(fv), i‘égfn<x)7

liminf f,(z) = lim [mf fm(:v)] = sup {mf fm(x)]

neN n—oo |m>n neN |mzn
limsup f,(z) = lim [Sup fm(:v)] = inf {sup fm(@}
neN n—=00 | m>n neN m>n

Remark 7. inf,sup, liminf, limsup always exist in R. If liminf, f, = limsup,, f,,
then there ezists a limit (maybe infinite) of f, andlim, o f, = liminf, f, = limsup,, f,.

Examples.
. 1
(1) 0 = (1)~
supa, = 1, inf a,, = —2, limsupa, =1, liminfa, = —1, no limat
neN neN n n
1, ifz<0
(2) falz) =< 1—nz, f0<z<1/n
0, ifx>1/n
sup fu(2) = fi(r), inf fu(2) = X000 (@),
neN neN

limsup fo(z) = lim fo(2) = X(—oo,O](x) = lim inf f, ()

n—n?lz|, if|z] <1/n

(3) Jalw) = {O, if |[x| > 1/n

Proposition 8. Let {f,} € M(X). Then inf, f,, sup,, f., liminf, f,, limsup, f,
€ M(X). If there exists a pointwise limit f(x) = lim, o fu(z) Yo € X, then
feM(X).

Proof.

challenge exercise

{o € X inf fu(x) > a} = (e eX: fulx)>a}

neN

{ZL‘EXISlipfn(JZ) > a} = U{mEX s ful(z) > aby

neN
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so C, for inf f,, and A, for sup f,, are measurable, and thus the functions are mea-
surable. Moreover, liminf, f, = sup,, (inf,,>, fm) and limsup,, f, = inf,(sup,,>, fm),
therefore

{z € X :liminf f,(z) > a} = U{x € X: irif fm(x) > a}

neN
{z € X :limsup f,(x) > a} = m{x € X :sup fu(x) > a},
n neN mzn

which similarly shows that lim inf and lim sup are measurable. Finally, if lim,,_,, f.(7)
exists, we have lim,,_,o fn(z) = liminf, f,(z) = limsup, f.(x), and thus it is mea-
surable. 0

SIMPLE FUNCTIONS

Definition 9. A simple function is a function of the form

flx) =) arxm, (@),

where By € 3 and p(Ey) < oo Vk. If Ey’s are disjoint and ay’s are distinct, we say
that the function is in a standard form.

Remark 10. Every simple function can be put into standard form (see proof of Propo-
sition 14). Every simple function is measurable.

Remark 11. To construct the Riemann integral one needs to consider functions

fla) = arxi, (x).

While these functions are simpler, the class of functions they approximate is much
smaller.

Theorem 12 (Approximation by simple functions). Let f € M™(X). There ex-
ists an increasing sequence of non-negative simple functions { ¢k}, converging to f
pointwise, i.e. o,(x) — f(z) Vo € X.

Proof. For every n € N define

For example,

, if0< fa) <3,
if 5 < f(z) <1,
if 1 < f(x).

— o= O
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Then we have

1. ¢, is a simple function since it takes the same value on each of the sets f~! ([k/2", (k + 1)/2")),
k=0,...,n2" — 1, and f~!([n, 00]) which are all measurable since f is measurable

2. 0 < pu(2) < @nti(z) < f(z) Vo € X (exercise)

3. Fix x € X. If f(x) = oo, then ¢,(z) =n — oo. If f(z) < oo, then let € > 0

and choose N € Ns.t. 5k < e and N > f(z). Then Vn > N ¢,(z) = £ for some

2'“
k<n2"—1and £ < f(z) < EZE. Thus,

1

2N<€.

on(®) = S()] < 5 <

LECTURE 3
LEBESGUE INTEGRAL
M(X) ={f: X = R, measurable}, M*(X) = {f € M(X): f(x) >0Vx € X}.

Definition 13. Let f = Zle a;xg, € MT(X) be a non-negative simple function.
Then the Lebesgue integral of f is defined to be

/fdu = iam(&)

Proposition 14. The definition above does not depend on the representation of a
simple function.

Proof. Let f = Zle a;xg, € MT(X), we will first put it into standard form. For any
subset K C {1,...,k} define Hx = (Niex ;) N (Nig £5). We have Hg, N Hy, =0
if Ky # Ky and E; = Uge;Hj,, which implies xg, = ) -, Hr and

k k
f = ZaiZXHK = ZzaiXHK = Z ZaiXHK = Z bKXHK

i=1  K>i i=1 K>i KC{l,.. .k} i€eK KC{1,...,k}

where we have defined by := ), a;. Now let {c;}72, be the set of all distinct values
from {bx } kcqu,..k}, and Fj := Ugp—c, Hx. Then f = Z;"Zl cjXr, is a standard form,
moreover

[ =Y an(B) =30 S ptH) = 37 benlHi) = Y n(F)

i=1  K>i KC{1,...k} Jj=1
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Examples.

(1) X=R, E=L, p=m, f=Xpo2 + 2Xn14
/fdm:2+2~3:8

In standard form: f = x0,1) + 3x[1,2) + 2X(24]
(2) X = {21, 29,..., 2.}, £ =25, w(B) = B f(a;) =

/fduZ/giXxidﬂZ;iﬂ({%}) :Z% Sph)

=1

Proposition 15 (Linearity). Let ¢, be simple functions in M (X) and ¢ > 0.

(1) [ codn = c [ odp
(2) [0+ ¢)dp = [ ¢dp+ [pdp

Proof. (1) Exercise
(2) Tt has been shown in Proposition 14 that the definition of the Lebesgue integral for
simple functions does not depend on the representation. Thus, let ¢ = >"" | a;xg;,

and ¢ = Z?Zl bjxr;- We have

n

(¢ +¢)(x) = ZaiXEi + Z biXF;

i=1 j=1

— /(¢+¢)du—zaiu +Zb]u

/¢du+/¢du

LECTURE 4

Definition 16. Let f € M1 (X), the Lebesgue integral of f is

/fdu—sup/ﬁpdu,

where the supremum is taken over all nonnegative simple functions satisfying ¢p(x) < f(x)
Vo € X. For each E € ¥ we can define [, fdu:= [ fxpdpu.

Proposition 17.

(1) f,ge MT(X), f(z) <g(z) Ve e X = [ fdu < [ gdp
(2) ELFeX, ECF, and f e MT(X) = [, fdu < [, fdu
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Proof. (1) [ fdp = sup,.; [ ¢dp < sup,e, [ ¢dp = [ gdp
(2) Apply (1) to fxe < fxr

Monotone convergence theorem.

Theorem 18 (MCT). Let {f,} € M™(X) be an increasing sequence of functions
s.t. limy, o0 fu(z) = f(x) Yo € X. Then

lim fnd,u:/fd,u.
n—o0

Proof. 1. fu(z) < f(z) Vn € N, Vo € X = (by Proposition 17) [ f,du < [ fdu
VneN = lim, , [ fodpu < [ fdp.

2. Let ¢ be a simple function s.t. 0 < ¢(z) < f(x) Vo € X. Let a € (0, 1), define
A, ={x € X : fu(x) > ap(x)}. Since {f,} is increasing we have A, C A, ;1 Vn,
and moreover X = J, A, (exercise). f, —ap € M = A, € ¥, and thus

W [ avdns [ gun< [fun— lin [ avdu< i [ gy

3. Claim: lim, o [, ¢dp = [ddu. Proof of claim: let ¢ = S aixg, in the

standard form. Then

/n ¢ = /¢XAn = /gaixEmAn = gaiu(l@i NA,)

Exercise: E,NA, C E;NA, Vnand B; =, (EiNA,) = lim, o u(E;NA,) =
w(E;) (see q. 6 on HWT). This gives

B | ¢du Zazu / ddy,

which proves the claim.

4. Taking lim in (1) we get using part (1) of Proposition 15, a [ ¢dp < lim,,_ye0 [ frdp.
Since this is true for any o € (0,1) we obtain [ ¢dp < lim,, e [ fndp, and taking
the supremum over all ¢ as in 2. we conclude [ fdu <lim, o [ fodp O

Examples.

(1) Let f:[0,1] — [0, 1] be defined by f(z) = x, and 0,1] is endowed with Lebesgue
measure m. Define for eachn € N f, =7~ 1 = X(k/n,(k+1)/n)- Then the sequence
{fn} satisfies all the conditions of MCT, and therefore

— k nn—1) 1
g = m, f g =t 3755 = tim 22 =
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(2) Let f, : R — R be defined by f,(z) = L X[n.00)(2), n € N. We have
1
/fndm = ;m([n, 0)) = o0, Vn € N.

On the other hand, the sequence {f,} is nonnegative, and converges to 0 mono-

tonically, so
/ lim f,dm = 0.
n—0

This shows that the MCT does not hold for decreasing sequences.

LECTURE 5

Corollaries.

(1) Given f € M*(X) consider the sequence of simple functions {¢} from Theorem
12. It is easy to check that this sequence satisfies all the conditions of MCT, and

therefore
/fduz lim /¢ndu
n—oo

(2) If E € X and u(E) =0, then Vf € M*(X) [, fdu =0
Proof. Let {p,} be the sequence of simple functions from Theorem 12 approxi-
mating f. Then 0 < ¢, < n Vn, and by the previous corollary

0< / fdp = lim [ @,dpy < lim [ ndp = lim nu(E) = 0.
E n—oo E

n—oo E n—o0

(3) Linearity: let f,g € M*(X), ¢ > 0. Then cf, f + g € M*(X) and
(a) [cpdp=c [ pdu
(b) [(¢+¥)dp = [ ¢dp + [ ddp
Proof. Let {¢,}, {ton} € M*(X) be simple and s.t. ¢, 7 f, ¥, /' g pointwise.
Then c¢, 7 cf, ¢n + ¥n / f+ g, and using Corollary (1) and Proposition 15

we obtain
/cfz hm/cqbnz hmc/gbn:chm/aﬁn:c/f
n—00 n—00 n—00
Similarly for f + g. -
(4) Let {gr} € MT(X), then
/ng = Z/gk
k=1 k=1

Proof. Consider f, :==>"}_, g, apply MCT O
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(5) Let f € M*(X), define A : & — R by A(E) = [, fdu. Then X is a measure on
(X,%)
Proof. HW+MCT Il

FATOU’S LEMMA
Theorem 19. Let {f,} C M (X). Then
/lim inf f,dp < lim inf/fndu

Proof. Recall, liminf, f, = lim,_, inf,,>, f,, = sup, inf,,>, f,. Define g,, := inf,,>,, fn,
then g, € M*(X) and g,  liminf, f, as n — co. By MCT:

(2) lim /gn :/ lim g, = /liminffn
n—,oo n—oo n

Moreover, g, < fr, Ym >n = [ g, < [ f,, ¥Ym > n, thus
/gn < ir;f /fm gsup(ir;f /fm> —liminf/fn.
Taking limit as n — oo and using (2) we obtain the result. O

Remarks.

(1) Equality does not need to hold: f, = %X[nm)
liminf f, = lim f, = 0= /liminffn =0
n n—o0 n
however, /fn =00, Vn = lim inf/fn =00

(2) We cannot replace liminf with lim sup: define f, as follows

"1 "1
Jon = Z ?X(kaﬂ], Jony1 = Z ?X(Zkfl,%]
k=1 k=1
Then
"1 1 ,
fon = | fony1 = Z oF = 1— i —= hmnsup fa=1
k=1
OTOH:

[e.e]

. 1 .
limsup f, = Z 2—kx(2k_1,2k+1] == /hm sup f, = 2

k=1
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LECTURE 6

Corollaries.

Definition 20. Let (X, %, 1) be a measure space. We say that a property P holds
almost everywhere in X (a.e. in X) if IE € ¥ st. p(E) = 0 and P holds
Vo e X\E.

(1)

Let f € M*(X). Then f =0 ae. iff [ fdu=0.
Proof. =—: Let E:={x € X : f(x) > 0} and assume that p(F) =0 since f =0
oo, ifxekF,

.e. Define f,, = , n € N. Then liminf, f, = lim, . f, = ,
a.e. Define f,, = nxg, n en liminf, f, im0 f; 0, ifzdE

= f(z) <liminf, f,(z) Vo € X = (using Fatou’s lemma):
/fd,u < /liminf fudp < liminf/fndu =nu(E) =0.

<: Let [ f =0, define E,, := {z € X : f(z) > 1/n}. Then f(z) > 1/nxg,(z)
Vr € X implies

1 1
0= [ £2 [ Txe = LulB) = w(E) =00 €N

Let E:={zx e X : f(z) >0} =U,E, = u(E) <> wu(E,) =0. O

Let f,g € M*(X) and f =g a.e. Then [ f= [g.
(What about the reverse statement?)

Proof. Let E:={x € X : f(x) # g(z)}, p(E) = 0. Then

Jr=[roaeexer= [+ 1= [ 1=[ 9= [0

where in the third and fourth equalities we used Corollary (2) of the MCT. [
Let {f,} CM*(X) and f, /' f € MT(X) a.e. Then

lim fn:/f
n—oo
Proof. Let E := {x € X : fis not increasing, or f, - f}, u(E) = 0. Define

fa(z) = {(];7(96), iz i g’ = fu(z)xEe(x), g := sup f,. Note that g = f a.e.

and f, g on X and thus by MCT lim, s [ fu = [g. By (2) [ fo = [ fa and
[fg=[f=1lm[f, =] O



INTEGRATION 11
INTEGRABLE FUNCTIONS

Definition 21. Let I = I(X, %, 1) denote the set of all measurable functions f : X —
R s.t. [ f* and [ f~ are finite. For f € I define the Lebesgue integral of f to be

[ tin= [ rrau- [ 1 an

IfEeX, [, fdu= [ fxgdu. I = integrable functions.

Properties.

(1) If fe MT(X) then feliff [f<oo
(2) If f € I and {E;}°, are pairwise disjoint and measurable, then

/UE I= Z/E J

(3) Let f € M(X). Then f el < |f| €.
Proof. f € M(X) = |fle MT(X). If f €I, then [ f* <ooand [ f~ < occ.

|f|+=|f|=f++f—:»/|f|+<oo

7 =0— [If =0 <o

Thus, |f| € I. OTOHif |f| € [ then [ fF< [|f|<oco= fe L O
(4) Let f e M(X), g€ I, and |f| <|g|. Then f € I and

/|f|</!g!

Proof. f € M(X) = |f| € M*(X). |fI < |9l = [IfI < [lgl g€ =
]g]e[=>f\g\<oo:>f|f\<oo:>]f|eI:>fery(3) O

(5) Let f € I and f = fi — fo where fi, fo € MT(X) and [ fi2 < co. Then

/f [r- ]

Proof. We have f = f; — fo = —fT = fi+f = fo+ fT. Integrate both
sides, use additivity of [ for M*( ) functions and the fact that all integrals are

finite to obtain
Ja-fn=[r=fr=]s

O
(6) Let f,ge I, « € R. Then af € I, f+ g€ I and
Jat=a[s [usa=[1+]s
Proof. f+g=f"—f"+g"—g =("+g") - (f"+g7), use (5). O
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LECTURE 7
DOMINATED CONVERGENCE THEOREM

Theorem 22. Let (X,3, ) be a measure space {fn} € I and f, — f where f is
finite valued. Suppose g € I s.t. |fn(x)] < g(z) Vn € N, Vo € X. Then f € I and

(3) lim / Fodp = / fdu.

Proof. 1. We have f,, — f pointwise, f, measurable Vn = f € M(X). Moreover,
fal <gVn=|f[<g=|g9| = f€Iby (4)

2. |ful 9= g+ fn,9— fn € MT(X), thus using Fatou’s lemma applied to g + f,
we get

/g+/f / g+f)= /ggn;o<g+fn> =/limninf(g+fn) < lirr;inf/<g+fn)
= / g+ lim inf / fn
Similarly for g — f,,

/9—/f§/g+linhinf(—/fn) z/g—limnsup/fn

Exercise: show that for any sequence {x,} C R, liminf,(—z,) = —limsup z,

3. We have obtained
limsup/fng/fgliminf/fn

OTOH we always have liminf < lim sup, and therefore
limsup/fn = liminf/fn <: lim ) = /f
n n n—00 fr,

Example 23. Ezistence of a dominating function g is necessary. Consider f, = nx(0,1/n)-
Then lim,_,o fn, = 0, but f fn=1.

Remark 24. [t is sufficient to require f, — f € M(X) a.e. in X

g

Remark 25. Consider a sequence {f,} satisfying the conditions of Theorem 22. For
the sequence {h,} = {|f. — f|} we then have h, — 0, {h,} € I since f,,f € I, and
|hn| < g+ |f| € I. This shows that {h,} also satisfies all the conditions of Theorem
22 and we have

h_{{.lo ‘fn - f’d,u =0.

In general, this is a stronger statement than (3) (exercise).
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RIEMANN INTEGRAL

Let I C R™ be a bounded rectangle, f : I — R a bounded function, and P — a
partition of I into subrectangles. Define the lower Darboux sum

L(f.P)= ) inf f(2)I(J),

JEB(P)

and the upper Darboux sum

U(f,P)= > supf(a)(]),

JeB(P) ¥

where B(P) a collection of subrectangles of I given by partition P. The lower and
upper integrals of f are then defined as follows

_/ f=swL(r.P). [ f=nfU(r.P)

Proposition 26. (1) L(f, P,) < U(f, P2) for any two partitions P, and Ps

) JF<]f

Definition 27. If [ f < ff, then f is called Riemann integrable, and [ f = [ f =

— the Riemann integral of f. If F C R" is bounded, and [ : E —>_]R S
a bounded function, define fEf by choosing I O E and defining f : I — R as

f(x) = {g(a:), ZZi Z g Then set [, [ = flf

Theorem 28. Let I C R"™ a bounded rectangle, and f : I — R a bounded function.

(1) f is Riemann integrable iff f is continuous a.e. (wrt to Lebesque measure)
(2) If f is Riemann integrable, then it is also Lebesgue integrable, and the integrals
coincide.

Examples.

(1) X100 : [0,1] = R is bounded, but discontinuous at every point (exercise), and
thus not Riemann integrable. It is Lebesgue integrable, however, and the integral
is equal to 1-m([0,1] N Q) = 0.

(2) Let f = xy where V is the Vitali set. Then {x € R": f(z) >0} =V ¢ L =
fEM=[¢L
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THE SPACE L'

Definition 29. Let V' be a real vector space. A function || || : V — R is a norm if

(1) ||z]| > 0Vz € V and ||z|| =0 iff t =0
(2) ||lax|| = |a|||z|| Vz € V, Va e R
(3) e +yll < [lzl] + [lyl| Yo,y € V

Let (X,%, ) be a measure space. Define an equivalence relation ~ on the set
I(X,2,pn) by f ~ gif f = gae on X. Denote the set of equivalence classes
by LY(X, X, ). Note that if f is integrable, it is finite a.e. (HW), and therefore the
arithmetic operations + and — are well defined on L!. Define the norm of f € L' by

(4) A1 = 1]l = / \Fldp

It is an exercise to check that all the conditions of Definition 29 are satisfied. It
follows then that d(f,g) = ||f — g||z: defines a metric on L.

Theorem 30. The space L' = L'(X, X, 1) is complete.

Proof. 1. Let {f,} C L' be a Cauchy sequence, i.e. ||f, — fm|l = 0 as n,m — oc.
Let {f..} be a subsequence such that

1
2. Define

F@) = far @)+ (Fae (@) = far(2))
k=1

g9(x) = |fu (2 |+Z|fm€+1 — fri ()]

Note that if the second series converges, then the first series converges absolutely and
the functions are well-defined. First observe that

S+ [ =l (15l + 3o i< [l 41 wven,
k=1 k=1

and thus by MCT

/g=/|fn1|+n}ignmé/|fnk+l ~ful < [ 1l 41

which shows that g is integrable. Since |f| < g this implies that f is integrable as
well, which means the series for f converges a.e. (see HW 10 q. 4).
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3. We have shown

fon (@) = fo, () + Z frir (@) = fop (@) = f(x) as m — o0 ae. in X
k=

where f is integrable (and therefore measurable). Using the Dominated Convergence
Theorem together with Remarks 24 and 25 we conclude

||fnk_f||:/|fnk_f|dﬂ—>0, as k — 0o

4. Finally, recall that if a subsequence of any Cauchy sequence converges to a limit,
the whole sequence converges to the same limit (HW). This gives
fo— fin L.
0

Definition 31. A complete normed vector space is called o Banach space. This is
an important class of spaces that is studied in the area of functional analysis.



HILBERT SPACES

LECTURE 1
Inner product.

Definition 1. Let V' be a vector space over C (or R). An inner product on V is a
function (-,-) : V. x V. — C(R) satisfying

(1) (u,v) = (v,u), Vu,v € V
(2) (au+v,w) = a(u,w) + (v,w), YVu,v,w € V, Ya € C
(3) (u,u) >0VueV, and (u,u) =0 iff u=0

Proposition 2. If (-,-) is an inner product on V, then ||u|| = (u,u)"?, u € V is a
norm on V. It is referred to as the norm induced by the inner product.

Proof. Exercise. Hint: to prove the triangle inequality, first prove the Cauchy-
Schwartz inequality

|(w, 0)| < [ulll]ol],  Vu,veV.
U

Definition 3. An inner product vector space that is complete with respect to the
induced norm is called a Hilbert space. A Hilbert space is

e Infinite dimensional if it is not spanned by a finite number of elements
e Separable if it has a countable dense subset

Examples.

(]') Rn7 (ZL’, y) = Z?:l TilYi

(2) Cn7 (ZL’, y) = Z?:l xZE

(3) 1% the set of all real-valued infinite sequences (z1,2,...) satisfying > 7, 27 <
00. Define

([L’, y) = Z TrYk,
k=1

then (-,-) is an inner product (exercise). In HW 4 you showed that [* is a
complete metric space, where the metric is given by the norm induced by the
inner product. This implies that [? is a Hilbert space.

4) L?, see below
(
1



2 HILBERT SPACES
SPACE L?

Let (X, 3, 1) be a measure space. Consider the set L?(X, Y, i) of square integrable
functions f : X — C, i.e. functions satisfying

[ 10 <.

As in the case of L' we identify functions that are equal a.e. Define the inner product

g)z/fﬁdu, f,geL?

2_norm)

11l = 1 Fllee = (/|f|2du)2

It is straightforward to check that this inner product satisfies all the properties in
Definition 1.

which induces the norm (L

Theorem 4. L? is a Hilbert space.

Proof. The proof is very similar to the proof of completeness of L'. Let {f,} C L?
be a Cauchy sequence, i.e. ||f, — fm|| = 0 as n,m — oo. Let {f,, } be a subsequence
such that

1

Define the following series whose convergence we prove below

f(@) = for (z +Z Fria () = fup (7))

g9(x) = |fu (2 |+Z|fnk+1 — fri ()]

together with their partial sums

SN(f)( fm +Z fnk+1 fnk( ))

SN( )( |fn1 |+Z’fnk+1 ka( )‘
k=1
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Note that if the second series converges, then the first series converges absolutely and
the functions are well-defined. Using the triangle inequality we have

N K
1
1SN < Wl + D o = Frll < 11 fe +Z§ <|[lfmll+1 VN €N,
k=1 k=1
and thus by MCT

[ 19 = tim_ [ Sx(0)? = i [1Sx()F < (1ol + 1P < o

which shows that ¢ is square integrable. Since |f| < g this implies that f € L? as
well, which means the series for f converges a.e. Moreover, since Sy(f) = fn., we
have

foe = f aee.
To prove that f,, — fin L? observe that |f—Sx(f)|* < |2g]? so using the Dominated
Convergence Theorem we conclude

| fo, — fIl = 0, as k — oo, ie. f,, — fin L*.

Finally, recall that if a subsequence of any Cauchy sequence converges to a limit, the
whole sequence converges to the same limit (HW). This gives

fo— fin L2

LECTURE 2

Orthogonality.

Definition 5. Two elements f and g in a Hilbert space H with inner product (-,-)
are orthogonal or perpendicular if

(f,9)=0.
We then write f 1 g.

Proposition 6 (Pythagorean theorem). If f L g, then ||f + g|> = I|f|I* + |l9]|*.

Proof. Note that (f,g) = 0 implies (g, f) = 0, and therefore

f+9l?=(f+g.f+9) =P+ (f.9)+ (0. /) + lgl> = I FII> + llgl*-
O

Definition 7. A finite or countable subset {ei, ez, ...} of a Hilbert space H is or-

thonormal if
1 ifk=y,
(ex, €;) = . .
0 ifk+#j.
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Proposition 8. If {e;}2, C H is orthonormal, and f =Y ;_, axer, € H, then

n

AP = laxf.

k=1

Proof. Exercise. Use Proposition 6. U

Hilbert basis.

Definition 9. Let H be an infinitely dimensional Hilbert space. An orthonormal set
{ex}?2; C H is called o Hilbert basis or an orthonormal basis if finite linear
combinations of elements in {ex}3>, are dense in H. In other words,

n
> aper — f
k=1

Given an orthonormal basis and any f € H we might expect f =Y .- | agey, for some
constants a; € C. Formally, taking an inner product of both sides with e; and using
the fact that {ex} is orthonormal, we obtain

(fej) = a;.
Using the notation for Fourier series write f ~ > 7 agey, where a; = (f, e;) for all
j € N. The next theorem makes this precise.

Vfe H, Ve >0 FHax}p_, CC s.t. <e.

Theorem 10. The following properties of an orthonormal set {ex}32, € H are equiv-
alent

(1) {ex}2, is an orthonormal basis

(2) If f € H and (f,e;) =0Vj €N, then f =0

(3) If f € H and Sx(f) = S0, arex where ar, = (f, ex), then Sy(f) — f as N — oo
in the norm

(4) Parseval’s identity: if a;, = (f,ex), then ||f||* = > re; |ak|.

Proof. (1)== (2): Let f € H and (f,e;) =0 Vj € N. Since {e;} is an orthonormal
basis, there exists a sequence {g,} s.t. each g, is a finite linear combination of e;’s
and ||g, — f|| — 0 as n — oo. Since (f,ex) = 0 Yk, we must have (f,g,) = 0 Vn.
Therefore, by Cauchy-Schwartz inequality we have

P = (f, 1) = (. f = 9a) S HFINIS = gull ¥no€N.

Taking a limit as n — oo we obtain |[f|| =0 = f = 0.
(2)== (3): Let f € H, define

N
Sn(f) = Zakek where aj, = (f, ex).

k=1
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We first show that Sy (f) converges to some element g € H. Note that by definition
of aj and orthogonality of {e;} we have

(foSn () =D a@(frer) = Y lan® = (Sn(f), S (/).

and therefore (f — Sn(f)) L Sn(f). Using Propositions 6 and 8 this gives
N

(1) A1 = 11 = Sn(OIP + SN NI = 11f = Sv (DI +D_ laxl?,
k=1

and thus ||f][> > 321, |ax|?®. Letting N — oo we obtain Bessel’s inequality

o0

Dl < (111

k=1

which implies that the series Y -, |ax|* converges. This shows that {Sy(f)}F_; is a
Cauchy sequence in H since

N

1Sn(f) = Su ()| = Z lax|?, VN > M.

k=M+1

Since H is complete, 3g € H s.t. Sy(f) — g as N — oo. To show g = f fix j € N
and note that for N > j we have (f — Sy(f),e;) = a; —a; = 0. Since Sy(f) — g as
N — o0, we conclude that

(f_gaej)zo VJEN

(exercise). By assumption (2) this gives f = g, and thus f =" | agey.
(3)=(4): Let N — oo in (1) and use Sy(f) — f to obtain

A1 = lawl.
k=1
Note that from (1) we have S0 | |ag|> < ||f||?> YN, so the limit is well defined.
(4)= (1): Finally, if Parseval’s identity holds, then taking a limit in (1) we obtain
1Sn(f) = fI| =0, as N — oc.

Since Sy (f) is a finite linear combination of elements of {e;}, this implies {e;} is a
Hilbert basis. O

Theorem 11. Fvery separable Hilbert space has an orthonormal basis.
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Sketch of proof. H is separable = 3{h;}?2; s.t. finite linear combinations of ele-
ments in {hy} are dense in H. Select a subcollection of linearly independent vec-
tors {fx} s.t. Span({fx}) = Span({hy}). Perform the Gram-Schmidt orthogo-
nalization process: let e; = fi/||f1]||, then induction. Assume {e;}}_; orthonor-
mal, s.t. Span({ex}}_,) = Span({fi};_,). Define e/ , = fop1 — D> _, axer where
ar = (fus1,ex) for 1 < k < n, normalize to get {ek}’,;;l O
Definition 12. Two Hilbert spaces H, and Hy are isometric if there exists a linear

isomorphism ¢ : Hy — Ha, i.e. a linear surjective map preserving the norm: ||h||g, =
le(h)l|m, Yh € Hi.

Theorem 13. Every infinite-dimensional Hilbert space is isomorphic to 2.

Proof. From Theorem 11 there exists an orthonormal basis {ex}72,. Define ¢ : H —
> by o(h) = {(h,er)}. From Bessel’s inequality it follows that ¢ maps into [?,
and Parseval’s identity implies that ¢ is norm preserving. To show ¢ is onto, let
{ax} C [* and define s, := >, arer. Since the series Y - |ax|* converges, its
sequence of partial sums is Cauchy, and thus

n

l|Sn — Sml| = Z lag| — 0, as n,m — oo.
k=m+1
This implies {s,} € H is Cauchy, and therefore converges s, — s € H. It is an
exercise to show that (s, e;) = ax Vk € N. O
LECTURE 3

FOURIER SERIES IN [?

Consider L*([—m, 71]) (complex-valued functions s.t. [*_|f[> < o0), [—m, 7] is equipped
with Lebesgue measure. Using Cauchy-Schwartz inequality we immediately get
L3([-m,n]) C L*([—7,7]), so these functions are integrable. For any f € L!([—m,7])
and n € Z define the n'® Fourier coefficient of f by

1 ™

ap = —
2 J_.

(z)e” "™ dx,

where dz stands for Lebesgue measure on [—m, 7.

inx
e

V2r

Proof. Exercise: {e,}ncz is an orthonormal system in L?([—m, x]). By Theorem 10
(2) it is sufficient to check that the only function satisfying (f,e,) = 0 ¥n € Z is
f = 0. Suppose f € L*([—n,n]) and (f,e,) = 0VYn € Z. Then f € L*([—7,7]) and
a, = 0 for all n € Z. From part (2) of Proposition 15 f = 0 which concludes the
proof. U

Theorem 14. {e,} ez = { } is a Hilbert basis for L*([—m, ).
nez
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Proposition 15. Let f € L'([—m, 7]), and a,, is the n'* Fourier coefficient of f.
(1) If a, = 0 for all n, then f(z) =0
(2) i anr™e™® — f(z) for a.e. x € [—m ] asr — 1, r < 1.

n=—oo

Proof. Part (1) is an immediate consequence of part (2), thus we will show (2).
1. We have

00 ‘ 1 — 2
Z rirle™ = P (y) = r (Poisson kernel)
1—2rcosy +1r?

Proof: we can write P.(y) =Y o~ jw™ + > -2 w", where w = re”. Since r < 1 both
(geometric) series converge absolutely, and
1 wo 1—|w? 1—r?

P.(y) = — _
) 1—w+1—w 1 —w]> 1—2rcosy+r?

—/ y)dy = 1.

3. Extend f to a periodic function on R with period 2. Then

/ fla—y)P, / fla=y)> ar'”' ’”ydy—z " — / fla—y)e™dy

where the series and the integral can be switch by the DCT (exercise). Moreover,
fore each x and n

e T+x e
/ fla — y)emvdy = / ) dy = / fly)e ™dy = ™ 2rman,

—m+T

2. Exercise:

(by translation invariance and periodicity), and we therefore obtain

> aler == [ - )Ry
4. Using 2. and 3
)= 3 e = | (@) = s )Py
) <o [ 17@) - 1 - )Py

5. Assume f is continuous on [—7, 7. Since [—m, 7| is compact we have that f is
uniformly continuous on [—m, 7|, meaning

Ve>039>0st. |z —y|<d=|f(x) — f(y)| <e (exercise)
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Let € > 0, choose § that works for /2, we have

% @) = flo — )| P(y)dy
= [ U@ fe-nIP Wy + 5 [ 1@ - f - )Py
lyl< [yl>5
IS5 1-— ’I"2

) = 2" 2r(1 — cos(é))QM’

where in the last inequality we used f is continuous on [—, 7], and therefore bounded
by some M > 0, and the bound

1—r?
P.(x) < .
(x) = 2r(1 — cos(z))
Taking r sufficiently close to 1 s.t. the second term on the right-hand side of 3 is
< £/2, we obtain from (2) and (3)

oo
flz) — Z anrle™| < ¢

n=—oo

6. Finally, if f € L?([—m, 7]) we use the fact that continuous functions are dense in L?
i.e. for any € > 0 and for any f € L*([—m,7]) there exists a continuous h € C'([—7, 7])
s.t.

||l f — hllzz <e/2.
If {d,} are the Fourier coefficients of h we have from part 5. that for r sufficiently
close to 1

, € , €

hz) =Y dye™| < — = ||h =) d,r"e™|| . < <

S [A) = DD e < s [ 3 dr e s <
Therefore,

IIf = Zdnr|”|einfc||p <e

It is an exercise to show
[1F =D anr™e™ 2 <{If =3 dur"e™ |2
if {a,} are the Fourier coefficients of f. (Hint: first show that f — 37, -y apr!tlene

is orthogonal to -y (dn — an)r™e™® and then use the Pythagoras theorem). [



