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Abstract

In this paper, we consider the diffusive logistic model and remark that the in-
troduction of the standard diffusion term Aw (incorporated with the zero Neumann
boundary conditions) leads to the situation when the population tends to be equally
distributed over the space available, even if the carrying capacity K (t,z) varies sig-
nificantly with location. To account for this effect, we introduce the model with a
K-driven diffusion

8u§t,fv) — DA (I?(?,?)) + r(t, x)u(t, z) (1 B Iqé'((tt’,i:))> '

If parameters K and r are time-independent, we obtain that K (x) is a globally stable
stationary solution. If K and r are Ty-periodic in ¢ functions, then there exists an
attractive positive periodic solution.

Keywords: logistic equation, diffusion, positive periodic solution, global attractivity,
rate of convergence

AMS (MOS) subject classification: 92D25, 35K57 (primary), 35K50, 37N25 (sec-
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1 Introduction

Historically, some of the first applications of mathematics to biology were in the area of
population dynamics, such as the unbounded exponential growth predicted by Maltus and
the logistic equation proposed by Verhulst which corresponds to the limited carrying ca-
pacity of the environment. The first models were either differential or first order difference
equations. However, in many cases either spatial distribution or dependence on the previ-
ous history of population densities cannot be neglected, thus the adequate models would
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be partial differential [19] or functional differential equations [13]; sometimes both effects
should be accounted for. As for spatially distributed populations, their dynamics was usu-
ally modeled in the following way. If at each point the growth of the population size N
was described by a certain law (logistic, Gompertz or some other)

dN

L)) (1)

it was assumed that the growth function can be modified to f(z, N) to involve the space
variable (for logistic models this may correspond to a non-uniform carrying capacity in
the domain), and the diffusion term DAwu was added to the right hand side to describe
population movements. Usually the zero Neumann boundary conditions were considered
(assuming that the population is closed and there is no flux through the isolated boundaries,
or that immigration to the domain is compensated by emigration), though other types of
boundary conditions could be imposed.
Overall, this led to the parabolic equation

ou(t, )
ot

= DAu(t,z) + f(x,u(t,z)), t >0, x € Q, (1.2)

with, generally, mixed boundary conditions

ou(t
au(t,z) +b uér’lx) =0, x €09, t €(0,00), (1.3)
and the initial condition
u(0,x) = ug(x), x € Q, (1.4)

where Q is an open domain of R?, d = 1, 2 or 3, n is the exterior normal to the boundary

0. Ifin (1.2) we assume f(z,u) = 0 (there are no births and no mortality) then eventually

there will be a uniform population distribution over the domain. Let us consider the logistic
growth

ou(t, ) u(t, )

ot K(x)

where u(t, ) is the population density, r(z) is the intrinsic growth rate, K(z) is the car-
rying capacity of the environment (generally, both can also be time-dependent). Diffusive
systems of this type were considered in many papers, see [1, 2, 3, 6, 8, 10, 11, 14, 19, 20]
and references therein. Similar to (1.2), if » = 0 or D is very large, the solution of (1.5)
tends to be uniformly distributed. This is a reasonable assumption for spatially uniform
resources (which means that the carrying capacity K is not x-dependent). However, for
a nonuniform resources distribution the model (1.2) and (1.5) suggests that species may
move to the regions with lower per capita available resources which doesn’t seem to be
biologically feasible.

We assume an alternative type of diffusion when ultimately the population tends to have
not a uniform distribution over the domain but the uniform per capita available resources.

= DAu(t,z) + r(z)u(t, z) <1 - ) , >0, x e, (1.5)



This means that not u but u/ K diffuses. More precisely, we consider the following equation:

aug;’ z) = DA (1;(@(’9?) + r(x)u(t, z) (1 — Z;((t(’;))) L t>0, x €9, (1.6)

with the Neumann boundary condition

o (2
(g—nK) =0, z €09, te(0,00) (1.7)
and the initial condition
u(0,x) = ug(x), x € Q. (1.8)

Let us note that for the parabolic equation

u
W~ V- [D(a) V() (1.9
the zero Neumann condition for the flux across the boundary 0f2 is

D(x)a%%) =0, (t,x)€ (0,00) x 00, (1.10)
for details see [9], p. 490 and [7], p. 30-31. Thus, the modification of the diffusion term
in (1.6) compared to (1.1) leads to the Neumann boundary condition (1.7). If »(x) = 0,
then (1.7) means that the total population number does not change, the domain is either
isolated or the incoming population flux equals the outcoming stream.

Let us note that other diffusion types, in particular nonlinear, were considered in pop-
ulation dynamics, mainly based on the experimental data, see, for example, [12, 15, 18].
Some general approach to the equation with a nonlinear diffusion term V - (D(u)Vu) was
developed in [16]. The type of diffusion in (1.6) was first considered in [5] motivated by
the choice of optimal harvesting strategies.

The paper is organized as follows. After introducing relevant definitions and results in
Section 2 we proceed to the main results. In Section 3.1 we consider the equation (1.6)
with space-dependent K and r and demonstrate that all solutions with a nonnegative
initial function ug (and positive in some nonempty open domain) are positive. In Section
3.2 global attractivity of the equilibrium solution K (x) of the problem (1.6),(1.7),(1.8) for
all solutions with a nonnegative initial function ug (and positive in some nonempty open
domain) is justified; moreover, there is an estimate of the convergence rate in the terms
of the growth rate r(z). In Section 3.3 again the analogue of (1.6) with time-variable
To-periodic growth rate r(¢, ) and carrying capacity K (t,z) is considered. Under certain
conditions, the existence of a positive periodic solution is justified, and convergence of all
solutions with a positive initial function to this periodic solution is demonstrated. Finally,
in Section 4 we discuss the results and state some open problems.




2 Preliminaries

To prove the existence of a positive bounded solution of the problem (1.6)-(1.8) we will
use the method of upper and lower solutions [17].

Denote Q7 = (0,T] x Q, 0Qr = (0,T] x 9 for any T > 0 and consider the following
nonlinear parabolic problem:

N Lu=f(tr), (1,2) € Qr, 2.1)
0
a—Z —0, (t,2) € 0Qr, (2.2)
u(0,x) = ug(x), x € Q, (2.3)
where the operator L defined as
- 0%u - Ju
Lu :— g ‘ - 2.4

is uniformly elliptic, namely, there exist positive numbers A and A such that for every

vector & = (&1, ...,&,) € R”

)"6‘2 S Z aij(t7 x)glg] S A|£‘27 (t,l’) € @T'

ij=1
We assume that the coefficients of L are Holder continuous in Q7.

Definition 1. A function u(t,r) € C(Qr) N CY*(Qr) is called an upper solution of
(2.1)-(2.3) if it satisfies the following inequalities:

% — Lu> f(t,z,u), (t,z) € Qr,
ou >0 9 2
o 20 (t,x) € 0Qr, (2.5)

u(0,z) > up(z), x € Q.

A function u(t,r) € C(Qr)NCY*(Qr) is called a lower solution if it satisfies the following
mequalities:
ou(t, x)

5 lus ft,z,u), (t,z) € Qr,



The pair u, u is said to be ordered if w > u in Q7. The set of continuous functions
u € C(Qr) such that u < u < @ is denoted as (u,w). In the sector (u,u) we assume that
for some bounded functions ¢ = ¢(t, x), ¢ = ¢(t, z) the function f satisfies the condition

—c(uy —u) < f(t,w,uq) — f(t,x,uz) <c(up —ug), u<uy <up <u, (t,x) € Qr. (2.7)

Then function F(u) = ¢-u+ f(u) is monotone nondecreasing in u for u < u < .
Now we are going to construct an upper and a lower sequences for (2.1)-(2.3) which
will converge to a unique solution of the problem (2.1)-(2.3).

Definition 2. Consider a sequence {u(k)}zozo defined by the following iteration process

(k)
aua—(tt’x) — Lu(k) <t7 -17) + Qu(k) = F(ta xz, u(k_l))’ (t7 '17) € QT’
ouk)
;n - O’ (t,l’) < a62T7 <28)

u® (0, ) = ug(x), z € Q,

where F(t,x,u) = c-u+ f(t,z,u). Denote the sequence with the initial iteration u®) = u
by {u®}2, (the lower sequence), and the sequence with u¥) = u by {w®™}2, (the
upper sequence).

0)

Lemma 1. [17] Let condition (2.7) be satisfied. Then the two sequences {u™} and {u®}
introduced in Definition 2 are well defined and u™, u® are in C*(Qr), 0 < a < 1, for
each k.

Now we can present the existence result for (2.1)-(2.3).

Lemma 2. [17] Let u, T be ordered lower and upper solutions of (2.1)-(2.3) introduced in
Definition 2 and let f(t,x,u) satisfy (2.7). Then the sequences {u®} and {u®} converge
monotonically to a unique solution u of (2.1)-(2.3) and

u<u® <u<a® <a (2.9)

To prove positivity of solutions we will need the strong maximum principle for parabolic
equations [17].

Lemma 3. [17] Let u(t,x) € C(Qr) N CY*(Qr) be such that

ou

— —Lu >0, (t,z) € ,
where L is a uniformly elliptic operator (2.4). If u(t,x) attains a minimum value mo at
some point in Qp then u(t, ) = my throughout Qp. If O is in CT with 0 < a < 1 and
u attains a minimum at some point (to,xo) on 0Qr, then du/On < 0 at (ty, xy) whenever
u 18 not constant.



For problems with periodic in ¢ parameters we will apply the global attractivity result
[20] for the following problem:

% — Lu= f(t,x,u), (t,z) € Q, (2.10)
Ou_ 0 2.11

% = VU, (t, .CE) € Q, ( . )
u(0,z) = up(x), = € Q. (2.12)

Here @ = (0,00) x Q, 9Q = (0,00) x 0f, the function f(t,z,u) is periodic in ¢ with a
period Ty. Then the following result holds [20].

Lemma 4. [20] Let t > 4 be a pair of constant upper and lower solutions of (2.10),(2.11)
and let the function f(t,x,u) be Holder continuous in (t,x), To-periodic in t and contin-
uously differentiable in u for uw € [4,u]. Then there exists a pair of Ty-periodic solutions
u and u of (2.10),(2.11) with u < u < uw < w. Moreover, for any initial function ugy(z)
satisfying © < ug(x) < @ in Q, the corresponding solution u(x,t) of (2.10)-(2.12) satisfies

w(t,r) < liminf u(t,r) < limsupu(t,r) <u(t,z), for any = € Q.

t—o0 t—o0

Further, if u =u = u*, then u* is the unique Ty-periodic solution in (G, ) which satisfies

lim |u(t,z) — u*(t,z)| =0, VaecQ.

t—o00

The proof of a more general result can be found in [20] (Theorem 3.2).

3 Main results

Everywhere in this section we assume that K (¢, x) is a Holder continuous in z and contin-
uously differentiable periodic in ¢ function, K(t,2) > 0 for any (t,z) € Q = [0,00) x Q,
r(t,x) is continuous in Q@ = (0,00) x Q and is periodic in ¢, r(¢,z) > 0 for any (t,2) € Q.
) is a an open nonempty bounded domain with 9Q € C'*%, 0 < a < 1.

3.1 Existence and uniqueness

We will formulate the existence and uniqueness theorem for the general case of a time-
dependent carrying capacity K (¢,z) and a growth function r(t, z):

with (1.7) and (1.8) as the boundary and the initial condition, respectively. The result will
obviously hold for time independent functions K (z) and r(z).




Theorem 1. Let up(z) € C(2), up(z) > 0 in Q and up(z) > 0 in some open bounded

nonempty domain y C 2. Then there exists a unique solution u(t,x) of the problem
(3.1),(1.7),(1.8) and it is positive.

Proof. First we make the following substitution

v(t,x) =

Moreover, since the function K is positive and bounded from above in Q7 then v(t, z) is
well defined. We obtain that function v satisfies

ov wvoK D
a5t + Ko EAU =r(t,x)v(t,z)(1 —v(t,x)), (t,x) € Qr,

)
% ~ 0 on dQr, (3.2)
v(0,z) = ]?E[()x;) in Q

It is easy to see that the operator L := %A is uniformly elliptic, with Hoélder continuous
coefficients. Therefore, according to Lemma 2, in order to show the existence of the unique
solution of (3.2) we only need to construct an ordered pair of upper and lower solutions of

(3.2).
To construct an upper solution denote

(3.3)

and consider the function:

o(t, r) = max {sup(v(O,a;)), sup rit,z) - alt, :c)} >0

z€Q (t,x)€EQT T(t, [IZ’)

Then

So the first inequality of (2.5) in Definition 1 holds. Further,

Jv

20

on
and U > v(0,z), therefore T is an upper solution of (3.2) by Definition 1. The function
v(t,z) = 0 is obviously a lower solution.



Next, the function f(t,z,v) := r(t,z)v(l —v) — a(t, x)v is continuously differentiable
with respect to v and we can denote the maximal derivative of f in v for each (t,x)

c(t,x) = sup{—f,(t,z,v), v < v <V},

c(t,x) = sup{f,(t,z,v), v < v < T}.

Then the Lipschitz condition (2.7) holds and by Lemma 2 there exists a unique solution of
the problem (3.2) satisfying v < v < 7. Making the inverse substitution we obtain a unique
solution of (3.1),(1.7),(1.8) which is u(t,z) = v(t,z)/K(t,z), 0 <wu(t,z) <v/K(t, z).

To show that the solution is positive for any nonnegative initial function ug(z) let us
consider

Z(t,x) = v(t,z)et = u(t, z) et

K(t,x)
where A =7 sup (r(t,z))+ sup |a(t,z)|. Substituting v(t,z) = Z(t,x)e ! into (3.2)
(t2)eQr (t2)eQr
we have
Z(t D
0 <(9t7 ®) _ K(t,x)AZ(t’x) = [ru(l —v) —av + Avle® >0, (t,z) € Qr,
07
=0, (t,7) € 9Qr, (3.4)

Z(0,z) =v(0,2) >0, = € Q.

First, note that Z(t, x) is nonnegative since v(t,x) > v = 0. Next, assume that Z (¢, z)
attains a zero value at some point (o, xg). If (to, z9) € Q1 then according to the maximum
principle (Lemma 3) we obtain Z(t,z) = 0 in Q. According to the assumption of the
theorem Z(0,z) > 0 on some open bounded domain ; C Q and Z(t,z) € C(Qr) since
v(t, x) is a solution of (3.2). Therefore Z(t,z) > 0 in € for some ¢t > 0 and Z(t,z) # 0 in
Qr. Thus Z(t,z) > 0 in Qr. Furthermore, if Z(t1,z1) = 0 for some (t1,x1) € 0Qr then
by Lemma 3 we have 0Z/0n < 0 at (t1, ;) which contradicts (3.4). This concludes the
proof. ]

3.2 Time-independent carrying capacity

The next theorem establishes that in the case (1.6) when the carrying capacity K(x) and
the intrinsic growth rate r(z) are time-independent, p(z) = K (x) is an equilibrium solution
of the following elliptic boundary value problem

_pa [ 2@) = r(2)p(z) TEICOR RS (3.5)
() = (1= 555
(%)

on

Moreover, all nonnegative (and not identically equal to zero) solutions converge to this
positive equilibrium, and we can estimate the convergence rate.

==

=0, z € 9. (3.6)

8



Theorem 2. The function p(x) := K(z) is an equilibrium solution of (3.5),(3.6). More-
over, for any ug(z) > 0, ug(z) #Z 0 the solution u(t,x) of (1.6)-(1.8) converges to K(x),
with the convergence speed estimated as

/|u(t,x) — K(x)|dx < Ce ",
Q

where
p = inf r(z) > 0, (3.7)

€

and therefore, a positive equilibrium solution is unique.

Proof. The first statement of the theorem is obvious. To prove the second part define
the constants

F = maX{M = supug(z), K = supK(x)}

z€Q z€Q
fr :=min {infu(T, x), k= inf K(:z:‘)} , for some fixed moment 7 > 0.
z€Q z€Q

Note, that f, > 0 since K(z) > 0 by assumption and u(r,z) > 0 for any x € Q, 7 > 0 by
Theorem 1.

Let up(t,x) and uy, (¢, ) be the solutions of the initial-boundary value problem (1.6),
(1.7) satisfying initial conditions up(0,2) = F > wuo(z) and uy, (7,2) = fr < u(r,z),
respectively. According to Definition 1 the function up(t,z) satisfies (2.5) and it is an
upper solution of (1.6)-(1.8). The function wuy (¢,x) is a lower solution of the problem
(1.6),(1.7) with the initial condition at the moment 7 which is u(7, z). Then by Theorem
1 we have up(t,z) > u(t,x) and u(t,z) > uy, (t,x) for any t > 7, or

ur, (t,x) <wu(t,x) <wup(t,z) forany (t,x)€ [1,00) X €,

ur, (t,x) — K(x) <wu(t,z) — K(z) <up(t,z) — K(x) for any (t,z) € [r,00) x Q. (3.8)

Using the same argument as above we obtain
uyp, (t,x) — K(x) <0, up(t,z) — K(xz) >0, (t,x)€ [r,00) x Q. (3.9)
Combining (3.8) and (3.9) leads to
lu(t,z) — K(z)| < max{up(t,z) — K(x), K(z) —uy, (t,2)}, (t,x) € [1,00) x €,
thus integrating both sides yields

/\u(t,x) — K(x)|dz < max /(uF(t,x) — K(z))dx, /(K(x) —uy, (t,x))dx . (3.10)

Q



Next, denote w := up(t,x) — K(z), then w > 0 by (3.9) and using (1.6) we obtain that

w satisfies 5
w w r
— = DA - — 3.11
ot (K@)) KUY (8:11)

where up := up(t,z). Integrating both sides of (3.11) over €2 and using the Gauss’ theorem
and the Neumann boundary condition which implies [ DA(w/K) dx = 0, we obtain
Q

d r
%/wdzz—/?uwﬂdwg—/rwdxg—p/wda:,
Q 0 Q

Q

where p was defined in (3.7). Therefore,

/ w(t,z)dz < e / w(0,7) dz = e~ / (F — K(2)) da,

Q Q

which implies

/(up(t, 1) — K(x))dx <e ™ /(F — K(z))dx. (3.12)

To estimate the second integral in (3.10) denote w(t, z) := K(x)—uy, (¢, z) and consider

0 (WK\ 0 (K*\ _ K28ufT

ot \uy, ) ot \uy, ) uj Ot

Using equation (1.6) which uy, satisfies and integrating over €2, we obtain

d K
4 —dx—D/—A I dy —/rw—dx.
dt UfT

Q

According to the Gauss theorem and the Neumann boundary condition which uy /K sat-
isfies, the first integral on the right becomes

—D/ de —D/v de —D/ ff dr < 0.
Thus we have p % % K
a1 —dx /rw—dxg—p w—dm.
dt UfT UfT UfT
Q Q
Thus
K K
/(K(x) —uy (t,z))dx = /wdw < /w_ do < e FefT /(K(x) — fT)f— dr. (3.13)
ufT T
Q Q Q Q

10



Finally, from (3.10), (3.12), (3.13) it follows

/|u(t,x) — K(z)|de < Ce " for any t € [r,00),
Q

with p defined in (3.7) and

C' = max /(F — K(z))dx, e - /(K(x) - fT)%dx
Q Q
Let t — o0, then
tlim lu(t,z) — K(x)|dz =0 (3.14)
Q

for any nonnegative initial function ug(x) (which also takes positive values in 2). Equality
(3.14) implies the uniqueness of the positive equilibrium solution. ]

Remark 1. It is the existence and the uniqueness of a positive equilibrium solution that
Theorem 2 states, since there is also an equilibrium solution p(x) = 0.

3.3 Periodic carrying capacity

In the case when the carrying capacity is a time-dependent function, generally, there is no
more a positive equilibrium solution of (3.1),(1.7),(1.8). However, if both carrying capacity
K(t,z) and intrinsic growth r(¢,z) are periodic bounded functions with the same period
Ty, under certain conditions we can establish existence of an attracting positive periodic
solution.

Once again we substitute v(t,z) = u(t,z)/K(t,z). K(t,z) is assumed to be strictly
positive, bounded, Holder continuous in x, periodic and at least C*(IR;) in ¢. Then the
problem (3.1),(1.7),(1.8) becomes

ov(t,x) D B
TR ?Av(t, ) =r(t,z)v(t,x)(1 —v(t,z)) —alt,x)v(t, ), (t,x) €Q,  (3.15)
g_:; =0 on dQ = (0,00) x 09, (3.16)
v(0,z) = up(z)/K(0,z) in £, (3.17)

where a(t,z) = (1/K) - (0K/0t) as in (3.3). We also denote

Gmin = Inf{g(t, ), (t,2) € Q}, Gmaee = sup{g(t,z), (t,2) € Q}

for any bounded continuous periodic function g(t, x).

11



Theorem 3. Suppose that Tmim — Gmae > 0 and

2rmin(rmin - amaz) — T"max (Tmax - am#) > 0; (318)

then there exists a unique periodic solution v*(t,z) of (3.15),(3.16) in the interval

Tmin — Qmaz  Tmaz — Omin
, .
Tmaz T'min

Moreover, for any initial function vo(x) from this interval the corresponding solution of
(3.15)-(3.17) satisfies

v(t,z) — v*(t,x) as t — oo for x € Q.

Proof. Denote
~ Tmin — Omag ~ Tmaz — Amin
Vv = —_—, == -
T'maz T'min

It is easy to check that
E - ?A'IA} =0= ’O(Tmzn — Qmaz — Tma:r:,&) S @(T(t7$) - a(t’ l’) B T’(t,l’){)),

5 —AD =0 = 9(Tmaz — Qmin — Tmin0) > 0(r(t, z) — a(t, z) — r(t,x)v),

these inequalities imply that ¢ and © are the constant lower and upper solutions of (3.15)-
(3.17) with the initial functions v(0, z) = v and 0, respectively. Then according to Lemma
4 there exists a pair of Ty-periodic solutions v and v satisfying

0 <uw(t,x) <o(t,x) <0, (t,x) € Q,

% B %AQ =u(r(t,z) —alt,z) —rt,z)v), (t,2)€Q, (3.19)
% B %M =0(r(t,z) —alt,x) —r(t,2)7), (t,2)€Q, (3.20)
ov Ju
a_n = a—n =0, (t,:C) € 00.

Now we will show that v = T if condition (3.18) holds. Denote w := (7 — v)VK, we
subtract (3.19) from (3.20) and multiply the result by wv/K:

r— ﬁ) — wr(v +v).

W—w = D—A—n + w? 5

ot VK VK

Due to the periodicity of K, ¥ and v, the function w is also Ty-periodic, therefore

://w wdxdt = 7/ ' v d:cdt+// r—— —r(@+y)] dx dt

12

0 w w (




To 9 5 To
< —//D VY| dodt — | Hmin(Tmin = Gmaz) _ (- Gmin //dexdt <0,
\/F T'maz 2
0 Q 0 Q

In the first inequality of the previous line we used v + v > 20; the last inequality follows
from the condition (3.18). Therefore ¥ — v = 0 and we obtain a unique periodic solution

v* = 0 = v of (3.15)-(3.17) in the interval (0,0). Moreover, according to Lemma 4
for any initial function vy(z) € (0,9) the corresponding solution of (3.15)-(3.17) satisfies
v(t,x) = v*(t,z) as t — oo for z € Q. O

Remark 2. The proof of Theorem 3 is similar to the proof of Theorem 2.1 in [2].

Corollary 1. Let the hypotheses of the Theorem 3 hold. Then there exists a unique periodic
solution u*(t,z) of (3.1),(1.7) in the interval

T'maz Tmin

<rmin — Omax Kmin, Tmaz — Qmin Kmam> '
If u(t, z) is a solution of (3.1),(1.7), (1.8) with an initial function ug(x) from the interval

<rmin — Omax K(O, l‘), Tmaz — Amin K(O, .CL’)> 7

T'max T'min

then it satisfies the following property

u(t,z) = u*(t,x) as t — oo for x € .

4 Discussion and Open Problems

First, we summarize the results of the paper and discuss some of conditions, restrictions
and possible generalizations.

1. The model with a carrying capacity driven diffusion was considered in this paper, and
some basic results were obtained. In particular, it was demonstrated that a solution
of the Neumann problem exists and is unique, it is positive for a nonnegative initial
function which is positive in a nonempty open domain. For the model with time-
independent carrying capacity all such solutions of (1.6) converge to the positive
equilibrium (which coincides with the carrying capacity). Moreover, if the growth
rate r(r) is continuous and does not vanish on €, then a certain convergence rate
can be guaranteed.

2. However, if parameters of (3.1) are positive periodic in ¢ functions rather than t-
independent parameters, then certain restrictions on r(¢, x) and K (¢, z) were imposed

in Theorem 3. The condition that the infimum of the intrinsic growth rate exceeds

. : o 1 0K
the supremum of the relative change of the carrying capacity in time Ko means

13



that the growth rate can compensate for the change in the carrying capacity, this
restriction frequently occurs in the problems of optimal harvesting. Though used in
the proof of Theorem 3, the restrictions on 7 (¢, z) and K (¢, z) most probably are not
sharp for pointwise convergence.

3. We have demonstrated stability in L' sense for the time-independent steady state and
the pointwise convergence to the periodic positive solution (once the carrying capacity
is time-dependent). Typically, these are two most common stability types studied
for spatial models of population dynamics [1, 7]. However, stronger stability types
can be considered, for example, the uniform (C°) convergence. Since convergence
and estimates are usually constructed inside the domain, establishing conditions of
(O convergence may be a challenging problem.

4. Optimal harvesting for (1.5) and for a similar model with a Gilpin-Ayala growth law
was considered in [1, 2]. Using different argument, the optimal harvesting policy for
(3.1) was justified in [5]. Applying the methods of [1] we can obtain the same result
as in [5] for optimal harvesting.

Finally, let us formulate some open problems.

1. Consider the model with a carrying capacity driven diffusion and other boundary
conditions of type (1.3). As a special case, we can study the Dirichlet boundary
conditions

u(t,z) = K(x), = € 0N. (4.1)

Then K(x) is a steady state and its asymptotic stability can be investigated. The
Dirichlet boundary conditions (4.1) can also be introduced for the variable carrying
capacity, once K (t, x) is constant at the boundary. For arbitrary boundary conditions
and K (t,z) periodic in t establish the existence of a positive periodic solution. Does
it attract all positive solutions?

2. For the logistic equation (without diffusion) with a variable carrying capacity the
average of the periodic solution does not exceed the average periodic carrying capacity
(and is less, if the carrying capacity is essentially non-constant over time) [4], it is
also possible to estimate how the variability of K (¢, x) over time period T, influences
the solution average [4]. Prove or disprove that the average of a periodic solution u of
(3.1) is less than the average in K (¢,x) (unless K (¢, x) is time-independent), where
the average is computed over the domain {2 and time period Ty.

3. Biologically, one of the main open problems is how the value of the diffusion coefficient
D in (3.1) influences the average population value for a positive periodic solution.
For models with a variable carrying capacity and diffusion Au the usual conclusion
was that, generally, high diffusion does not favour higher average population values
(chaotic movement can lead to massive migration to the areas with low carrying
capacity). Does the situation change with carrying capacity driven diffusion?
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4. The estimate of the convergence rate presented in Theorem 2 is based on the fact
that the intrinsic growth rate r(z) is a positive function separated from zero. If
we assume that r(x) is nonnegative (and is positive on an open nonempty subset
of Q), can we deduce any specific rate of convergence (probably in average) to the
equilibrium solution?

5. We believe that if r(¢,z) is a time-dependent function satisfying r(t,z) > p for any
x € ), t > 0, then changing the statement and the proof of Theorem 2 is an easy
exercise. However, it is not trivial to obtain sharp conditions on r(¢,x) (it can tend
to zero as t — oo) leading to convergence.

6. In addition to (3.1) models with different growth laws:

ou(t,z) u(t, )
ot ba (K(t,x)

)+ rtt.o)tult o), K t,0), (42)
where f(u, K)(K —u) > 0 for u # K, can be considered. They can describe popula-

tions with the logistic, Gilpin-Ayala or Gompertz growth laws.

7. Some systems are subject to short-time harvesting when the duration of the har-
vesting event is negligible compared to the whole growth process. Such models are
adequately described by the impulsive equation, when, for example, (1.6) or (3.1) is
complemented by the linear impulsive conditions

u(nTt,z) = a(x)u(nT,z), where 0 < a(z)<l1. (4.3)

Define the optimal harvesting strategy for equation (1.6),(4.3), i.e., find the optimal
a(x) and the initial function ug. Consider the same problem for (3.1).

8. If the carrying-capacity dependent diffusion is introduced in the Hutchinson (delay
logistic) equation

w — DA (1;?(;))) +r(z)u(t, z) (1 - %) , (4.4)

establish positivity of solutions and obtain conditions for the global attractivity of

K(z).

References

[1] L. Bai, K. Wang, Giplin-Ayala model with spatial diffusion and its optimal harvesting
policy, Appl. Math. Comput. 171 (2005), 531-546.

[2] L. Bai, K. Wang, A diffusive single-species model with periodic coefficients and its
optimal harvesting policy, Appl. Math. Comput. 187 (2007), 873-882.

15



3]

Z. Balanov, W. Krawcewicz and H. Ruan, Hutchinson’s delay logistic system with
symmetries and spatial diffusion, Nonlinear Anal. Real World Appl. 9 (2008), no. 1,
154-182.

M.S. Boyce and D.J. Daley, Population tracking of fluctuating environments and
natural selection for tracking ability, Am. Nat. 115 (1980), 480-491.

E. Braverman and L. Braverman, Optimal harvesting of diffusive models in a nonho-
mogeneous environment, to appear in Nonlinear Anal.,
DOI http://dx.doi.org/10.1016/j.na.2009.04.025 .

R.S. Cantrell and C. Cosner, Diffusive logistic equations with indefinite weights: Pop-
ulation models in disrupted environments, 11, SIAM J. Math. Anal. 22 (1991), 1043-
1069.

R.S. Cantrell and C. Cosner, Spatial Ecology via Reaction-diffusion Equations, Wiley
Series in Mathematical and Computational Biology, John Wiley & Sons, Chichester,
2003.

A. Chakraborty, M. Singh, D. Lucy and P. Ridland, Predator-prey model with prey-
taxis and diffusion, Math. Comput. Modelling 46 (2007), no. 3-4, 482-498.

C. Cosner and Y. Lou, Does movement towards better environments always benefit a
population? J. Math. Anal. Appl. 277 (2003), 489-503.

Hadeler, K. P.; Lewis, M. A. Spatial dynamics of the diffusive logistic equation with
a sedentary compartment, Can. Appl. Math. Q). 10 (2002), no. 4, 473-499.

Y. Jin and X. Q. Zhao, Bistable waves for a class of cooperative reaction-diffusion
systems, J. Biol. Dynamics 2 (2008), no. 2, 196-207.

K. Kawasaki, A. Mochizuki, M. Matsushita, T. Umeda and N. Shigesada, Modeling
spatio-temporal patterns generated by Baccilus subtilis, J. Theor. Biol., 188 (1997),
177-185.

Y. Kuang, Delay Differential Equations with Applications in Population Dynamics,
Mathematics in Science and Engineering, Vol. 191, Academic Press, Boston, 1993.

K. Kurata and J. Shi, Optimal spatial harvesting strategy and symmetry-breaking,
Appl. Math. Optim. 58 (2008), no. 1, 89-110.

J.D. Murray, Mathematical Biology. II: Spatial models and biomedical applications,
374 edition, Springer, New York, 2003.

C. V. Pao, Quasilinear parabolic and elliptic equations with nonlinear boundary con-
ditions, Nonlinear Anal. 66 (2007), no. 3, 639-662.

16



[17] C. V. Pao, Nonlinear Parabolic and Elliptic Equations, Plenum, New York, 1992.

[18] Y. Wu and X. Q. Zhao, The existence and stability of travelling waves with transition
layers for some singular cross-diffusion systems, Phys. D 200 (2005), no. 3-4, 325-358.

[19] X.Q. Zhao, Dynamical Systems in Population Biology, Springer-Verlag New York,
Inc., 2003.

[20] L. Zhou, Y. Fu, Existence and stability of periodic quasisolutions in nonlinear
parabolic systems with discrete delays, J. Math. Anal. Appl. 250 (2000), 139-161.

17



