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1. INTRODUCTION

In this paper, we analyze the well-posedness of the Cauchy problem for a one-dimensional diffusion
equation with discontinuous and degenerating coefficients. Additionally, we study passage to the limit as
the diffusion coefficient tends to zero on a subset of the coordinate space. The interest in these problems is
motivated by the study of transfer phenomena in nonuniform media, for example, when the dynamics of the
charge carrier density in semiconductors are described (see [1, 2]). We investigate the problem of ordering
the operators of differentiation and multiplication by a discontinuous function, which is also addressed in
the quantum dynamics of charge carriers in semiconductors (see [3]).

One of the goals of this work is to establish the relation between the form of the differential operator of
the problem and the Markov diffusion process corresponding to a diffusion phenomenon. This relation was
addressed in [4–6]. We study this relation for operators whose domain contains discontinuous functions and
for semigroups other than Feller.

The differential diffusion operator under study is associated with a Markov process. Its choice is dictated
by the following requirements: (i) the Markov process is least deviating from a standard Wiener process in
a homogeneous medium; (ii) the local properties of the process in the homogeneity domain of the medium
are independent of the medium’s properties in the complement of the homogeneity domain; and (iii) the pro-
cess is regular; i.e., the flow velocities of diffusing particles and their concentration are finite. The require-
ment that the flow velocity of diffusing particles be finite determines conditions on the limiting values of
the particle distribution function on the boundary of the homogeneity domains, while the finiteness of par-
ticle distribution function values determines the relation between the boundary values of the derivatives of
the distribution function. It is these conditions on the boundary values of the functions that specify the
domain of the diffusion equation operator.

Obtained according to the above requirements, the operator of the diffusion equation with discontinuous
coefficients is associated with a Markov process whose transition probabilities are derived from those of a
standard Wiener process with the help of a continuous piecewise differentiable transformation of the coor-
dinate space.

Boundary value problems with nonsmooth coefficients for a second-order parabolic differential equation
are a classical object of study. The theory of such problems was addressed in [7]. At present, a theory has
been constructed of uniformly elliptic Schrödinger operators in which the singular potentials and magnetic

 

Formulation and Well-Posedness of the Cauchy Problem
for a Diffusion Equation with Discontinuous 

Degenerating Coefficients

 

L. V. Korobenko and V. Zh. Sakbaev

 

Moscow Institute of Physics and Technology, Institutskii per. 9, Dolgoprudnyi, Moscow oblast, 141700 Russia
e-mail: luda.korobenko@gmail.com, fumi2003@mail.ru

 

Received March 17, 2008; 
in final form, December 24, 2008

 

Abstract

 

—The choice of a differential diffusion operator with discontinuous coefficients that corre-
sponds to a finite flow velocity and a finite concentration is substantiated. For the equation with a uni-
formly elliptic operator and a nonzero diffusion coefficient, conditions are established for the existence
and uniqueness of a solution to the corresponding Cauchy problem. For the diffusion equation with
degeneration on a half-line, it is proved that the Cauchy problem with an arbitrary initial condition has
a unique solution if and only if there is no flux from the degeneration domain to the ellipticity domain
of the operator. Under this condition, a sequence of solutions to regularized problems is proved to con-
verge uniformly to the solution of the degenerate problem in 

 

L

 

1

 

(

 

R

 

)

 

 on each interval.

 

DOI: 

 

10.1134/S0965542509060128

 

Keywords:

 

 degenerate operator, regularization, semigroup, Cauchy problem for a diffusion equation,
Markov process.



 

1038

 

COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS

 

      

 

Vol. 49

 

     

 

No. 6

 

      

 

2009

 

 KOROBENKO, SAKBAEV

 

field are measures (see [8, 9]). On the other hand, a theory of boundary value problems for degenerating
differential operators with smooth coefficients was developed, and results were obtained on the convergence
of a sequence of solutions to problems with a small parameter multiplying the highest derivative as this
parameter tends uniformly to zero (see [10]). The problem studied in this paper occupies an intermediate
position and combines the nonuniform degeneration of the differential operator with the lack of smoothness
of its coefficients. These properties of the operator lead to certain difficulties in the well-posedness analysis
of such problems (see [11, 12]).

In this paper, we study the asymptotics of a sequence of solutions to the diffusion equation with a small
(in the degeneration domain) parameter multiplying the highest derivative and prove that this sequence con-
verges to the solution of the problem with a degenerate operator if the latter exists. Thus, the solution to the
Cauchy problem for the diffusion equation with degenerate coefficients is shown to be stable in 

 

L

 

1

 

(

 

�

 

)

 

 with
respect to small perturbations in the coefficients of the diffusion operator.

2. STATEMENT OF THE PROBLEM

 

2.1. Cauchy Problem 

 

We study diffusion in the one-dimensional space 
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1

 

 under the assumption that the diffusion and drift

coefficients are piecewise constant functions on 
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1

 

 with a discontinuity at the point 

 

x

 

 = 0:

If the diffusion and drift coefficients are sufficiently smooth functions (satisfy the Lipschitz condition
[6]), the dynamics of the substance concentration 
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 is determined by the following Cauchy problem
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. The generating operator 
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Cauchy problem is a second-order linear differential operator in the Banach space 
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 with coefficients
determined by the diffusion and drift coefficients.

In the case of discontinuous coefficients, we assume that the dynamics of 
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Cauchy problem of form (1). To complete the formulation of the Cauchy problem, we have to define the
operator 
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Following the results of classical works on diffusion processes (see [6, 4, 5]), we make the following
assumption about the dynamics of the concentration of the diffusing substance.

 

Assumption 1.

 

 In the smoothness domains 
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 of the diffusion and drift coefficients, 
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 sat-
isfies the standard diffusion equation with constant diffusion and drift coefficients

where 
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 = 
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Then the action of the operator 

 

L

 

 on the concentration function is defined as
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and its domain consists of functions from (�±) satisfying on the boundary x = 0 conditions ensuring that
the flow velocity across the boundary is finite and the number of particles is preserved. A detailed derivation
of these conditions is given in the next section.

Along with degenerate problem (1), we consider the regularized Cauchy problem

(2)

with the same initial conditions and the operator Lε

The domain of Lε consists of functions from (�–) ⊕ (�+) whose boundary values ensure that the
flow velocity is finite and the number of particles is preserved.

Below, we analyze the existence of a solution to problem (1) and the convergence of a sequence of reg-
ularized-problem solutions to the solution of the degenerate problem.

2.2. Boundary Conditions 

To complete the formulation of Cauchy problem (1), (2), we consider the choice of boundary conditions
for functions from the domains of L and Lε.

As was noted above, these conditions are determined by the following conditions:
(i) The flow velocity of particles across the boundary x = 0 is finite.
(ii) The number of particles is a constant at any time t ≥ 0.
In [13] the problem was considered in detail of choosing an operator of the equation

with the domain consisting of functions ensuring conditions (i) and (ii). We study the problem of specifying
boundary conditions at x = 0 and choosing an operator for the more general case of the equation with a drift:

(3)

Then boundary conditions and the operators of Eqs. (1) and (2) are obtained by setting D1 = a2 = 0 and D1 = ε,
a2 = 0, respectively.

To formulate conditions (i) and (ii) mathematically, the diffusion process is treated as a Markov process
and the following assumptions are made.

LU( ) G2
D

∂2
U2

∂x
2

------------,=

W1
2

∂Uε

∂t
--------- LεUε, t 0, x �,∈>=

Uε t x,( ) t 0= U0 x( ), x �,∈=

LεUε( ) G1
ε

∂2
Uε1

∂x
2

-------------- a
∂Uε1

∂x
-----------,–=

LεUε( ) G1
D

∂2
Uε2

∂x
2

--------------.=

W1
2

W1
2

LU

D1

∂2
U1

∂x
2

------------, x 0,<

D2

∂2
U2

∂x
2

------------, x 0,>








=

∂U1

∂t
--------- D1

∂2
U1

∂x
2

------------ a1

∂U1

∂x
---------, x– G1,∈=

∂U2

∂t
--------- D2

∂2
U2

∂x
2

------------ a2

∂U2

∂x
---------, x– G2.∈=



1040

COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS      Vol. 49     No. 6      2009

 KOROBENKO, SAKBAEV

Assumption 2. The diffusion of particles with discrete time t ∈ {nτ, n ∈ Z+}, where τ > 0 is the time
step, is a stationary Markov process with the transition probability P(x, τ, B) from a point x ∈ � to a set B ⊂
�. For the transition from a point x ∈ Gi to a set B ∈ Gi in the time τ, the transition probability is given by
the formula

Assumption 3. The flow velocity of particles from G1 to G2 at time t is given by the formula

,

where N12 and N21 are the numbers of particles passing from G1 to G2 and from G2 to G1, respectively, in the
time τ starting at t.

Assumption 4. The diffusion of particles on a straight line with the diffusion coefficient D(x) occurs so
that the flow velocity of particles is finite.

Assumption 5. The number N(t) of particles is preserved:

(4)

Using these assumptions, we prove the following theorem, which gives boundary conditions on the prob-
ability function and its derivative at x = 0.

Theorem 1. Suppose that the diffusion of particles with coefficient D(x) satisfies Assumptions 2 and 3

and the function U(t, x) satisfies the condition Ui(t, x) ∈ C(�+, (Gi)) ∩ C1(�+, L1(Gi)), i = 1, 2. Then the
particle flow velocity across the boundary x = 0 at time t is finite if and only if the particle concentration at
t satisfies

(5)

Condition (4) (the conservation of the total number of particles)

is equivalent to the condition

(6)

The theorem is proved using the following result.

Lemma 1. Let f(x) ∈ (�±). Then limx → ±∞ f(x) = 0.

Proof of the theorem. The number of particles passing from G1 to G2 over the time τ starting at t can be
estimated as follows. According to Assumption 2, each particle involved in the diffusion process passes from
a point x ∈ � to a point y ∈ � over the time τ starting at the time t. If the particle is at a point x ∈ G1 at the
time t, then the probability of the particle remaining in G1 after the time τ is given by

Then the probability of the particle passing to G2 is
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Therefore, the number N12(t, τ) of particles passing from G1 to G2 over the time τ starting at t is independent
of the particle concentration in G2 and is determined only by the concentration U1(t, x) in G1. Hence, the
number of particles passing from G1 to G2 over the time τ is given by the formula

Using the relation

we obtain

(7)

Applying similar reasoning to the calculation of particles passing from G2 to G1 yields

(8)

To analyze how integrals (7) and (8) depend on time, we make the transformation

(9)

where ξ =  and η = . The limit  is calculated as follows. If the integrand is contin-

uous on Ω1 and integral (9) converges uniformly, then N12(τ, t) is a continuous function of τ and we can pass
to the limit under the integral sign.

The concentration function U1(t, x) (x ∈ �) is continuous, absolutely integrable, and bounded for every
t ≥ 0, while the function

is continuous and bounded and, for all sufficiently small τ, is uniformly bounded from above by the function

Therefore, the integral in (9) converges uniformly according to the Weierstrass test. Therefore, N12(t,

τ)/  is a continuous function of τ and we can pass to the limit
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where

Thus, N12(τ, t) =  + o( ). Now let us find the limit

For this purpose, we make the substitution p =  and use the L’Hopital’s rule:

(10)

To differentiate under the integral sign, the integral

(11)

has to converge ∀p ≥ 0, while the integral

(12)

of the differentiated integrand has to converge uniformly with respect to p on the interval [0; +∞). The con-
vergence of integral (11) ∀p ≥ 0 follows from the uniform convergence of integral (9), which was shown
above. The uniform convergence of integral (12) can be shown in a similar manner.

Since

the desired limit (10) is equal to (t, 0) + (t, 0). Consequently,
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Then the desired velocity is given by

i.e., this velocity is finite at the time t if and only if U1(t, 0)  = U2(t, 0) . This immediately yields an
expression for the flow velocity under condition (9):

To derive the second boundary condition, the derivative of the total number of particles is expressed as

(by Lemma 1, the concentration function and its derivative vanish at infinity). Then

i.e., boundary condition (6) is satisfied. The theorem is proved.
The linear manifold of functions

forms the domain of the linear operator L defined in the Banach space L1(�) by the differential expression
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,
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operator in L1(�).
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from L1(�). Therefore, functions from D(L) and their derivatives have limiting values U(±0) and U'(±0). If
U(x) and its restrictions to the half-lines satisfy the above inclusions, but the first boundary condition
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 =  is violated, then there is a fundamental sequence of functions hn(x) in

(�) such that the sequence of values of the integrals

is defined and diverges. Therefore, the relation  =  is necessary for the inclu-
sion U(x) ∈ D(L). In view of this, the second relation is the regularity condition for the generalized function
LU(x) ∈ L1(�).

Corollary 1. If diffusion with coefficients a(x) and D(x) satisfies Assumptions 1–5 and defines a semi-
group Vt (t > 0) of transformations of the space L1(�), then the generator of this semigroup is the operator L. 

Proof. According to Assumption 1, if U(x) belongs to the domain of the generator of Vt in L1(�), then

its restrictions to the half-lines �± lie in (�±) and, hence, have limiting values U(±0) and U'(±0). By The-
orem 1 and Assumptions 2–4, conditions (5) and (6) hold. Therefore, U0 ∈ D(L). Corollary 1 is proved.

Thus, the evolution of the concentration function U(t, x) = VtU0(x) in the diffusion defined by Assump-
tions 1–5 is described by the Cauchy problem

(13)

3. SOLUTION TO A REGULARIZED PROBLEM

In Section 2, we formulated the Cauchy problem for the diffusion equation with a drift in the case of
discontinuous coefficients D and a. First, we study the family of regularized Cauchy problems (2) with the
coefficients D1 = ε, D2 = D, a1 = a, and a2 = 0, where ε ∈ (0, 1) is the regularization parameter:

(14)

(15)

(16)

The domain D(Lε) is a linear manifold that is dense in the Banach space H = L1(�). Our goal is to show that
the regularized problems are well-posed and to analyze the asymptotics of their solutions as the regulariza-
tion parameter tends to zero.

Definition 1. The solution to problem (14)–(16) is a function U(t, x) with uniformly continuous restric-

tions to Ωi having continuous derivatives  and  on Ωiand continuous limiting values fl (t, ±0)

(t > 0) on the half-line �+ that satisfies Eq. (14) almost everywhere on Ω1 ∪ Ω2, satisfies initial
condition (16) in the sense that limt → 0 ||U(t, x) – U0(x)||H = 0, and satisfies boundary conditions (15) identi-
cally for t > 0.

Definition 2. A function U(t, x) ∈ C([0, T], L1(�))) is called a weak solution to problem (14), (16) if
there exists a sequence of initial data {U0, n(x)} with limn → ∞||U0, n(x) – U0(x)  = 0 such that, for every

D 0–( )U 0–( ) D +0( )U +0( )
W1

1

D x( ) ∂
∂x
------ D x( )U( ) a x( )U x( )+ 

  ∂hn

∂x
-------- x( ) xd

R

∫

D 0–( )U 0–( ) D +0( )U +0( )

W1
2

∂U
∂t
------- LU , t 0, x R,∈>=

U t 0= U0 x( )
U10 x( ), x 0,<
U20 x( ), x 0.>




= =

∂U
∂t
------- LεU

∂
∂x
------ Dε x( ) ∂

∂x
------ Dε x( )U

∂
∂x
------a x( )U , t– 0, x �,∈>= =

D Lε( ) U x( ) L1 R( ) : U x( ) R±
W1

2 R±( );∈ ∈{=

εU 0–( ) = DU +0( ) εU' 0–( ) aU 0–( ) = DU' +0( )–, },

Dε x( )
ε, x 0,<
D, x 0,>




=

U t x,( ) t 0= U0 x( ).=

∂Ui

∂t
---------

∂2
Ui

∂x
2

----------- ∂U
∂x
-------

||L1 �( )
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n ∈ �, problem (14) with the initial data U0, n(x) has a solution Un(t, x) and limn → ∞||Un(t, x) – U(t,
x)  = 0.

Definition 3. A function U(t, x) ∈ C(�+, C2(�±)) ∩ C1(�+, C(�±)) is called a classical solution to prob-
lem (14), (16) if it satisfies Eq. (14) everywhere on �+ × � and satisfies initial conditions (16) in the sense
that limt → 0 ||U(t, x) – U0(x)||C(�) = 0.

Let  denote the linear space of compactly supported infinitely differentiable functions with a support
not containing zero.

Lemma 2. If U0(x) ∈ , then problem (2) has a unique classical solution.

Proof. The function U is transformed as follows:

(17)

Substituting U(t, x) = V(t, x)f(x) into (14), we obtain for V(t, x) the equation

(18)

with the operator

(19)

and the initial conditions

Note that, according to this transformation, if the initial function U0(x) is in , then V0(x) is also in this
space.

Let us first prove that problem (19) has a solution in the weighted space L2, ρ (the weight ρ is chosen so

that the operator  is self-adjoint). In this space, the operator L is defined by differential expression (19)
on the linear manifold

(20)

By direct calculations, we can show that the operator  is densely defined and symmetric in the
weighted space .

Let us show that  is self-adjoint in the space ) with the inner product defined as

||C 0 T,[ ] L1 �( ),( )

C00
∞

C00
∞

U t x,( ) V t x,( ) f x( ), f x( )
a
2ε
-----x 

  , xexp 0,<

1, x 0.>





= =

∂V
∂t
------- L̃V=

L̃V
∂

∂x
------ Dε x( ) ∂

∂x
------ Dε x( )V

a x( )
2ε

----------- Dε x( ) ∂
∂x
------ Dε x( )V

∂
∂x
------

a x( )Dε x( )
2ε

-------------------------V–
a

2
x( )

4ε
-------------V–+=

V0 x( ) 1
f x( )
-----------U0 x( ).=

C00
∞

L̃

D L̃( ) V x( ) L2 �( ) : V x( ) �±
W2

2
�±( ); εV 0–( ) = DV +0( );-∈ ∈





=

εV ' 0–( ) a
2
---V 0–( )– DV ' +0( )=





.

L̃
L

2 Dε x( ),

L̃ L
2 Dε x( ),

f g,( )L2 ρ,
f x( )g x( )ρ x( ) x.d

∞–

+∞

∫=
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The operator  is densely defined in  and has an adjoint operator . By the definition of the

adjoint operator, its domain D( ) consists of functions V(x) ∈  such and only such that the fol-

lowing conditions are satisfied:

(i) The restrictions  have second distributional derivatives from the space  (conse-

quently, V(x) and V '(x) have one-sided limiting values).
(ii) These limiting values satisfy the relations

Moreover, any V(x) ∈ D( ) satisfies V(x) ∈ D( ) and V(x) = (x). Therefore,  = .

Since  is self-adjoint in , it is the generator of a semigroup that is representable, according to

the spectral theorem, as

where  =  is the spectral expansion of .

Therefore, if V0(x) ∈ D( ), then problem (19) has a unique solution representable as

(21)

Moreover, (21) is a weak solution if V0(x) ∈ L2 and is a classical solution if V0(x) ∈ .

By virtue of transformation (17), problem (2) also has a classical solution U(t, x) ∈ D( ). The lemma is
proved.

To prove that U(t, x) is in L1, this function must be nonnegative, which can be shown with the help of
some transformation.

Lemma 3. If U0(x) ∈ , then the classical solution to problem (2) belongs to L1(�).

Proof. The following one-to-one transformation depending on three real parameters α, β, b ∈ � is
applied to the solution V(t, x) of problem (19):

(22)

Note that, according to (22), V(t, x) ∈ (�±) if and only if W(t, x) ∈ (�±), and the boundary values

W(t, ±0) and (t, ±0) are determined by the condition W(t, x) ∈ D( ), where the domain of the operator

 is the linear manifold

. (23)

L̃ L
2 Dε x( ), L̃*

L̃* L
2 Dε x( ),

V x( ) �±
L

2 Dε x( ),

εV 0–( ) DV +0( ),=

εV ' 0–( ) a
2
---V 0–( )– DV ' +0( ).=

L̃* L̃ L̃* L̃V L̃* L̃

L̃ L
2 Dε x( ),

e
tL̃

e
λt Eλ,d

∞–

∞

∫=

L̃ λ Eλd
∞–

∞∫ L̃

L̃

V t x,( ) e
tL̃

V0 x( ) e
λt EλV0 x( ).d

∞–

+∞

∫= =

C00
∞

L̃

C00
∞

V t x,( )
e

bt
e

–αx
2 βx+ D

ε
----W t x

D
ε
----, 

  , x 0,<

e
bt

W t x,( ), x 0.>





=

W2
2

W2
2

∂W
∂x
-------- L̂

L̂

D L̂( ) W x( ) L2 �( ) : W x( ) �±
W2

2
�±( ); W t 0–,( ) = W t +0,( ); 

∂W
∂x
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∂x
-------- t +0,( )=∈ ∈

 
 
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Therefore, V(t, x) solves Eq. (18) with the initial data V0(x) ∈  if and only if the function W(t, x) is a
solution to the equation

(24)

with the initial data W0(x) ∈  obtained from V0 by transformation (22). Here, the function f(x) is real-
valued, piecewise continuous, and bounded. As will be seen later, its particular representation is of no
importance.

Thus, we have obtained an equation to which the generalized maximum principle [14] can be applied.
For this purpose, the function g(x) must be nonnegative. Setting

,

yields the required condition. Then, according to [14], W(t, x) cannot have a negative minimum or a positive
maximum inside the domain (0, T) × (–L, L). Taking into account that W  0 at infinity according to
Lemma 1 and that this function is initially nonnegative, we conclude that W(t, x) cannot take negative values.

Note that transformations (17) and (22) preserve the nonnegativity of functions. Therefore, the classical
solution U(t, x) to problem (2) is also nonnegative.

Integrating both sides of the equation

with respect to x from –∞ to +∞ and using the relation

which holds since U ≥ 0, we obtain

Note that the limiting values U(t, ±0) and (t, ±0) exist and are uniformly bounded on any interval of the

half-line u > 0 since U0(x) ∈  and, consequently, W0 ∈  and, hence, W(t, x) ∈ C([0, +∞), D( )).

Therefore, U(t, x) ∈ D(Lε) and  =  < ∞. The lemma is proved.

This result is extended to the case of U0 ∈ L1(�) as follows.
Theorem 2. For any U0(x) ∈ L1(�), problem (25) has a unique weak solution.

Since the space  is dense in L1, we conclude that, for any function U0(x) ∈ L1, there exists a funda-

mental sequence {U0n(x)} from  such that limn → ∞||U0n(x) – U0(x)  = 0. According to Lemmas 2

and 3, for any U0n(x) ∈ , problem (25) has a unique solution Un(t, x). Let us show that the sequence
{Un(t, x)} of solutions to the Cauchy problem with initial data U0, n(x) is fundamental.

If Un(t, x) and Um(t, x) are the solutions to problem (25) with initial data U0, n(x) and U0, m(x), respectively,
then Un(t, x) – Um(t, x) is the solution with the initial data U0, n(x) – U0, m(x). Then, for any t > 0,

C00
∞

∂W
∂t

-------- L̂W D
∂2

W

∂x
2

---------- f x( )∂W
∂x
-------- g x( )W ,+ += =

g x( )
–

a
2

4ε
----- β 2ε2

a
2

--------– 
 

2 ε3

a
2
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2

2ε
--------- b, x–+ + 0,<

b, x– 0,>





=
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α 2ε4

a
4
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3ε3

a
2

--------= =

∂U
∂t
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∂
∂x
------ Dε x( ) ∂

∂x
------ Dε x( )U( ) 

  ∂
∂x
------ a x( )U( )–=

∂U
∂t
------- xd∫ d

dt
----- U xd∫ d

dt
----- U xd∫ d

dt
----- U L1

,= = =

d
dt
----- U L1

ε∂U
∂x
------- t 0–,( ) D

∂U
∂x
------- t +0,( )– aU t 0–,( )– 0.= =

∂U
∂x
-------
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∞

C00
∞ L̂

U t x,( ) L1
U0 x( ) L1
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∞
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(the proof of this relation is similar to the end of the proof of Lemma 2). Therefore, {Un(t, x)} is a funda-
mental sequence and has a limit U(t, x) in L1(�) that is independent of the approximating sequence of initial
data. The theorem is proved.

Note that the solution U(t, x) to the problem depends continuously on the initial data U0(x) in L1(�) by
virtue of the estimate ||U(t, x)  = ||U0(x) .

Thus, the regularized problem is well-posed in the class L1 of initial data. This implies (see [17]) that the
solution to the regularized problem defines a semigroup of linear continuous operators

  L1.

This fact is used later in the convergence analysis of a sequence of solutions to a regularized problem.

4. SOLUTION TO THE DEGENERATE PROBLEM

In Section 2.2, we found an operator of the diffusion equation with a drift such that the flow velocity
across the boundary is finite and the total number of particles is preserved. By using this operator, problem
(1) can be rewritten as

where

(25)

Consider the problem of finding U(t, x) in either of the quadrants �+ × �– and �+ × �+ taking into account
the found boundary conditions in the cases of a ≤ 0 and a > 0.

1. Case a ≤ 0:

(26)

(27)

The first system is solved by the function

(28)

where f(x) is a function from the domain of L that satisfies the matching conditions

(29)

||L1
||L1

Vt
ε
 : L1

∂U
∂t
-------

∂
∂x
------ D x( ) ∂

∂x
------ D x( )U( ) 

  ∂
∂x
------ a x( )U( ), t– 0, x �,∈>=

D x( )
0, x 0,<
D, x 0,>




a x( )
a, x 0,<
0, x 0,>




= =

D L( ) U x( ) L2 �( ) L1 �( ) : U x( ) �±
W2

2
�±( ); U +0( ) = 0 aU 0–( ) = DU' +0( )–,∈∩∈{ },=

Ut 0= U0 t x,( )
U10 x( ), x 0,<
U20 x( ), x 0.>




= =

∂U1

∂t
--------- a

∂U1

∂x
---------,–=

U1 0 x,( ) U10 x( ),=

U1 t 0,( ) D
a
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∂U2

∂x
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∂U2

∂t
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∂2
U2

∂2
x

------------,=

U2 0 x,( ) U20 x( ),=

U2 t 0,( ) 0.=
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and the boundary condition

. (30)

Following [18], the solution to system (27) is given by

. (31)

Then condition (30) implies

(32)

Therefore,

. (33)

This expression implies that f(0) is finite if U20(0) = 0. Similarly, for f '(0) to be finite, it suffices that

Therefore, if U(x) ∈ , then f(0) = f '(0); then (29) implies that U10(0) = (0) = 0.

Thus, we have shown that problem (25) with a ≤ 0 has a solution for initial data from the class . To

prove that the problem is well-posed, we have to show that, if the sequence {U0n} with values in  con-
verges to zero in L1(R), then the corresponding sequence {Un(t)} of classical solutions satisfies

for every T > 0. According to (28) and (33), the restriction of the solution to the left half-line tends to zero
as U20  0. The fact that the restriction to the right half-line tends to zero follows from (31). Therefore,
we have proved the following result.

Lemma 4. Let a < 0. Then, for any U0(x) ∈ , Cauchy problem (25) has a unique solution U(t, x) sat-

isfying the estimate  ≤  for any t > 0.

Below is the generalization of this result to U0(x) ∈ L1.

Theorem 3. For any U0(x) ∈ L1(�), Cauchy problem (25) has a unique weak solution that depends con-
tinuously on the initial data.

The proof of the theorem is entirely similar to that of Theorem 2. The continuous dependence on the ini-
tial data is obvious. The theorem is proved.

2. Consider the case of a > 0.
Theorem 4. If a > 0, then Cauchy problem (25) has no nontrivial solutions.
Proof. If a > 0, the boundary condition

(34)

implies that (t, 0) ≤ 0. Since U2(t, 0) = 0 and U2(t, x) ≥ 0  ∀x > 0, it is necessary that

f at–( ) D
a
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2 πDt
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 exp– ξd

0

+∞

∫=
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πDt
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U t x,( ) L1 R( ) U0 x( ) L1 R( )

U1 t 0,( ) D
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In view of (34), we have

(35)

For a > 0, the solution to system (26) can be represented as

Taking into account (35) yields U10(–at) = 0, which implies that system (26) has no nontrivial solutions. The
theorem is proved.

5. CONVERGENCE OF THE SEQUENCE OF SOLUTIONS TO REGULARIZED PROBLEMS

Now we analyze the convergence of solutions of regularized problems (2) to the solution of the degen-
erate problem as ε  0 when the latter solution exists, i.e., for a < 0. For this purpose, we define the func-
tion

where U solves problem (1) and Pε compensated for the difference between the boundary conditions for L
and Lε. For Zε to belong to the domain of Lε, it is necessary that Pε satisfy the boundary conditions

(36)

We search for a function Pε(t, x) such that

In view of this relation, boundary conditions (36) are written as

This function can be defined, for example, as

Define the functions

Then Wε satisfies the equation

(37)

where

(38)

Let us prove that fε converges to zero in the L1-norm uniformly with respect to t on any interval [0, T].

U1 t 0,( ) 0.=
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ε ∂
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∂
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∂
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2
–( ), xexp 0,>+

0, x 0.<





=

V ε Uε U , Wε– Uε Zε– V ε Pε.–= = =
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Consider the function

Let us show that

(39)

Indeed, we have the estimate

Using expressions (28) and (32) for U(t, –0), differentiating, and taking into account U0(x) ∈ , we
obtain (39).

Let us show that the restrictions of LεZε – LU to the half-line �– �+ converge to zero in the L1-norm.
Note that LεZε ∈ L1 and LU ∈ L1. Then

 = 0,@ Ú‡Í Í‡Í Pε = 0 ÔË x < 0,

(40)

since  = .

The relation  = O( ) is proved in the same manner as for . More-

over, for every t > 0, we have  < const(U0) for any U0(x) ∈ .

Thus, it follows from (38)–(40) that  = O( ).

Let us return to Eq. (37). In Section 3, it was shown that the Cauchy problem with the operator Lε is well-
posed for any initial data U0 ∈ L1. Therefore, the solution to Eq. (37) defines a semigroup of linear contin-
uous operators

  L1(�).
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Moreover, Lε is isometric in the L1-norm (see the proof of Theorem 2). Therefore (see [19]), the solution to
Eq. (37) can be represented as

Then

Finally, for any T > 0, the function Uε – U for a < 0 (i.e., when U exists) satisfies

(41)

In the proof of convergence, we assumes that U0(x) ∈ . To prove the convergence of weak solutions, we
note that

(42)

where Uε and U are weak solutions to Cauchy problems (14) and (25), respectively, and Uε, n and Un are

solutions to the Cauchy problems with initial data from .

By the definition of a weak solution, the first and third terms in (42) are small. The second term satisfies
estimate (41).

Thus, we have proved the following result.
Theorem 5. Let a < 0. If U0(x) ∈ L1(�), then the sequence of solutions to regularized problem (2) con-

verges to the solution of degenerate problem (1) in the sense that

We have established that, in the lack of degeneration, diffusion with discontinuous coefficients satisfying
Assumptions 1–5 defines a semigroup of transformations of L1(�) with the generator L. Whether diffusion
with discontinuous coefficients satisfying Assumptions 1–5 defines a semigroup when the diffusion coeffi-
cient is degenerate depends on the sign of the transfer coefficient. If a semigroup with a degenerate generator
exists, it is the limit of a sequence of nondegenerate regularized semigroups in the strong operator topology.

REFERENCES
1. R. Sh. Malkovich, Mathematics of Diffusion in Semiconductors (Nauka, St. Petersburg, 1999) [in Russian].
2. A. A. Smirnov, Molecular-Kinetic Theory of Metals (Nauka, Moscow, 1966) [in Russian].
3. M. Gadella, S. Kuru, and J. Negor, “Self-Adjoint Hamiltonians with a Mass Jump: General Matching Conditions,”

Phys. Lett. A 362, 265–268 (2007).
4. I. I. Gikhman and A. V. Skorokhod, Introduction to the Theory of Stochastic Processes (Nauka, Moscow, 1977)

[in Russian].
5. W. Feller, An Introduction to Probability Theory and Its Applications (Mir, Moscow, 1964; Wiley, New York,

1967).
6. A. D. Venttsel’ and M. I. Freidlin, Random Perturbations of Dynamical Systems (Nauka, Moscow, 1979; Springer-

Verlag, Berlin, 1998).
7. O. A. Ladyzhenskaya, The Boundary Value Problems of Mathematical Physics (Nauka, Moscow, 1973; Springer-

Verlag, New York, 1985).

Wε t x,( ) VtWε 0 x,( ) Vt s– f ε s( ) sd

0

t

∫+ Vt s– f ε s( ) s.d

0

t

∫= =

Wε C 0 T,[ ] L1 �( ),( ) Vt s– f ε s( ) sd

0

t

∫
C 0 T,[ ] L1 �( ),( )

Vt s– B L1( ) f ε s( ) L1
sd

0

t

∫
t 0 T,[ ]∈
sup≤=

=  f ε s( ) L1
sd

0

t

∫
t 0 T,[ ]∈
sup f ε s( ) C 0 T,[ ] L1 �( ),( )T≤ TO ε( ).=

Uε U– C 0 T,[ ] L1 �( ),( ) Wε Pε+ C 0 T,[ ] L1 �( ),( ) Wε C 0 T,[ ] L1 �( ),( ) Pε C 0 T,[ ] L1 �( ),( )+≤ O ε( ).= =

C00
∞

Uε U– C 0 T,[ ] L1 �( ),( ) Uε Uε n,– Uε n, Un– Un U–+ + C 0 T,[ ] L1 �( ),( )=

≤ Uε Uε n,– C 0 T,[ ] L1 �( ),( ) Uε n, Un– C 0 T,[ ] L1 �( ),( ) Un U– C 0 T,[ ] L1 �( ),( ),+ +

C00
∞

Uε t x,( ) U t x,( )– C 0 T,[ ] L1 �( ),( )
ε 0→
lim 0 T∀ 0.>=



COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS      Vol. 49     No. 6      2009

FORMULATION AND WELL-POSEDNESS OF THE CAUCHY PROBLEM 1053

8. V. N. Kolokol’tsov, “Schrödinger Operator with a Singular Potential and Magnetic Fields,” Mat. Sb. 194 (6), 87–
102 (2003).

9. A. M. Savchuk and A. A. Shkalikov, “Sturm–Liouville Operators with Singular Potentials,” Mat. Zametki 66, 897–
912 (1999).

10. S. A. Golopuz, “The Defining Boundary Conditions and the Degenerate Problem for Elliptic Boundary Value
Problems with a Small Parameter in the Highest Derivatives,” Mat. Sb. 194 (5), 3–30 (2003).

11. V. V. Zhikov, S. M. Kozlov, and O. A. Olejnik, Homogenization of Differential Operators and Integral Functionals
(Nauka, Moscow, 1993; Springer-Verlag, Berlin, 1994).

12. V. Zh. Sakbaev, “Functionals on Solutions of the Cauchy Problem for the Schrödinger Equation Degenerate on a
Half-Line,” Zh. Vychisl. Mat. Mat. Fiz. 44, 1654–1673 (2004) [Comput. Math. Math. Phys. 44, 1573–1591
(2004)].

13. L. V. Korobenko and V. Zh. Sakbaev, “Solution of the Diffusion Equation with Discontinuous Coefficient on a
Straight Line,” in Some Problems of Fundamental and Applied Mathematics (MFTI, Moscow, 2007), pp. 71–85
[in Russian].

14. A. Friedman, Partial Differential Equations of Parabolic Type (Prentice Hall, Englewood Cliffs, N.J., 1964; Mir,
Moscow, 1968).

15. V. N. Maslennikova, Partial Differential Equations (RUDN, Moscow, 1997) [in Russian].
16. V. S. Vladimirov, Equations of Mathematical Physics (Marcel Dekker, New York, 1971; Nauka, Moscow, 1981).
17. N. Ya. Vilenkin, E. A. Gorin, A. G. Kostyuchenko, et al., Functional Analysis (Nauka, Moscow, 1964) [in Russian].
18. A. N. Tikhonov and A. A. Samarskii, Equations of Mathematical Physics (Pergamon, Oxford, 1964; Nauka, Mos-

cow, 1977).
19. T. Kato, Perturbation Theory for Linear Operators (Springer-Verlag, Berlin, 1966; Mir, Moscow, 1972). 

SPELL: ok


