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1. INTRODUCTION

In this paper, we analyze the well-posedness of the Cauchy problem for a one-dimensional diffusion
equation with discontinuous and degenerating coefficients. Additionally, we study passage to the limit as
the diffusion coefficient tends to zero on a subset of the coordinate space. The interest in these problems is
motivated by the study of transfer phenomena in nonuniform media, for example, when the dynamics of the
charge carrier density in semiconductors are described (see [1, 2]). We investigate the problem of ordering
the operators of differentiation and multiplication by a discontinuous function, which is also addressed in
the quantum dynamics of charge carriers in semiconductors (see [3]).

One of the goals of this work is to establish the relation between the form of the differential operator of
the problem and the Markov diffusion process corresponding to a diffusion phenomenon. This relation was
addressed in [4—6]. We study this relation for operators whose domain contains discontinuous functions and
for semigroups other than Feller.

The differential diffusion operator under study is associated with a Markov process. Its choice is dictated
by the following requirements: (i) the Markov process is least deviating from a standard Wiener process in
a homogeneous medium; (ii) the local properties of the process in the homogeneity domain of the medium
are independent of the medium’s properties in the complement of the homogeneity domain; and (iii) the pro-
cess is regular; i.e., the flow velocities of diffusing particles and their concentration are finite. The require-
ment that the flow velocity of diffusing particles be finite determines conditions on the limiting values of
the particle distribution function on the boundary of the homogeneity domains, while the finiteness of par-
ticle distribution function values determines the relation between the boundary values of the derivatives of
the distribution function. It is these conditions on the boundary values of the functions that specify the
domain of the diffusion equation operator.

Obtained according to the above requirements, the operator of the diffusion equation with discontinuous
coefficients is associated with a Markov process whose transition probabilities are derived from those of a
standard Wiener process with the help of a continuous piecewise differentiable transformation of the coor-
dinate space.

Boundary value problems with nonsmooth coefficients for a second-order parabolic differential equation
are a classical object of study. The theory of such problems was addressed in [7]. At present, a theory has
been constructed of uniformly elliptic Schrodinger operators in which the singular potentials and magnetic
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field are measures (see [8, 9]). On the other hand, a theory of boundary value problems for degenerating
differential operators with smooth coefficients was developed, and results were obtained on the convergence
of a sequence of solutions to problems with a small parameter multiplying the highest derivative as this
parameter tends uniformly to zero (see [10]). The problem studied in this paper occupies an intermediate
position and combines the nonuniform degeneration of the differential operator with the lack of smoothness
of its coefficients. These properties of the operator lead to certain difficulties in the well-posedness analysis
of such problems (see [11, 12]).

In this paper, we study the asymptotics of a sequence of solutions to the diffusion equation with a small
(in the degeneration domain) parameter multiplying the highest derivative and prove that this sequence con-
verges to the solution of the problem with a degenerate operator if the latter exists. Thus, the solution to the
Cauchy problem for the diffusion equation with degenerate coefficients is shown to be stable in L,(R) with
respect to small perturbations in the coefficients of the diffusion operator.

2. STATEMENT OF THE PROBLEM
2.1. Cauchy Problem

We study diffusion in the one-dimensional space R under the assumption that the diffusion and drift
coefficients are piecewise constant functions on R with a discontinuity at the point x = 0:

0, xeG, 2 R_,

D(x) ={ R
D, xe G, = R,,

a, xe Gy,
a(x) =
0, xe G,.

If the diffusion and drift coefficients are sufficiently smooth functions (satisfy the Lipschitz condition
[6]), the dynamics of the substance concentration U(t, x) is determined by the following Cauchy problem
for U(t, x):

U =LU, t>0, xe R,
ot (D

U(t,x)],_o = Up(x), xeR.

The initial concentration Uy(x) is a nonnegative function from L,(R). The generating operator L of the
Cauchy problem is a second-order linear differential operator in the Banach space L,([R) with coefficients
determined by the diffusion and drift coefficients.

In the case of discontinuous coefficients, we assume that the dynamics of U(z, x) is also determined by a

Cauchy problem of form (1). To complete the formulation of the Cauchy problem, we have to define the
operator L. The restrictions of Uy(x) to the domains G, and G, are denoted by Uy, (x) and U,(x), respec-

tively. Let Q, and Q, denote the ranges R, X G, and R, X G, of variables (1, x).
Following the results of classical works on diffusion processes (see [6, 4, 5]), we make the following
assumption about the dynamics of the concentration of the diffusing substance.

Assumption 1. In the smoothness domains €, and €, of the diffusion and drift coefficients, U(z, x) sat-
isfies the standard diffusion equation with constant diffusion and drift coefficients

U, U, aU, —
— = i_21+al'_l’ i = 1’27 (ta )C)E Qia
ot ox 0x
where U; = U], .
Then the action of the operator L on the concentration function is defined as
U,
(LU)|Gl = —aW,
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FORMULATION AND WELL-POSEDNESS OF THE CAUCHY PROBLEM 1039

9’U,
2 b
X

(LU)|g, = D

and its domain consists of functions from le (R,) satisfying on the boundary x = 0 conditions ensuring that

the flow velocity across the boundary is finite and the number of particles is preserved. A detailed derivation
of these conditions is given in the next section.

Along with degenerate problem (1), we consider the regularized Cauchy problem

Ve = LU, t>0, xeR,
ot ()

Ut, X)|,_o = Up(x), xeR,

with the same initial conditions and the operator L

o’U,, AU,
(el = €55 a5
’U
(L.U)|,; = D—2.
: ox

The domain of L, consists of functions from le R)® le (R,) whose boundary values ensure that the
flow velocity is finite and the number of particles is preserved.

Below, we analyze the existence of a solution to problem (1) and the convergence of a sequence of reg-
ularized-problem solutions to the solution of the degenerate problem.

2.2. Boundary Conditions

To complete the formulation of Cauchy problem (1), (2), we consider the choice of boundary conditions
for functions from the domains of L and L.

As was noted above, these conditions are determined by the following conditions:
(i) The flow velocity of particles across the boundary x = 0 is finite.

(i1) The number of particles is a constant at any time ¢ = 0.

In [13] the problem was considered in detail of choosing an operator of the equation

’U
Dl—a—Z—l’ x<0,
LU = 2x
U
D2—a 22, x>0,
X

with the domain consisting of functions ensuring conditions (i) and (ii). We study the problem of specifying
boundary conditions at x = 0 and choosing an operator for the more general case of the equation with a drift:

ou, U, aU,

T 0 ox TS Gr. 5
U, U, U, G

ar gy E gy e

Then boundary conditions and the operators of Egs. (1) and (2) are obtained by setting D; = a, =0 and D, =&,
a, = 0, respectively.

To formulate conditions (i) and (ii) mathematically, the diffusion process is treated as a Markov process
and the following assumptions are made.
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Assumption 2. The diffusion of particles with discrete time ¢t € {nt, n € Z,}, where T > 0 is the time
step, is a stationary Markov process with the transition probability P(x, T, B) from a point x € Rtoaset B
[R. For the transition from a point x € G; to a set B € G; in the time T, the transition probability is given by
the formula

1 exp( (x—y—ai’c)z)d

P(x,t, B) =
(%1%, ) IZ DT 4Dt
B 1

Assumption 3. The flow velocity of particles from G, to G, at time ¢ is given by the formula

L) = m{%wuu, r)—Nzl(r,m},

where N, and N,, are the numbers of particles passing from G, to G, and from G, to G, respectively, in the
time T starting at ¢.

Assumption 4. The diffusion of particles on a straight line with the diffusion coefficient D(x) occurs so
that the flow velocity of particles is finite.

Assumption 5. The number N(#) of particles is preserved:

dN(t) _
dr

Using these assumptions, we prove the following theorem, which gives boundary conditions on the prob-
ability function and its derivative at x = 0.

0. 4

Theorem 1. Suppose that the diffusion of particles with coefficient D(x) satisfies Assumptions 2 and 3

and the function U(t, x) satisfies the condition U(t, x) € C(R,, le (G)H N CY(R,, Li(G,),i=1,2. Then the
particle flow velocity across the boundary x = 0 at time t is finite if and only if the particle concentration at
t satisfies

U,(1,0)./D, = Uy(t,0)./D,. (5)

Condition (4) (the conservation of the total number of particles)
d
EIU(;, x)dx = 0
R

is equivalent to the condition
oU oU
D\ —=(t,0)=a,Uy(1,0) = Dy—=-=(1,0) = a,Us(1,0). (6)

The theorem is proved using the following result.

Lemma 1. Let f(x) € W3 (R,). Then lim, _, ... f(x) = 0.

Proof of the theorem. The number of particles passing from G, to G, over the time 7 starting at 7 can be
estimated as follows. According to Assumption 2, each particle involved in the diffusion process passes from
apoint x € R to a point y € R over the time T starting at the time ¢. If the particle is at a point x € G, at the
time 7, then the probability of the particle remaining in G, after the time 7 is given by

(x—y—al’l:)z)d

il
exp
2, /nD T 4Dt
Then the probability of the particle passing to G, is
P(t, x, G,) = 1-P(7, x, G)).

0
P(1,x,G,) = j
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FORMULATION AND WELL-POSEDNESS OF THE CAUCHY PROBLEM 1041

Therefore, the number N (¢, T) of particles passing from G, to G, over the time T starting at ¢ is independent
of the particle concentration in G, and is determined only by the concentration U,(¢, x) in G,. Hence, the
number of particles passing from G, to G, over the time T is given by the formula

0 0 2

1 —(x=-y—-a7)
Np(t, 1) = j U,(t, x){l =3 — j exp(Tﬂ])dy}dx_
—o00 1 —00

Using the relation

+oo
J' 1 exp(_(x_y_alt)z) dy = 1
Y |2/mD 4Dt '

we obtain
0

. 17 ~(x—y-ay1)’
Np(t,7) = j [2 o j U, (1, x)exp(TlT)dy}dx. (7)
0

Applying similar reasoning to the calculation of particles passing from G, to G, yields

—oo

+o0

0 2
1 ~(x—y-ay)
Ny (t,7T) = U,(t, ——— |dy |dx. 8
T e S v

To analyze how integrals (7) and (8) depend on time, we make the transformation

0 o
Np(h1) = — [fua, x)exp(w)dydx
—o0 ()

2. /nDt 4Dt
©))

0 o 2
- gf ] Ul(,,gm)exp(—@—“—jw”l)ﬂ jdnd&,
—o0 ()

Np(T,t
—* andm = —2—  The limit lim 2% ")
JD.T Dt =0/

uous on 2, and integral (9) converges uniformly, then N,,(T, ) is a continuous function of T and we can pass
to the limit under the integral sign.

The concentration function U,(z, x) (x € R) is continuous, absolutely integrable, and bounded for every

t 2 0, while the function
2
T
- ({eenea D)
1
g€ 1) = jexp 1 dn

0

where & = is calculated as follows. If the integrand is contin-

is continuous and bounded and, for all sufficiently small 7, is uniformly bounded from above by the function

- 2
_ ﬂ)
G(E) = j exp( - Jan.
Ja|
Therefore, the integral in (9) converges uniformly according to the Weierstrass test. Therefore, N;,(Z,
1)/ ﬁ is a continuous function of T and we can pass to the limit
llm NIZ(T’ t)

T—0 T

= A’\/HIUI(L O)’
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1042 KOROBENKO, SAKBAEV

where

”exp( (E-m) )dnd& - =

" 2x
Thus, Nx(T, f) = AJHIUl(t, O)ﬁ + o(ﬁ ). Now let us find the limit

o Vo 1) —AJD\U\(1,0)J7

10 T

For this purpose, we make the substitution p = JT and use the Hopital’s rule:

i Vit 0= A4/D, UL (1, 0)/7

T—+0 T

{3

a1 |D D
= lim | p’ [‘HUl(r &./D\p)exp J_ dndé - A.[D,U,(1,0) (10)
? —oo ()
WO( [ ”U (16D pexp( 55 “))dnd&]
—wO
To differentiate under the integral sign, the integral
apy
0- {g-n-22
1 D, JD,
QE”Umr,&JEp)exp 7 dnde (1

— 0

has to converge Vp = 0, while the integral

IDIH( 6 £P)E 08D & - L) e[~ Eon- e D) g 12

of the differentiated integrand has to converge uniformly with respect to p on the interval [0; 4+o0). The con-
vergence of integral (11) Vp = 0 follows from the uniform convergence of integral (9), which was shown
above. The uniform convergence of integral (12) can be shown in a similar manner.

Since

B = 2ﬁjjiexp( &-n) )dnd& = —

the desired limit (10) is equal to —%Dl U, (t,0) + %al U, (t, 0). Consequently,

No(t, 1) = = /DU, (1 0) T — 2D, UL (1, 0)t + 2a,U (1, 0 + o(1).
Jr 2 2
Similarly, we obtain

N, (T, 1) = J_Uz(z 0)ﬁ+ DzUz(t 0)T— azUz(t 0)T + o(1).
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Then the desired velocity is given by

J, = AU 0)/D; = Us(1,0)/D,)

-0 ﬁ

i.e., this velocity is finite at the time ¢ if and only if U,(, 0)./D, = Us(t, 0) /D, . This immediately yields an
expression for the flow velocity under condition (9):

1 | 1
J, = —E[DlUl(f, 0) + DU, (8,0) —a,U,(1,0) + a,Uy(1, 0)].

To derive the second boundary condition, the derivative of the total number of particles is expressed as

1 1 1
i[DlUl(ta 0) + DU, (8,0) —a,U,(1,0) + a,Uy(1, 0)];

+oo 0 2 0 +o0 2 +oo
any _ d 00U Ty, 020 T, 20
T dt.[ U(t,x)dx = JDl -7 dx Jal P dx + J.Dz -7 dx ja2 P dx
oU oU
= D= 2(1,0) ~a,Uy(1, 0) = D= =(1,0) + a,Us(, 0)
(by Lemma 1, the concentration function and its derivative vanish at infinity). Then
dN(t oU oU
D = 0 D, 51,00~ a,U,(1,0) = D,52(1,0) - a,Us(1,0) = 0;

i.e., boundary condition (6) is satisfied. The theorem is proved.
The linear manifold of functions

D(L) = {U(x) € Li(R) : U(x)|g, € W, (Ry); JD,U(-0) = /D,U(+0),
D, U'(-0)-a,U(-0) = D,U'(+0) —a,U(+0) }

forms the domain of the linear operator L defined in the Banach space L,(R) by the differential expression

LU = £( /D@ (DHU)) - -(a(x)U),
X X X

where

D) D,, x<0, ) a, x<0,
X) = alx) =
D,, x>0 a,, x>0.

Indeed, U(x) € L,(R); therefore, a(x)U(x) € L,(R) and, hence, a% (a(x)U) e W;' (R). By the condition
U(=0) /D (-0) = U(+0) /D (+0), we have D(x)W(x) € W, (R). Therefore, B%C(MU) e L(R) and
ma% JD(x)U) € L(R). Consequently, the operator L defined on D(L) is a linear operator from
L,(R) to W, '(R). However, by the condition

D,aa—g(—O) —a,U(-0) = Dzaa—i](—O) - a,U(-0),

the generalized function (distribution) LU(x) € W, s regular and is an element of L,(R). Thus, L is a linear
operator in L,(R).

Conversely, the domain of the linear operator L in L,(R) defined by the above differential expression
consists of functions from L,(R) whose restrictions to the half-lines have second distributional derivatives

from L,(R). Therefore, functions from D(L) and their derivatives have limiting values U(+0) and U'(20). If
U(x) and its restrictions to the half-lines satisfy the above inclusions, but the first boundary condition
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1044 KOROBENKO, SAKBAEV

JD(-0)U(-0) = 4/D(+0)U(+0) is violated, then there is a fundamental sequence of functions 4,(x) in
Wl1 (R) such that the sequence of values of the integrals

h
j(A/D(x)% JD(x)U) + a(x)U(x))aa

R

is defined and diverges. Therefore, the relation /D(-0)U(-0) = JD(+0)U(+0) is necessary for the inclu-
sion U(x) € D(L). In view of this, the second relation is the regularity condition for the generalized function
LU(x) e L(R).

Corollary 1. If diffusion with coefficients a(x) and D(x) satisfies Assumptions 1-5 and defines a semi-
group V, (> 0) of transformations of the space L,(IR), then the generator of this semigroup is the operator L.

~(x)dx
x

Proof. According to Assumption 1, if U(x) belongs to the domain of the generator of V, in L,(R), then

its restrictions to the half-lines R, lie in le (R,) and, hence, have limiting values U(+0) and U'(£0). By The-
orem 1 and Assumptions 2—4, conditions (5) and (6) hold. Therefore, U, € D(L). Corollary 1 is proved.

Thus, the evolution of the concentration function U(z, x) = V,Uy(x) in the diffusion defined by Assump-
tions 1-5 is described by the Cauchy problem

aa_lt] - LU, >0, xeR,
Up(x), x<0, 13)
Ul,o = Up(x) =
Uy(x), x>0.

3. SOLUTION TO A REGULARIZED PROBLEM

In Section 2, we formulated the Cauchy problem for the diffusion equation with a drift in the case of
discontinuous coefficients D and a. First, we study the family of regularized Cauchy problems (2) with the
coefficients D, =€, D, =D, a, = a, and a, = 0, where € € (0, 1) is the regularization parameter:

aa_lz] = LU = %Jps(x)%ﬂ)s(xw-%a(xw, t>0, xe R, (14)
D(L,) = {U(x) € L,(R) : U(x)[g, € Wi(R,):; )
JeU(=0) = J/DU(+0), eU'(-0) —aU(-0) = DU'(+0) },
{8, x<0,
D¢(x) =
D, x>0, (16)

U(t,x)|,_¢ = Uy(x).

The domain D(L,) is a linear manifold that is dense in the Banach space H = L,([R). Our goal is to show that
the regularized problems are well-posed and to analyze the asymptotics of their solutions as the regulariza-
tion parameter tends to zero.

Definition 1. The solution to problem (14)—(16) is a function U(, x) with uniformly continuous restric-

. 9°U,
tions to €; having continuous derivatives a—t' and 8—2’ on Q.and continuous limiting values s %—ij
X

(t > 0) on the half-line R, that satisfies Eq. (14) almost everywhere on Q, U €,, satisfies initial
condition (16) in the sense that lim, _, 4||U(¢, x) — Uy(x)||z = 0, and satisfies boundary conditions (15) identi-
cally for ¢ > 0.

Definition 2. A function U(t, x) € C([0, T], L,(R))) is called a weak solution to problem (14), (16) if

there exists a sequence of initial data { U, ,(x)} with lim, _, _||U, ,(x) — Uy(x)|| LR = 0 such that, for every

(t, 10)
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FORMULATION AND WELL-POSEDNESS OF THE CAUCHY PROBLEM 1045
n € N, problem (14) with the initial data U, ,(x) has a solution U,(#, x) and lim, _, ||U,(, x) — U(z,
x)“C([O, T),L(R) = 0.

Definition 3. A function U(t, x) € C(R,, C*(R,)) n CY(R,, C(R,)) is called a classical solution to prob-
lem (14), (16) if it satisfies Eq. (14) everywhere on R, x R and satisfies initial conditions (16) in the sense
that lim, _, (||U(#, x) — Uy(0)llcw) = 0.

Let C,, denote the linear space of compactly supported infinitely differentiable functions with a support
not containing zero.

Lemma 2. If Uy(x) € Cy, then problem (2) has a unique classical solution.

Proof. The function U is transformed as follows:

ex (ix) x<0
Ut x) = V(L0 f(x), flx) =1 T\2e" ) ’ (17)

1, x>0.

Substituting U(t, x) = V(t, x)f(x) into (14), we obtain for V(z, x) the equation

v _ -
5 =LV (18)

with the operator

Fyo_ O J a(x) d 3 a(x)De(x)  a’(x)
LV = E—))—C,\/Dg(x)z—);,\/l)g(x)v+—2—8—,\/D£(x)€—);,\/D£(x)V—é; o 7 o 1%

(19)

and the initial conditions

Vo(x) = ﬁlx—)Uo(x).

Note that, according to this transformation, if the initial function Uy(x) is in C,, then V,(x) is also in this
space.

Let us first prove that problem (19) has a solution in the weighted space L, , (the weight p is chosen so

that the operator L is self-adjoint). In this space, the operator L is defined by differential expression (19)
on the linear manifold

D(L) = {V(x) e Ly(R) : V(x)|p, € Wi(R.); JEV(-0) = //DV(+0);
(20)
eV'(=0) - §V(—0) = DV'(+O)}.
By direct calculations, we can show that the operator L is densely defined and symmetric in the
weighted space L, ek

Let us show that L is self-adjoint in the space L, m) with the inner product defined as

+o0

(£ &)1, = [ FD8(0p()dx.
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The operator L is densely defined in L, Nioxes and has an adjoint operator L*. By the definition of the

adjoint operator, its domain D(I~j’< ) consists of functions V(x) € L, Nioxes such and only such that the fol-
lowing conditions are satisfied:

(1) The restrictions V(x)|[ng have second distributional derivatives from the space Lz, Noxes (conse-
quently, V(x) and V'(x) have one-sided limiting values).

(i1) These limiting values satisfy the relations

JeV(-0) = J/DV(+0),

eV'(=0) - §V(-0) = DV'(+0).

Moreover, any V(x) € D(I:*) satisfies V(x) € D(I:) and L* Vix) = I:V(x). Therefore, L* =L.

Since L is self-adjoint in L, Noxes

IXGE it is the generator of a semigroup that is representable, according to

the spectral theorem, as

At
= je dE,,

—oo

1L
e

where L = J: AdE, is the spectral expansion of L.

Therefore, if Vy(x) € D(I: ), then problem (19) has a unique solution representable as

Vi, x) = TV, (x) = [ e vo). 1)

—oo

Moreover, (21) is a weak solution if V,(x) € L, and is a classical solution if V,(x) € Cy .

By virtue of transformation (17), problem (2) also has a classical solution U(¢, x) € D(i ). The lemma is
proved.

To prove that U(t, x) is in L,, this function must be nonnegative, which can be shown with the help of
some transformation.

Lemma 3. If Uy(x) € Cy,, then the classical solution to problem (2) belongs to L,(R).

Proof. The following one-to-one transformation depending on three real parameters o, B, be R is
applied to the solution V(¢, x) of problem (19):

e ™ +BXJ§W(I, xﬁ), x<0,
V(t,x) = € € (22)
emW(t, x), x>0.

Note that, according to (22), V(¢, x) € W; (R,) if and only if W(z, x) € W; (R,), and the boundary values
W(t, £0) and aa—‘f (t, £0) are determined by the condition W(z, x) € D(I: ), where the domain of the operator

L. is the linear manifold

D(L) = {W(x) e Ly(R) : W(x)|p, € W5(R.); W(r,-0) = W(t, +0); %‘%’(r, -0) = %V;V(t, +0)}. (23)
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Therefore, V(t, x) solves Eq. (18) with the initial data V,(x) € C, if and only if the function W(t, x) is a
solution to the equation

oW ’W

~ =Lw-= D—+f(x) +g(x)W,
Jt ox’
—a—z(B—z—gz)2+£— Oc—a—b x<0 &4
g(_x) = 4¢ 612 2 2¢ ’
-b, x>0,

with the initial data W(x) € C,, obtained from V|, by transformation (22). Here, the function f(x) is real-

valued, piecewise continuous, and bounded. As will be seen later, its particular representation is of no
importance.

Thus, we have obtained an equation to which the generalized maximum principle [14] can be applied.
For this purpose, the function g(x) must be nonnegative. Setting

yields the required condition. Then, according to [14], W(t, x) cannot have a negative minimum or a positive
maximum inside the domain (0, T) X (—L, L). Taking into account that W — 0 at infinity according to
Lemma 1 and that this function is initially nonnegative, we conclude that W(z, x) cannot take negative values.

Note that transformations (17) and (22) preserve the nonnegativity of functions. Therefore, the classical
solution U(t, x) to problem (2) is also nonnegative.

Integrating both sides of the equation

W = PO - a0y

with respect to x from —oe to +e0 and using the relation
d d d
Zvax = Z{lvlax = SN0l

which holds since U = 0, we obtain

d U oU
CTI”U"L' = ea—x(t, —O)—Da(t, +0)—aU(1,-0) = 0.
Note that the limiting values U(¢, £0) and aa—g (t, £0) exist and are uniformly bounded on any interval of the

half-line u > 0 since Uy(x) € Cy, and, consequently, W, € C,, and, hence, W(t, x) € C([0, +o0), D(I: ).
Therefore, U(t, x) € D(L,) and |U(z, x)|l,, = [Uy(x)

This result is extended to the case of U, € L,(R) as follows.

1, <e°. The lemma is proved.

Theorem 2. For any Uy(x) € L,(R), problem (25) has a unique weak solution.
Since the space C, is dense in L;, we conclude that, for any function Uy(x) € L,, there exists a funda-
mental sequence {U,,(x)} from Cy, such that lim, _, ||U,,(x) — Uy(x)|| L& = 0. According to Lemmas 2

and 3, for any U,,(x) € Cy,, problem (25) has a unique solution U,(, x). Let us show that the sequence
{U,(t, x)} of solutions to the Cauchy problem with initial data U, ,(x) is fundamental.

If U,(z, x) and U, (t, x) are the solutions to problem (25) with initial data U, ,(x) and U, ,(x), respectively,
then U, (7, x) — U, (t, x) is the solution with the initial data U, ,(x) — U, ,(x). Then, for any 7 > 0,

”Un(t’ )C) - Um(la X)"L](R) = ”U(),n('x) - UO,m(-x)”Ll(R)
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(the proof of this relation is similar to the end of the proof of Lemma 2). Therefore, {U,(¢, x)} is a funda-
mental sequence and has a limit U(z, x) in L,(IR) that is independent of the approximating sequence of initial
data. The theorem is proved.

Note that the solution U(z, x) to the problem depends continuously on the initial data Uy(x) in L,(R) by
virtue of the estimate ||U(#, )|, = 1Uy0)l,, -

Thus, the regularized problem is well-posed in the class L, of initial data. This implies (see [17]) that the
solution to the regularized problem defines a semigroup of linear continuous operators

Vts . Ll 4’L1.

This fact is used later in the convergence analysis of a sequence of solutions to a regularized problem.

4. SOLUTION TO THE DEGENERATE PROBLEM

In Section 2.2, we found an operator of the diffusion equation with a drift such that the flow velocity
across the boundary is finite and the total number of particles is preserved. By using this operator, problem
(1) can be rewritten as

U 3 9 d
Y = (DD (DDV))- 5@V, 130, xe R,

where

0, x<0, a, x<0,
D(x) = a(x) =
D, x>0, 0, x>0,

D(L) = {U(x) € LyR) N L(R) : Ux) |5, € W5(R.): U(+0) = 0,-aU(-0) = DU'(+0)},  (29)

U]()(X), X<0,

U,_o = Uyt x) =
=0 = Uolt, %) {Uzo(x), x>0.

Consider the problem of finding U(z, x) in either of the quadrants R, x R_and R, x R, taking into account
the found boundary conditions in the cases of a <0 and a > 0.

1. Case a <0:
o, __ U,
or - ox’
U,(0,x) = Ujp(x), (26)
DoU
Ui(1,0) = == =21, 0);
8_U2 = DazUz,
ot 0’x
(27)
U,(0,x) = Ujy(x),
U,(t,0) = 0.

The first system is solved by the function

Ut x) = {Ulo(x—at), x<at, (28)

f(x—at), at<x<O,

where f(x) is a function from the domain of L that satisfies the matching conditions
f(0) = Up(0), f'(0) = Uyp(0) (29)
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and the boundary condition

DU
f(=at) = ————-( 0). (30)

Following [18], the solution to system (27) is given by

U,(t, x) = [exp( (§4Dt ) exp( %;));) )} dg . (31)
Then condition (30) implies
2
f-ar) = ”5 j Un(&)exp(— 55 )i, (32)

Therefore,

fo) =22 ll,zjvzo(zpf Jexp(-p))pdp (33)
y 0

This expression implies that f(0) is finite if U,y(0) = 0. Similarly, for f'(0) to be finite, it suffices that
Ux(0) = Uyn(0) = Uy(0) = 0.
Therefore, if U(x) € Cy,, then f(0) = f'(0); then (29) implies that U,,(0) = U}, (0) = 0.

Thus, we have shown that problem (25) with a < 0 has a solution for initial data from the class Cy, . To

prove that the problem is well-posed, we have to show that, if the sequence {U,,} with values in Cy, con-
verges to zero in L,(R), then the corresponding sequence {U,(f)} of classical solutions satisfies

lim sup |U,(t)-U®)|,, )

n—ete [0,T]

for every T > 0. According to (28) and (33), the restriction of the solution to the left half-line tends to zero
as U,y — 0. The fact that the restriction to the right half-line tends to zero follows from (31). Therefore,
we have proved the following result.

Lemma 4. Let a < 0. Then, for any Uy(x) € Cyy , Cauchy problem (25) has a unique solution U(t, x) sat-
isfying the estimate||U(t, x)|| g < | Uo(x)”L (v Jor any t> 0.

Below is the generalization of this result to Uy(x) € L.
Theorem 3. For any Uy(x) € L,(R), Cauchy problem (25) has a unique weak solution that depends con-
tinuously on the initial data.

The proof of the theorem is entirely similar to that of Theorem 2. The continuous dependence on the ini-
tial data is obvious. The theorem is proved.

2. Consider the case of a > 0.
Theorem 4. [f a > 0, then Cauchy problem (25) has no nontrivial solutions.
Proof. If a > 0, the boundary condition

U,(1,0) = —%)Eil-]-z(r 0) (34)

oU
implies that a_xz (#,0) 0. Since U,(t, 0) = 0 and U,(t, x) 20 Vx> 0, it is necessary that
oU
—2(t 0) = 0.
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In view of (34), we have
U,(t,0) = 0. (35)
For a > 0, the solution to system (26) can be represented as
U,(t,x) = Up(x—at), x<at.

Taking into account (35) yields U,(—at) = 0, which implies that system (26) has no nontrivial solutions. The
theorem is proved.

5. CONVERGENCE OF THE SEQUENCE OF SOLUTIONS TO REGULARIZED PROBLEMS

Now we analyze the convergence of solutions of regularized problems (2) to the solution of the degen-
erate problem as € — 0 when the latter solution exists, i.e., for a < 0. For this purpose, we define the func-
tion

Z,=U+P,e D(L,),

where U solves problem (1) and P, compensated for the difference between the boundary conditions for L
and L,. For Z; to belong to the domain of L., it is necessary that P, satisfy the boundary conditions

Je[U(1,-0) + P.(t,-0)] = J/DP(t, +0),

d d 2 (36)
E(aU(l‘, -0) + a—Ps(t, —O)) = Da_)CPS(t’ +0).

X

We search for a function P(¢, x) such that

P.(t,-0) = a%PS(t, ~0) = 0.

In view of this relation, boundary conditions (36) are written as
NeU(t,-0) = J/DP,(1,+0),
0 0
Sa U(t,-0) = Da_xPS(t’ +0).

This function can be defined, for example, as

Ut -0)exp(—x?) |& + 2L U1 -0)xexp(—x?), x>0,

Pg(ta X) = D 553-6
Define the functions

Then W, satisfies the equation

oW, 0P, 3 0P, a
57 = LgUg—LU——a—t- = Lg(Ug—Zg)+(L£Zs—LU)——a;- = LW+ f,, 37
where
0P,
fo = (LZ~LU)-=2. (38)

Let us prove that f, converges to zero in the L;-norm uniformly with respect to ¢ on any interval [0, T].
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Consider the function

oU(t,-0) 2 |e  €d(dU 2
aalze ) - v exp(—x") l—)"'l—)a—t(a—x(f, —O)JXCXP(—X ), x>0,
0, x<0.
Let us show that
‘apg = 0(J%). (39)
ot ||cao, 71, L, (R))

Indeed, we have the estimate

‘ape g/\/g Ia-———U(t’ _O)exp(—xz)dx
ot |cao, 1L,y ND y dt C(10, T, Ly(R))
el tara )
+= b—t(aU(t, —O))xexp(—x )dx

0 (10, 71, L, (R))

Using expressions (28) and (32) for U(t, —0), differentiating, and taking into account Uy(x) € Cy,, we
obtain (39).

Let us show that the restrictions of L,Z, — LU to the half-line R_ R, converge to zero in the L,-norm.
Note that L.Z, € L, and LU € L,. Then

(LSZE_LU)|Ri = (LSU_LSPS_LU)||Ri = [(LE_L)U+LSP€]||R17
L.P.|z =0,@ rak kak P, =0npux <0,

P
L.P|y = D——-—az;,

2 40
(L.~L)U|, = £Q3l—], “0)
- Jd°x

(Le-L)Ulp =0,
since L U|p = LU|g_ .

o’p,
9’x

oP,
ot

. More-
C([0, T], L (R))

The relation

=0( JE) is proved in the same manner as for
C([0, T1, Ly(R))

U1, x)|o,
0°x

< const(U,) for any Uy(x) € Cpp .
L,(G)

over, for every ¢ > 0, we have

Thus, it follows from (38)-(40) that ||be[ ¢ 0. 7. LRy = O(Je).

Let us return to Eq. (37). In Section 3, it was shown that the Cauchy problem with the operator L, is well-
posed for any initial data U, € L,. Therefore, the solution to Eq. (37) defines a semigroup of linear contin-
uous operators

V,: Li(R) — L,(R).
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Moreover, L is isometric in the L;-norm (see the proof of Theorem 2). Therefore (see [19]), the solution to
Eq. (37) can be represented as

We(t,x) = VW0, ) + [V, fuls)ds = [V, fuls)ds.
0 0

Then

t

t
"Ws”C([O, T),L(R) — J.Vz—sfs(s)ds < sup J'["Vt—s"B(Ll)”fs(s)”les
0 0

cqo, 11, L®y €T

t
= sup_ JIf el o ds < 1feleqo @0 T = TOWE).
te [0,
0
Finally, for any T > 0, the function U, — U for a < 0 (i.e., when U exists) satisfies
1Ue= Ul co. 1, mn = 1We+ Pellcio, 1. 2.y S IWel eqro. 1 Ly + [ Pell cqo. 71, 1,y = O(Je). (4D

In the proof of convergence, we assumes that Uy(x) € Cy, . To prove the convergence of weak solutions, we
note that

1Ue = Ul ¢o, TLL(R) = |Ue=Uew+ U= Uy + Uy = Ul ¢, 71, L,(R)) “2)
<|U.- U, cao, 71, L,®) T U~ U””C([O, LRy T U, - U”C([O, T1,L,(R))

where U, and U are weak solutions to Cauchy problems (14) and (25), respectively, and U, , and U, are

solutions to the Cauchy problems with initial data from C, .

By the definition of a weak solution, the first and third terms in (42) are small. The second term satisfies
estimate (41).

Thus, we have proved the following result.

Theorem 5. Let a < 0. If Uy(x) € L(R), then the sequence of solutions to regularized problem (2) con-
verges to the solution of degenerate problem (1) in the sense that

lim | U6, %) = Ut o,y 1,8y = 0 VT >0,

We have established that, in the lack of degeneration, diffusion with discontinuous coefficients satisfying
Assumptions 1-5 defines a semigroup of transformations of L,([R) with the generator L. Whether diffusion
with discontinuous coefficients satisfying Assumptions 1-5 defines a semigroup when the diffusion coeffi-
cient is degenerate depends on the sign of the transfer coefficient. If a semigroup with a degenerate generator
exists, it is the limit of a sequence of nondegenerate regularized semigroups in the strong operator topology.
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