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Abstract

In this paper we establish the hypoellipticity without loss of weak derivatives
of second order linear operators comprised by a linear combination, with
infinite vanishing coefficients, of subelliptic operators in separate spaces. This
generalizes previously known results.
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1. Introduction

A linear differential operator L acting on D’ (R"), the space of distribu-
tions, is said to be hypoelliptic if whenever u € D' (R™) and Lu € C* (R")
then v € C* (R™). A sufficient condition for a differential operator to be
hypoelliptic is subellipticity: L is subelliptic if there exists some ¢,C' > 0
such that

[ul[2 < € (I(Lu,w) + Jul®)  for all u € C3° (R"); (1)
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||-||, denotes the Sobolev norm of order s € R (see Definition [2.1| below), and
I-Il = IIllp is the L? norm in R™. Some necessary and sufficient conditions
for subellipticity have been established in terms of associated vector fields by
Hormander in his pivotal paper [4]; and in terms of subunit metric balls by
Fefferman and Phong [3]. Subelliptic operators may have ellipticity vanishing
to at most a finite order.

A linear differential operator with infinitely vanishing ellipticity is not
subelliptic, such operators do not satisfy the Hormander condition. The first
known hypoellipticity results for infinitely degenerate operators are due to
Fedii [2], where the simplest example is P = 07 + k (z) 92 with k(z) > 0
for  # 0, vk is smooth and it may vanish to any order at the origin. A
different criterion for hypoellipticity was developed by Morimoto in Section
2 of [12], where the seminal techniques from [2] were generalized. Other
sufficient conditions for hypoellipticity were obtained by the same author in
[13], where the left hand side on the subellipticity condition was replaced
by logarithmic Sobolev norms.

The hypoellipticity of semilinear operators with principal part satisfying
the Hormander condition was established in [24]. Quasilinear operators with
infinitely vanishing ellipticity of the “Fedir” form 92 4 9,k (x, z) 9, have been
studied in two dimensions by Sawyer and Wheeden motivated by applications
to Monge-Ampere equations [21], 22]; Rios et al extended these results to a
wider class of infinitely vanishing quasilinear equations in higher dimensions
[19, 20]. However, hypoellipticity was only obtained for continuous solutions.
Previous nonlinear hypoellipticity results had also required extra hypothe-
sis on the solutions; in [25] quasilinear subelliptic systems were considered,
and hypoellipticity was obtained for continuous solutions; in [14] [I5] hypoel-
lipticity was obtained for bounded solutions of certain infinitely degenerate
quasilinear equations.

Returning to the linear case, Kusuoka and Stroock extended Fedii’s two
dimensional result to the case when only k& was required to be smooth and
vanish to any order at the origin [9]; however, the authors also showed that
in higher dimensions hypoellipticity may fail for certain linear differential op-
erators depending on the vanishing order of the coefficients. In fact, a quite
spectacular characterization of hypoellipticity for Q = 9 + k (z) 92 4 92 was
obtained: @ is hypoelliptic if and only if lim,_,o x log k () = 0. The proofs in
[9] rely on the Malliavin Calculus. In [12], Morimoto, using non-probabilistic
methods, extended Kusuoka and Strook’s result to pseudodifferential opera-



tors of the form R = a (z,y, D;)+g (2') b (x,y, D) in R* = R} x R}? | where
a and b are strongly elliptic pseudodifferential operators, z = (2, 2") € R™ =
R% x R%, g is smooth, g (z) > 0 for 2’ # 0 and lim, ¢ |2'| [log g (z')| = 0.

Since the operator @ is obtained from P by adding an “elliptic term” 92,
the Kusuoka and Strook’s operator () seems to show that Fedii’s result is
not easily extended to higher dimensions. However, Fedii’s two dimensional
result does extend to operators in higher dimensions regardless of the order
of vanishing if their structure is similar that of the two dimensional linear
differential operator P. Indeed, P may be written in the form P = L, +
k(x) Ly in R x R, where Ly = 02 and Ly = 02 are (one dimensional) elliptic
operators and the coefficient & does not depend on the second variable. With
this perspective, Morimoto generalized Fedii’s result to pseudodifferential
operators of the from R = a (v,y, D,) + g (z)b(z,y, D,) in R" = R} x R}
, where a and b are strongly elliptic pseudodifferential operators, g (x) > 0
for z # 0, g is smooth and it can vanish at any order at the origin [11].
Over a decade later, Kohn [6] proved the hypoellipticity of R in the case
that a (z,D,) = Ly and b(y, D,) = Ly are assumed to be linear differential
operators

s

Ly =— Z a’C (z%) 8xk8x Z bf (x * (%), (2)

ij=1 i=1

which are subelliptic in R™ k = 1,2, respectively.

The purpose of this paper is to generalize Kohn’s result to an arbitrary
finite number of subelliptic linear differential operators in separate variables,
extending the Fedii’s type structure modeled in [11], [6].

We now define the concepts of subellipticity and hypoellipticity that will
be used in this work.

Definition 1.1 (Subelliptic operator). Let L be a linear differential operator
defined by

L=- i (1) =——— bi(v)=— 3

2 i) gy, + 2 () gy @) (3)

where a;j, by, ¢ € C*(U) and (a;;); ;_y > 0. Then L is subelliptic at z9 € R"

if there exists a neighborhood U of xy and positive constants € and C' such

that holds for all w € C§°(R™). L is called subelliptic if it is subelliptic
at each point of R™.



Definition 1.2 (Hypoelliptic operator). A linear differential operator L act-
ing on distributions in R™ s hypoelliptic if and only if whenever Lu €
C> (R™) for some distribution u, then v € C*> (R").

In [7] the author made precise the concept of loss or gain of derivatives.
Given a linear differential operator L which is hypoelliptic in R™, L must
satisfy the following:

1. Given open sets U € U’ C R", a nonnegative integer p and sy € R,
there exist an integer g and a constant C' = C (U, p, q, s¢) such that for
all w € C§° (R"),

S sup D () < O 3 sup D" Lu )| + ul, | (@)

jal<p €Y 181<a *€

2. Given ¢,¢’ € C§° (R™) such that ¢ < ¢’ (see Definition [2.5)), and
S0,81 € R, there exists sy € R and constant C' = C (¢, ¢, sg, $1, S2)
such that for all u € C§° (R"),

leull,, < C (' Lully, + llull _,,) - (5)

Following [7], we say that L gains p — q derivatives in the sup norms if
holds for the smallest possible integer ¢ (and large enough sq) and g < p;
reciprocally, if p < g we say that L loses ¢ — p derivatives in the sup norms.
Similarly, if s, is the smallest real number for which holds (for large sg),
then if s; > so we say that L gains s; — s, derivatives in the Sobolev norms,
and if s; < so, and we say that L loses sy — s; derivatives in the Sobolev
norms.

When p = ¢ or s; = s in the previous concepts, there is no loss of
derivatives in the respective norms. We adopt the following definition:

Definition 1.3 (Hypoellipticity without loss of weak derivatives). A linear
differential operator L acting on distributions in R™ is said to be hypoelliptic
without loss of weak derivatives if given any open set U C R™ such that

(Lu € H* (R"™) for all ( € C§° (U), then Cu € H* (R™) for all ( € C§° (U).

Because of Sobolev imbeddings, a linear differential operator which is hy-
poelliptic without loss of weak derivatives it is also hypoelliptic. The loss of
derivatives question have been studied by several authors. In [I7] Parenti
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and Parmeggiani gave necessary and sufficient conditions for the hypoel-
lipticity with loss of an arbitrary prescribed number r of derivatives, for a
class of pseudodifferential operators with nontrivial symplectic characteris-
tics. In [7] Kohn considered complex vector fields { X7, ..., X,,} and showed
that if they satisfy a bracket condition of order one at the origin, that is, if
{Xi, [Xi, X;]}, ;- ., span the complex tangent space at the origin, then the
operator Y X? is subelliptic in a neighbourhood of the origin and

lull? < & (32 1%ul® + ul?) (6)

with ¢ = % Surprisingly, if the vector fields satisfy a bracket condition (i.e.:
the Hormander condition in the real case) of order higher than one, then
the operator Y X7 is not necessarily subelliptic. In fact, in [7] there are
examples of complex vector fields { Xy, X5}, for each integer k£ > 0, such
that they satisfy a bracket condition of order k£ + 1 at the origin and Fj) =
X1 X1k + X5 X5 does not satisty @ for any € > 0, i.e., Ej is not subelliptic.
Moreover, Fj, loses k derivatives in the sup norm and k — 1 derivatives in the
Sobolev norms. On the other hand, in that same paper it was also shown
that the operators Ej, are indeed hypoelliptic. In [I] Christ showed that the
operators —g—; + Ex on R* are not hypoelliptic for k& > 0. Other examples
of operators with a prescribed number of loss of derivatives were provided
in [18]. These results make evident that further study is needed to better
understand the subellipticity and hypoellipticity of operators obtained as
sums of squares of complex vector fields and, more generally, linear operators
with complex coefficients. Some of these questions have been addressed in
the recent work [§], where sufficient conditions were given for subellipticity,
and the existence of solutions was established for operators arising as sum of
squares of special classes of complex vector fields.

In this work we prove the hypoellipticity without loss of weak derivatives
of linear differential operators L obtained by “gluing” subelliptic operators
Ly, in different variables z* with Fedif’s type “glue functions” \,. To make
this precise we introduce some definitions. For fixed positive integers ny,
k=1,---,m, we denote z € [[;~, R™ as x = («!,...,2") € R", with

m

k k k g

x :(ml,...,xnk)eRk, k=1,---,m, nzg Nk,
k=1

and we let 2% be the vector obtained from z by omitting z*, i.e.

zk = (xl, N A a:m)



Our main result is the following:

Theorem 1.4. Suppose that Ly, as in (@ are subelliptic,and A, = A\(x%) > 0,
k=1,---,m, are smooth functions. Assume \; = 1, and that for2 < k <m,

Ak <ﬁ> > 0 for zF # 0. Then the operator L defined by

L= MLy (7)
k=1

1s hypoelliptic without loss of weak derivatives in R™.

The important cases of the above result are when some of the coefficients
A have a zero of infinite order at the njg-dimensional subspaces x* = 0 in
R". Note that no restrictions are imposed on the order of vanishing of the
coefficients .

Note that in the case m = 2 considered by Kohn [6] the (nonnegative)
coefficient A = Ay was allowed to have zeroes of finite order outside z5 = 0.
In this case, the operator L (x',2?) = Ly (z) + X (z') Ly (z?) is subellip-
tic whenever A has a zero of finite order and L, L, are subelliptic. We

1

must clarify this concept further; in this case, A (z!) = A (a:%, e ,xm) may
depend on less variables than x1,...,z, . So, for example, X (z') = (z1)?
would be considered as having a zero of order 2. However, as a function of
(z},23,...,2; ), X has a zero of infinite order at (0,z3,...,z} ). This struc-
ture allows to maintain subellipticity because L; is assumed to be subelliptic
in R™, and hence the individual vector fields 81; are “available” via a fi-
nite number of commutators. However, when m > 3 it is no longer true
that if the coefficients A\, have zeroes of finite order in the previous sense

then L as in ([7)) is subelliptic, or even hypoelliptic. Indeed, the operators
My = =07 —0; exp (— |x|_%> —exp (— |y|_%> 92 and My = =02 —2°0; —y*0?
are not subelliptic in R? since they are sum of the squares of vector fields
which do not satisfy the Hérmander condition. Now, M, is hypoelliptic in
R? while M, is not. See Theorem 1 in [16] to check the first assertion. The
proof in [I6] relies on the special structure of M;, in which the vanishing or-
der of the coefficients is restricted. We consider a different structure, where
the degeneracy is localized in space but there is no restrictions to the order
of vanishing. On the other hand, to check that M, is not hypoelliptic, it
is enough to note its action on the distribution v = d,., where J,, is the



Dirac delta function at the origin in R2?. Since M, is self-adjoint, for any test
function ¢ € C7° (R?) we have

(Matt, 0) = = (8y, P + 2Py + ¥222) = — / Pue (2,0,0) dr =0,
R

These examples illustrate some of the difficulties in generalizing Kohn’s result
to a structure (7)) including more than two summands.

On the other hand,because of the local nature of Theorem [I.4] our results
casily generalize to the case when » " | Ay > 0, and A, has isolated zeroes
(of any order) in [],, R™, k=1,...,m.

We broadly follow the line of the proof established by Kohn [6], the pres-
ence of more than one function \; prevents however of a straightforward
adaptation of proofs and requires a more delicate analysis. The paper is
organized as follows. First, in Section [2] we introduce some notation and es-
tablish some preliminary lemmas that are used further in Section [3[ to prove
the main a-priori estimate, Lemma [3.7] The main result is proved in Section
using families of smoothing operators.

We gratefully acknowledge the references, corrections, and suggestions
provided by the referee, which contributed to the clarity and the relevance
of this work.

2. Preliminaries

In this section we give basic definitions and establish some preliminary
results. The Fourier transform of an integrable function u is defined by

a(é) = / e " u(x) da.

The inverse Fourier transform is given by

fw = [ e de

~

where df = (2) " d¢. Note that fV (z) = (27) " f (z) where f () = f (=£).
Definition 2.1. For any s € R we define an operator A* by the identity

s/2

Asu(e) = (1+[¢))”" a(e) 8)
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and the norm || - ||s by

lulls = [A%ul| L2y (9)
For any vector functionu = (uy, ..., uy) we define A°u by the identity Asu =
<@, e ,@) , with the norm

N 1/2
[lufs = <Z HAsupH%z(Rn)> :
p=1

We recall that, more generally, a pseudodifferential operator P with sym-
bol p(x,§) is given by

P = [ @) &

Note that if p (z,§) = i§;, then P = ai

J
Definition 2.2. Given u € C§°(R") define the partial Fourier transform
Foru(ak, €8) by
Foeu(ak, &F) = /e‘”k'gku(z)dmk

R"k
zk

For vector functions u = (uy,...,uy), u; € C(R™) we set
Foru (2F,6) = (Farwr (25,6") . Foun (25,64)).
Definition 2.3. For s € R define the partial operators A3, by
For (Agiw) (2%, ) = (1 + [€°*)2F pu(a®, €°)
Similarly, for vector functions u, we set Fox (A2 u) (xF, &%) = (1+]€F])*/2F wu(ak, £F).

The next lemma is the classical result on a composition of pseudodiffer-
ential operators (see for example [23]). In what follows S™ denotes the usual
classes ST, of symbols p (z,§) satisfying

020%p (0,6)| < Bas (141", forallag, a8 (10)




Lemma 2.4. Let p(z,&) € S™ and q(z,&) € S* then
p(z,D)q(x,D)=r(x,D) € S™*

with ol
r(@,6) ~ Y = DEp(a.) Dig (.6,
a>0

in the sense that

p(x, &) — Z Dgp(z,§) D3q(z,6) | € S™TE=N " for all N > 0.

|o] <N

We will localize our estimates by multiplication with suitable cutoff func-
tions. The following concepts will be useful in our microlocal analysis.

Definition 2.5 (Cutoff functons, supporting relation). We say that ¢ is a
cutoff function in R"™ if ¢ €C5° (R") and 0 < ¢ < 1. Given two measurable
functions ¢, we introduce the notation p < ¥, and we say that 1) supports
v if P is a cutoff function and 1 =1 in a neighbourhood of supportey.

The following lemma [6] is an important tool for estimating inner prod-
ucts involving pseudodifferential operators and ordinary derivatives. Roughly
speaking, it allows us to lower the order of differentiation in an inner product
using integration by parts and standard pseudodifferential calculus.

Lemma 2.6. Let P and QQ be pseudodifferential operators of orders p and q,
respectively. Assume that P — P* and QQ — Q* are of orders (at most) p — 1
and q — 1, respectively. Let (,n € C(R"), such that (,, < n. Then there
exists C' > 0 such that for all € C>(R")

(PG, QG < € (ICul gy Il 2) (11)

Moreover, if u € H"(R™) with r = max{p+2,q+ 1}, then the same estimate
holds.

Proof. The desired estimate has been already shown for u € C*°(R") [6]. In
case u € H"(R™) we find an approximating sequence {u,}°; C C* such
that lim, .o ||un, — u||l, = 0. One can check that wu, defined by u,(£) =
exp(—|€]?/n?)u(€) satisfies the desired properties for all p, ¢ € R. By the
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definition of r it follows that lim,,_,« ||t; — || p+q)/2 = 0 and, moreover, by
Arzela-Ascoli theorem (replacing {u, } by an appropriate subsequence, which
we dub again {u,}) ||P(0., (u, —u)|| — 0 and ||Q¢(u, —u)|| — 0 as n — oc.
Therefore, applying to u, and taking the limit as n — oo we obtain the
desired result. O]

Definition 2.7. We will henceforth use special families of cutoff functions
satisfying the following properties.

o Let oy, Gk, 0, of € Cg°(R™), k=1,---,m be cutoff functions such
that o, = 1 in a neighbourhood of 0 € R™, and o}, < & < 0}, < o}.

Let ((z) = kl:[1 or(z®), with C(x), ¢'(z), and ¢"(z) are similarly defined.

o Fix neighborhoods of the origin UY and U* in R™ such that U’g C
U* and o, = 1 on U*. Let of, Gk be cutoff functions in R™ with

m
support(a§)NUE =0, and |V roy| < of < at. Set ¢t =ob ] a:1(at),
I=1,1k
- m
and ¢¥ =6k [1 o)(«!). Note that ¢Cr = (.
1=1,l#k ! !

e Further, choose the cutoffs functions so that they satisfy oY < Gy, 09 <
o Hence ¢ < ¢ and ¢§ < (.

Next, we define a partially smoothing pseudodifferential operator that
will be useful in our calculations.

Definition 2.8. For § > 0 we define Ss by

— 1

Ssu (&) = S5zt (§) = ss () u(f). (12)
(1+62¢%)

Note: In our proofs all the pseudodifferential operators considered are
applied to compactly supported functions or distributions.

Lemma 2.9. The operator Ss has the following properties:

i. S5 € S uniformly in & for 0 < § < 1, where S° is the symbol class
defined by @ with m = 0. More precisely, for any s € R

sup |[Ssull, = [Jull,-
0<s<1

10



ii. S5: H® — H?® is a bounded operator, with bounds independent of 9.
iii. If u € H* for some sy € R then Ssu € H*T3,

iv. If for any s € R, uw € H*™? and lims_,o+ || Ssul|, < C, then u € H.
v. If a € C°(R™), then

[a,S5] = >4, Z;Lil <%§%) REQS(S + QE2S5

where R(5_2 and Q5_2 are families of pseudodifferential operators of order
—2 uniformly in 6 for 0 < o6 < 1.

Proof. We have

2
s 1 2
ISsull; = / (1+1¢l%) ( ) [af* dg
" (1+62[¢%)*
< [ ey e =l
This proves and . Property follows easily from the definition of

Ss.
On the other hand, if u € H*3 and lims_,o+ ||Ssul|, < C then

ll, = [ (+1eP) @ ae

2
5 1
= i 1+ ¢ al® d
530+ Rn< €1°) <(1+52’§|2)3/2) jul d¢

= lim ||A,Ssul|® < C2.
§—0t

So ||ul|s < C, which shows (iv]. To prove property (v)) we first note that has
been shown in [6, Lemma 3.3] using Lemma [2.4] that the principal symbol of
[a, Ss] has the form

@ 3/262
la, S5] ~ ZZ —2ia kfj T 52|§|2
k=1 j=1

By differentiating £k 1i 53| e S5 with respect to & one can check that the lower

order terms have the form Q;2Ss. m
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3. Apriori estimates

Lemma 3.1. Suppose that L is given by @ 18 subellzptzc at xo and that
¢,Ce Cs° (U), with U a neighbourhood of xy as in (1)), and ¢ < C. Then, for
alluw € C= (R"),

Z (aiquCEi ) Cua:])

i,j=1

Iul? < c{ + Hiu\f} (13)

< C{|(gLu,gu)|+H5uH2}.
Proof. From we have

I¢ull2 < C{I(LCu, Cu)| + [ISull*}- (14)
Next,

n

(L¢u, Cu) = Z i (Cu)a, x],gu) Z (bi(Cu)mi,Cu) + (cCu, Cu). (15)
1

1

Integrating by parts the first term on the right, we have that

1

- (aij(gu)xizﬁgu) - i <<aw (Cu f”l’Cu> * Z (a” (), (Cu)y )
)

= < azy C’LL T CU +2 azjcumﬁ Cxlu)
1
n n

+Z CL”C%’LL Cz] +Z aljcuxmguxj .
1 1

By Lemma the first and second terms on the right are bounded by
C||¢u|[?, while it is clear that the third term on the right also satisfies the
same bounds. The same applies to the last two terms on the right of ,
This and yield

n

Z (aijcuxia CUIJ)

1,j=1

Icull? < ¢{ + [1¢ull*}-

prove the first inequality in ((13]).
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To prove the second inequality in , integrating by parts we write

Z (aijCug,, Cug,) = — Z (aijCuga,, Cu) — Z <(aij€2)l,j Eux1a5u>

n

= (CLu,Cu) — (cCu,Cu) — Z (big“uxi,(u)

1
- Z ((aijc2)xj gumﬂgu) )
and apply Lemma [2.6] the the last two terms on the right. O

The following lemma is a generalization of previous lemma to the opera-
tors of the form .

Lemma 3.2. Let L be defined by (@, with Ly, subelliptic at xf € R™ and
0< )\ € C®R™), k=1,---,m. Let Uy C R™ be neighbourhoods of x§
such that holds with e, for Ly, in Uy. Then if ¢,( € C° ([r, Ux), with
¢ <, for e = ming e, we have

S vz ol < 035 3 (Chadng. cuy)
= k‘:1747.7:12
+C‘C~UH 1

< C{\(gLu,gu)HHéuHQ}.

Moreover, the same estimate holds when u € H*(R™).

Proof. First, consider u € C*°(R"). Since for each k the operator L; is
subelliptic it follows from that for each fixed zF € R™ we have

M (7) / A%, (Cu) () P dat

R™k
<CY [ M@ @)@y ) da'
bi=1gnk
+C ¢ (z)u(x) i da®.

Integrating the above inequality with respect to 2% and summing over k =
1,--- ,m we obtain the first part of . To show that the inequality holds

13



for u € H*(R") we perform an approximation in the same way it has been
done in the proof of Lemma [2.6]

To prove the second part consider each term of the triple sum in the first
inequality of the lemma and integrate by parts

(Akaijuzi;?Cux?) =— (/\kafjgumfm?,Cu> — <()\kafj(2)x§ ux§,5u> . (17

We then have

Z Z (Akaijuxf,Cux;?) = (CLu,Cu) — ZZ </\kbeux§,Cu>
k=114,j=1 k=1 i=1
3 O ) = 303 (), s ).
k=1 k=11i,j=1 i

The second inequality of the Lemma [3.2] then follows from Lemma 2.6l O

We now formulate the main technical result that will be used to treat
commutators [L, A*C]. The proof relies on Lemma [2.6] and Lemma

Lemma 3.3. Given s € R, there exists C > 0 such that
- - - 2 = 9
(CIp.Assqu,Carsicu) | < © { [Csscul|” + D7 IAncssschul2+ ||<’S5<’u|!§1/2}
k=1

for all functions u € H*2(R") and all 0 < § < 1. Here ¢.C, and (¥ are the
cutoff functions defined above.

Proof. We have
[L,A°SsClu = [L A°Ss] Cu + A°Ss [L, C]

— (A& L, A®Ss] Cu—i—ZA Ss [MeLi, ¢] u. (18)

k=1 k=1

Next, for any k =1,--- ,m,

s _ - 02
Pl A5l == 2 Doty S5 s (19)
+ 30 b, A%S5] = + [Aeck, A*S5]

% k
i=1 (%Z
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and

[MLi, ¢l = M [Lg, (]
ij=1 =1 ‘ ij=1 ’ a«’l?j

where we used the symmetry of a* on the last term. It follows that

(ClL,A"Ss¢] u, CA*S5¢u)

0? >
— —Z Z ( Aka/zjaA S(S] axfax§§U,CA S(ggu)

k=1 1i,5=1

+Zi (5 Aebl, AS } gu CASS(;CU)

k=1 i=1

+Z (g [heck, A*S5] Cu, CA555CU>
-,
k=1

(CA*SsAnati G, CA*SsCu)

>
— 5=

m Nk
+;Z

(QZASS(;)\kbex?u, 5A855gu)

1
i=1

_QZ (CASSV\WWC 2 5k ku CA® 85€U>
k=1
= [+I1I+1I1T+1V+V+VI. (21)

i,j=1

Using Lemma and property of the operator Ss, for a smooth function
f we have

0
a r

[A*Ss, f] = RO ;A £S5 = RY,A* QZZL@Z

r=1 (=1

S5 + Q45N foS5, (22)

where ES 5> B9 5, Q% 5 are pseudodifferential operators of order 0 uniformly in
0 <0 <1, and fy is a cutoff function such that fo > |Vf|. Moreover,
R0s— (RY,)" is of degree —1 uniformly in 0 <4 < 1.

15



We use this to estimate the first term on the right in (19]), we obtain

m Nk - 82 _
< > X (CRS,aASZ(Akafj)mga—ik%(%ﬂ\ss&@)‘

kr=14,j=1 ﬁfaﬂff Oy
+ f) %’f CQIN2 (Apaly) 8—25 Cu, CA*SsCu
k=11i,j=1 50 il dxyoxs T ° '
(23)
We apply to each term on the the first sum Lemma [2.6| with
5 o2 .
P = (RN (\eal) | and Q= (A®

2 Qxfoxl’

Note, that both operators P and @ have order s, and since v € H*~? it follows

that S;u € H**! and therefore Lemma is applicable. Since the second
_ 2

term on the right of is dominated by C {H(S(;(uH + H55CUH§1}7 we

obtain

~ 2
< ([l + 1esiculy ) 21
By the first identity in it follows that
m Nk e o ~
LI+ <y Y (<R2,5A5‘1 (Aebi)g 57 SaCu CASSaCU) ‘
k=1 i=1 ?
+3 ‘ (fﬁS’(SAS‘l (Aec¥), SsCu, fASS(;Cu) ‘
k=1

< C(‘

. _ k _ k .
Using that szzﬁ = (; C$§x§ and (1 = (g Gpr, and , it follows that

m Nk

v < 3%
k=11,5=1

m ng

2.2

k=1 i=1

< o[ + 3= Inctsictul: + [esice
k=1

Csical| + sl ) )

(CA" Sl Coras M, CA*S5Cu)|

(5A855bf§x§/\kggu, EASS(;Cu) ’

21> (26
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Now, for each term in VI we commute the functions )\kafjka and ¢, and
carry out an integration by parts. We obtain the identity

VIki = 2<§~A555)\kafj§m§%u, CNASS(;CU)
J

= — (EASS(;CU, CA*S; (Akafjgz§>$k u> (27)
-2 (5ASS5CU7 Ex;CASS(;)\kaZfou)

— (A8, CA"SihealiCu)

N (e éASSJAkafjcxfu>

%
ox ;

~ Y
+ CASSJC@% C[ASs, ¢ Akafj(x;su>

J

FASQ 9 ~ s
+ | Chesidgpd el G, A%S5| <u>

+ C[ASS(S,)\WZC:E?] Ci% EASS(SCU)

%
Oz ;

= VI 4V 4. 4 VIF

We now consider each term. We have

’w{“’j

S ‘ (EASS(;QL, é:ASS(S)\k <CLZC$§> X U)

+ ] (5/\555@, (A*Ss (k). ai-‘;-Cx;cu> ]
< c {H&%@Hj H11CSsCullsy + [ecESschulll (28)

2
s—1 )

We will use the following Wirtinger-type inequality (see e.g. Appendix in
[22]): If ¢ € C? (U) with U open in R", ¢ nonnegative, then for any compact
subset F' C U there exists a constant C' depending on || D?¢|| Loo(vy, With V/

+ H()\k)z;v Cé“S(;ngu E + HC:S(sC:U

17



open and F' C V € U, and dist (F,0V) > 0 such that
D¢ (x)]” < Co (x). (29)
We consider the penultimate term in ,
2
H()\k)x§ (o SsCuru ‘ = (AS (k) g CoSsCuru, A° (Ak) g C§55CI§U> :

We commute (,+ from the right into the left and (A;),» from the left into the
right. We obtain .

H (Ak)at G S5C, cul| ;

= (et () o (000 st

+ (ASC§55 (szc>2 " [(Ak)z;? aAs] (k) g C(’)“S(;(('fu)
+ ( M)t ] 6685 (Gar) A (O géfsacé“u)
(A () G [cx 185 Caps A (), GG
([ 2] O GSsGarn, A (), (iS5G
(A O GS5Gartn [A%, G ] () G St

(A" ) GSsGapus A” ) G [5G ] G5
&S5 () w

The first term on the right is bounded by

<

. (30)

s—1/2

2 2
tC H@;@

()" st

2 2

COS(; <

H ok mﬁ&@

|t [ ()] o

By the Wirtinger inequality , it follows that

+ H {Asy (@:5)1 CécS(;gu

2

2 2
G55 (G ) w

< C“kmg&@g

2
s—1

18



< C{Hfsacu g

jl} | (31)

Similarly, the second term on the right of is bounded by

9 2
<c {HAkcésacé“uHi + \\55&5“”“} |

2
5—1/2}'

< C {Hé&ij +[1¢'SsCull2_y + IIAkCé“Saéé“u}li} (32)

(00.1)" st

We obtain

[CYS e

<o { Jescul] + Ictsiciul? + ice

Plugging this estimate on the right of yields

‘ vk

+C H@%@

2
s

—1/2°

It easily follows that

‘ vk

< 2 ‘ (5 A*S;Cu, 5@ ASS(;)\kaijxi;U) ‘

IN

{Hésacu\[ + et Sachul|2 +

~ 2
¢S5 } . (33)
s—1
Commuting (,» into the left, we have that

‘ vk

< ‘ (EASS(;C;E?@;CU? fASSa)\kafj (C§)2 u) ‘
* ‘ (5 [sz’ ASSB} Cars CA*Sseat (&) “) ‘
] (€8s (€0 [5G e

< C {Hf&s (@;)2”

Applying to the first term on the right we obtain

2 2
T[Sl + Hfsa@Hs_l} '

‘ Vb

< o{sscal] + Inuctsactull +

C’S(;quj_l} L (34)
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Using the identity for [¢, A*S;s], we obtain

g m Dk - o ) _
ki 0 s—2 s k
Vi) < ;; (cRS,JA ot gy 5o g €A SaAkaijc;;u>
- -0 -
+ (CQ;?A‘S—QCOS%C@U, QASS(;/\]{;CLZCIfU)
J
< i 3 CRY A2 25,0 EAt oMt G || (35)
=1 I A

e {Inctsicgulll + 1¢SsCulll -y }-

We treat the first term on the right of in a similar way as we obtain
, we commute ¢ into the left. We proceed in the same way with VI,
to obtain

. ~ 2
v <c { |Csscul|” + [Inech Sscull? + ||C'56C'U||§_1/z} . (36)

+ ‘vzg“'j

The treatment of V[gij and V[fij is similar. Applying to [)\kafjgvk, ASS(;] ,

we obtain

<Yy

r=1 1

=
FASQ 0 F—0 A s—2 1
CA SéC—aka7CQs,5A CoSsCu
J

y - -0 - 0
kij s 0 s—2 k.
Vi (CA SiC g SR (M) 5 sm) ‘

+

3
S

NE

«y 0]

(CNASS(SCN%U, 5R2’5As—2 <)\kafjcxf> 9 S(;Cu)()g'?)

1 /=1

A

We write the terms in the sum above as

T

+

pe 2 / 10112
CSacul|+11¢'Ss¢ u||8_1} -

R R B
AS 0 As—2 A k
<C S(Sé-ax;guﬂ gRs,& ( kaz](xf)zT S(SC“)

=
L 8‘735

-
Ox; @y :

o) .0 .
— _< (Akafjgxi;) A_2R275(A555C@U,ASCS5CU>
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- -0 - 0
+ (CASS(;CWU, RS,(S |:ASC7A2 <)‘kaf]<wf> . 83;7“:| S(SCU)
j Ty 14

Yise z O > sol Ao 0
+ <<A S(;C@U, |:C,R375A 2] A 2 (Aka’ZCibf) SgCU) .
J
Plugging this into (37]), we obtain
m N
<3

r=1 /=1
_ 2
+C {HC&;CUHS + HC’Ssc’uHil/z} :

‘ Vb

%) _ s ez O >
o7 </\kaquwf> AR CA Sg(a—%?u,/\ §55§u>

T
Ty

We estimate the first term on the right in the same way as we did (28430)).
Since VI?” can be estimated by the same procedure, we obtain

’wg”'j

|V

~ 2
< C{HCS(SCUHS + HAkC(IfSanuHi + ||C’S(;§’u||§_1/2} . (38)

Combining estimates , , , , and yields
m g

VI < 2) ) vk

k=1 4,j=1

~ 2 . k k, |2 / 102
< c{“g&;guHs + 57 [IecESschulF + Hgséguusm}. (39)
k=1
Applying , , , and to the right of we obtain the
conclusion of the lemma. ]

Corollary 3.4. Under the assumptions of Lemma(3.5 the following estimate
holds

$ [vansinsic| < c{Hésacu | (ansicu, davsicu)|
k=1 s

> ARG SsChul |2 + ||gf55<'u||§_1/2} .
=1
for all u € H~(R™).
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Proof. Since u € H* '(R") we have that A®SsCu € H*(R") so we can replace
¢ by ¢ and u by A*SsCu in Lemma to obtain

$* e (6w
k=1

‘<o {‘ (ELAssagu,éAsségu)] + ]|§’A355§u\|2} .

The corollary follows by commuting L with A®Ss¢ and applying Lemma
3.3 O

Lemma 3.5. There exists C > 0 such that
> Iudssctul2 < o {| (¢arss Lu, A Sidu) | + ¢ S5¢ ul? }
k=1

Proof. We have

WE

S IMGESsGiul|” =

k=1

[ A*ACESsChul|”
1

1
m
>N
k,t=1

< ¢ |ngasin sl + |
k=1

=
Il

¢'S5Cu

WE

AakggAs—Esééqu Y ‘

2
s

=
Il

2
s

¢'SsCu

IN

~ 2
;ngg/\s—sséguH Y ‘

2
s

¢'S5Cu

(40)

-1

Now we recall that by the hypotheses on \;, we have that if 1 < /¢ < m,
and ¢ # k then Ay (x) > 0 for all x in an open neighbourhood of the support
of ¢¥. Hence

dr = min inf A\ (x) >0, 1<?¢<m.
1%5;];” zEsupport (Cé“)
Consequently,
ko 1l K
MGy < 5 e () (5, 1<l kE<m. (41)
k
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We apply to the right side of to obtain

iHAkQ’?SéCé“UHi < C iHAkCé“AZkEAS—E&séuHZO ¢'SsCu j_
k=1 el
= CiH v )\kA;kéAsssééuHQ-l-C ¢'SsCu j
k=1

We apply Corollary with ¢ instead of ¢, ¢’ instead of (, etc., to the first
term on the right to obtain

IN

Z ||>\kC(])€SaC[])€U||j ¢'SsCu
=1

St lvmnn-esial «clesal
k=1
{

n o2
+ 37 |ectsactul
k=1

S§—¢&

¢'SsCu j_E + ( (C’AS‘ES(;(’Lu, C’AS_885§U> ]

IN

1" S5¢ o1y + C||¢S5Cu

2
s—1 ’

IN

C {‘ (CAS’ES(;g’Lu, (’As’555§u> \ n ||g/’55g”u\|§_€} .
0

The last auxiliary result we need is the following Poincaré-type inequality.

Lemma 3.6 (Poincaré-type inequality). For every 0 < e <1 and cutoff ( =
[Ti, ok (2*) as in Definition such that dy = diam (supportoy) < 1,
there exists C' > 0 such that for any u € H**! (R")

Jeveal < cai

~ 2
AN HCuHil) -
Proof. We can write
H&AsguHQ - (A;@Asgu, A;féAsgu)

Using Young’s inequality, we obtain

2 N 2 1 _ 2
< ag ( A% EAScul| + — || ATEcAscu
4@0 z

e
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Inductively, we have

2 1_1)e ~ 2
< I

A;@AS@HQ + i

J

x

HAml(le)EéASCU/

Taking 0 < ap < 1, a; = 42j*1a8<j+1)_1, Jj = 1,...,N and combining the

corresponding estimates yields

2
0

a —(2N*1-1)e -
1-— Qo

A EASCu

v <

~ 2
A;lgAsguH +

oN _q (a0)2N+17N*2

We choose the integer N such that (2¥7* —1)e > 1 > (2V —1)e. Using
the monotonicity of the || - ||s norms, and Poincaré’s inequality with respect
to z! we have

2

ATl < [astandasu| < eaziascac| + Cicul?,
- 2
< d||Vacaziancacl| + Clicull,
. 2
< B |[AndAtcu|| + Cliculy
Therefore,
~ 2 ag d% - 2
S < 51 S
HCA CUH =~ (1 g + 4251 (a0)2N+1,N72 ‘ Ax CA CUH
C 2
+42N_1 (a0)2N+1_N_2 “Cu”s—l
Taking ag = promy ?§N+1—N72 and using that 2V+1 > 2 (1 + é), we have
ao
2 2 e
B d§N+17N71 d§N+1 déJrE 1
ag — oN 1 < ~ S —.
AT 2 2 2
Hence,
. 2 2 — ag - 2 )
wal| < J5sdaca
|éarcu _<m@_%) | e Il

IN

- ~ 2 e _
257 |5 CasCu|| + Cag T ulZy
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Lemma 3.7. For each 0 < € < 1 there exist C > 0 such that for all u €
H* ' (R") and all 0 < § <1

ISscull? < Cdif?| (CA*SiCLu,CA*Sscu) |

Cds/? | (A= S5¢ L, C’AS_‘ES(;&L) ‘ (42)
+ (O™ 1) sl

where dy is as in Lemma[3.0. We also have that
1Sscull? < ¢ {d5* 1S5 Lull} + (™ + 1) ISs¢ull} . (43)
Proof. We have
Isscull? = |

- - 2 -
< [[éascsicul| +c||sicu

~ 2 ~ ~ 2
N8 ¢u||” < [|Cansidcul| + Clsscull’,

2
s—

1

By Property in Lemmawe have that CAS¢SsCu € H*+! (R™); applying
Poincaré’s inequality, Lemma (3.6 we obtain

~ ~ 112 ~
ISscull? < Cdif?|[Asiarcsicul| + € (a7 + 1) ||85du

2
s—

cd/?

IN

e EnSscul + (dg/“ + 1) HS@

2
s—

Where we used that 0 < e,dy < 1.
Since \; = 1, by Corollary we then have

ISscull? < Cdg/2{||55§u||§+‘(EAssaéLu,éAssggu)]+ZHM§&C§UH§}
k=1

+C (572 + 1) I85Cully

Taking € small enough, we absorb the first term on the right into the left,
and apply Lemma, [3.5] to the third term on the right. We get

I1SsCul® < Cdg/z{‘(5A3855Lu,§ASS5{u>‘+ (C’AS’ES(;C’Lu,C’AS’ES(;QZU)’}

+C (5772 1) IS¢ ull2e

This proves . The second inequality, , follows from after another
absorption into the left. n
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4. Proof of Theorem [1.4]

Suppose u is a distribution on R” such that v € H*~1(R"). If moreover
(Lu € H* (R") for all ¢ € C5° (U), then, by (43), for all 0 < § < 1 we have

ISscull, < €/ 1S5 Lull} + € (dg* /" + 1) 15¢"ull?. .

where the cutoff functions ¢ < ¢’ < ¢” are supported in U and the constants
C, a, dy do not depend on §. Letting § — 0T, by in Lemma we
obtain

IGull, < Ca* | Lullf + C (™0 + 1) ¢ull.,  (44)

This inequality suffices to prove the hypoellipticity, without loss of weak
derivatives, of L. Indeed, since ("u is a compactly supported distribution
there exists sy € R such that |pul|, < oo for all p € C5°(U). If 59 > 5 —¢
then (44)) implies that (u € H* (R™) for all ( € Cg° (U). On the other hand,
if s9 < s—e¢, let N be the positive integer such that Ne < s—sy < (N + 1)e.
Let ¢ = (% < (P < (% < --- < (®N be asequence of cutoff functions supported
in U. Iterating We obtain

L e e 2 o () S

(j—De —

for j =1,..., N. Assembling these estimates yields

N
lcull, < Cag® S (20 1 1) 7 ¢l

J=1

LC (d 2(1— 5/4)+1> HCQNUH

(27—-1)e

s—Ne*

By the monotonicity of the H*-norms, and since sy < s — Ne¢, it follows that

N-1
Icull, < ONdi/* (d* = 1) N
2N
—i—C( o U 4 1) H@NuHio < 00
Hence (u € H* (R") for all ¢ € C5° (U) and this finishes the proof. O
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