REGULARITY OF SOLUTIONS TO QUASILINEAR INFINITELY
DEGENERATE SECOND ORDER EQUATIONS

LYUDMILA KOROBENKO AND CRISTIAN RIOS

ABSTRACT. The main result of the paper is on the continuity of weak solutions
of infinitely degenerate quasilinear second order equations. Namely, we show
that every weak solution to a certain class of degenerate quasilinear equations
is continuous. More precisely, we show that it is Holder continuous with respect
to a certain metric associated to the operator. One of the essential features of
this metric is that the metric balls are non doubling with respect to Lebesgue
measure. The proof of the continuity together with a recent result by Rios
et al. [I0] completes the result on hypoellipticity of a class of second order
infinitely degenerate elliptic operators.

1. INTRODUCTION

In this paper we consider a second order divergence form quasilinear operator of

the form

L=VTA(z, )V

where z € Q with Q a bounded domain of R™, and the matrix A(z, -) is nonnegative
semidefinite, and study regularity of weak solutions to the corresponding second
order equations. We do not assume that A is elliptic, moreover, it can degenerate
to infinite order i.e. its eigenvalues are allowed to vanish together with all of their
derivatives. Our assumptions on the degeneracy of the operator will be stated in
terms of the associated metric balls.

Our main interest is the regularity of weak solutions. One of the ways to describe
the regularity is in terms of the operator being subelliptic or hypoelliptic. The
criteria of subellipticity for linear operators have been given by Hormander [5] for
operators given in terms of vector fields; and by Fefferman and Phong [3] in terms
of subunit metric balls associated to the operator. In particular, it follows that
an infinitely degenerate operator cannot be subelliptic. Hypoellipticity of a certain
class of such operators, however, have been established by Fedii [2] and later for
a more general class by Kohn [6] and many others [8, @, [I]. For the infinitely
degenerate quasilinear operators hypoellipticity has been recently shown by Rios et
al [I0] in the assumption that the coefficients can only vanish on hyperplanes. This
result, however, relies on the a priori assumption that the solution is continuous.

Our main result implies continuity of weak solutions of certain degenerate quasi-
linear second order equations. Namely, we show that every weak solution to a
certain class of degenerate quasilinear equations is Holder continuous with respect
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to the induced metric. This in term implies continuity, thus completing the result
on hypoellipticity.

We mainly use the approach of E. Sawyer and R. Wheeden [11], namely we
consider metric balls associated to the operator. The main difficulty is that the
balls associated to infinitely degenerate quadratic forms do not satisfy a doubling
condition

| B(z,2r)| < C|B(x,r)|
where z € 0, and 0 < r < co. This prevents us from using the theory of homoge-
neous spaces and the vast body of results established for this type of spaces. We
also do not assume the containment condition

E(x,r) C B(z,Cr®)

where E(z,r) is the Eucledian ball. It is known [3] that the above containment
condition is necessary for subellipticity, and in the case it is not satisfied the highest
regularity result one can hope to establish is hypoellipticity.

The paper is organized as follows. In Section [2| we give the basic definitions,
state our main assumtions and formulate the main result. In Section [3] we intro-
duce classes of weak solutions needed to implement Moser iterations. Section [4]is
dedicated to the proof of our main result — “metric” Hélder continuity of weak
solutions. First, we prove a Harnack inequality by means of performing Moser iter-
ations. Then in the usual way from Harnack inequality we derive Holder inequality
with respect to the metric d(z, y) associated to the operator. This estimate together
with a weak containment condition will then imply continuity of solutions. Finally,
in Section [f] we consider subunit metric associated to the operator and establish
some of its properties.

2. DEGENERATE SOBOLEV SPACES AND WEAK SOLUTIONS

Let Q C R™ be an open bounded domain. Consider the following second order
quasilinear equation

(2.1) Lu = V7T A(z,u(z))Vu = f

in  where the matrix A = {a;;} is nonnegative semidefinite and can degenerate
to infinite order. We will assume that A(x,z) satisfies the following structural
condition for a.e. z € Q and all z e R, £ € R”

(22) kETQ(2)¢ < €T A(x,2)¢ < KETQ(a)€

for some K > k > 0 and nonnegative semidefinite locally integrable matrix Q(x).
Note that if we denote A(z) = A(x,u(x)) for a particular solution u(x) then (2.2)
obviously holds with A(z) in place of A(z,z). To define solutions to in the
weakest sense possible we adopt the notion of strong degenerate Sobolev spaces [12].
Let Q(z,¢) = £7Q(x)¢ be a locally integrable nonnegative semidefinite quadratic
form

Definition 1. A form-weighted vector-valued L* space L?(Q, Q) is a space consist-
ing of all measurable R™-valued functions f(x), x € Q, satisfying

e ={ | f(x)TQ(o:)f(w)d:c}é {/ [f(a:n%gdac}é <o
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where we denote [U(x)]3) = Ux)"Q(x) U(x) for any vector-valued function Ul(x).

Definition 2. We define a space WéQ(Q) to be the completion of Lip(2) under
the norm

lollwgem = { [ Qof + V) } = ol + [ Vellenag)

By (Wé’2>0 (Q) we mean the closure of Lip.(Q)) in WéQ(Q) where Lip.(Q) is the

space of Lipschitz functions with common compact support.

As shown in [12] if u € ng(ﬂ) the gradient Vu is not uniquely determined
by u. Therefore, Vu denotes one of the vector-valued functions in £2(€2, @), such
that Vur — Vu in £2(Q,Q) and u is obtained as a limit of a Cauchy sequence
of Lipschitz functions {u;}. We write (u,Vu) € Wéf(Q) for u € Wé’Q(Q), o
WéQ(Q) is the first compact projection of WéQ(Q) An element (u, Vu) € WéQ(Q)
is nonnegative if u > 0.

Definition 3. A pair (u,Vu) € WéZ(Q) is a weak solution of in Q if
(2.3) - /(VU)TAVw = /fw

for every nonngegative w € (Wéz) (Q). A function u € Wé2(Q) is called a weak
0
subsolution (supersolution) if the above holds with > (<) in place of equality.
To state our main result about the regularity of weak solutions we assume the

existence of a certain metric d, such that the metric balls B(z,r) = {y : d(z,y) < r}
satisfy the following two conditions

o Yz € Q Ja, : Ry — Ry decreasing and such that az(r) > 0 for any » > 0

and
(2.4) E(y,a.(R)) C B(y,R), Yy e Q, VR>0
e For any z € 0, any r > 0 there exists R > 0 depending on r and x such
that
(2.5) B(z,r) C E(z,R)

A natural choice of such metric is the subunit metric which will be discussed in
Section [f] All of the results, however, are axiomatic in the sense that if one can
find any metric satisfying the required assumptions the results will hold true. For
other choices of metric balls, e.g. flag balls and adapted noninterference balls, see
[11].
Condition essentially says that the metric balls cannot collapse to zero measure
sets for non-zero radius, in particular, metric balls are open sets. Condition
assures that the metric balls do not become infinitely large, in particular, for any
x €  there exists ¢ > 0 such that B(z,r) C 2 for any 0 < r < ddist(y, 082).

We will require the following Sobolev inequality: there exists ¢ > 1 and 6 > 0
such that for all balls B = B(y,r) with y € Q, 0 < r < ddist(y, ) there holds

1 2” 1 ’ 1
2.6 —/wza <Cr —/sz +C —/wQ

B

2
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for all (w,Vw) € (Wé’Q)O(B), the closure in Wé’Q(B) of (w,Vw) where w €
Lip(B).

We also require the following very weak Poincaré-type inequality: there exists
A>1,k>0andd > 0 such that for all balls B = B(y,r) with y € Q, 0 < r <
ddist(y, ) there holds

MBJE+! )
(27) 1w twygl <o { B [ou
B AB

for all (w, Vw) € Wé?’z()\B) where we denote (w)z = (1/B) [z w. The constant
M > 1 depends only on A on the right hand side, and can be taken to be M = 4.
Note, that in the expression on the right we have the ratio (|M B|/|B|)* which in
the case of doubling metric is equal to a dimensional constant. In the nondoubling
case, however, this ratio can become unbounded as r — 0. We also note, that it
is a (1,2) Poincaré inequality and it obviously follows from either (1,1) or (2,2)
Poincaré inequalities.

The next assumption, which is used in implementing Moser iteration, is the
existence of a certain accumulating sequence of Lipschitz cutoff functions, similar
to [I1], [I2]. We assume there are positive constants v, N and § such that for each
ball B(y,r) withy € Q, 0 < r < ddist(y, dN), there is a sequence of Lipschitz cutoff
functions {v; }]oil with the following properties:

Ey = suppyy C B(y,r) C B(y, Mr)
B(y,vr) Clz:¢j(x)=1}, j>1

(2.8) Ej 1 = suppyjiq E{z:¢Yjx)=1}, 5>1
) is Lipschitz, j > 1

N X
IIVYilollreBmryy <CL-, j>1

We can now state our main result

Theorem 1. Suppose that A(x,z) is a nonnegative semidefinite matriz in  x R
and it satisfies (2.9). Let d(z,y) be a symmetric metric in Q, and B(z,r) = {y €
Q:d(x,y) < r} with x € Q are the corresponding metric balls. Then every weak
solution of s continuous provided

(1) the containment condition holds
(2) the boundedness condition holds

(8) the Sobolev and Poincaré inequalities (@) and hold with the given o
(4) the “accumulating sequence of Lipschitz cutoff functions” condition (@
holds.

More precisely, u satisfies

u(z) — u(a’ o u2 : r2 . d(z, ') \*
(29) Ju(z) — u(e')] < C <|B(y’Mr) . ) il o (H2))

for x,a’ € B(y,vor) with some vy > 0.

Remark 1. The integral term on the right contains a factor of 1/|B(y, Mr)| which
in the doubling case is equivalent to 1/|B(y,r)| but in the nondoubling case can be
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essentially smaller. This gain, obtained from carefully performing Moser iterations,
turns out to be crucial and allows us to prove continuity.

Corollary 1. Let all the conditions of Theorem [1] be satisfied. If, in addition,
the containment condition is satisfied with a(r) = Cr'/¢ then u is Holder
continuous, namely estimate (2.9) holds with d(x,z") replaced by Clz — x'|°.

Remark 2. The above Corollary partially generalizes the result [11, Theorem 8] for
the case of nondboubling metric balls. Note that containment condition with
a(r) ~ r1/¢ does not imply a doubling condition. We say “partially generalizes”
because the operator in [11] includes lower order terms and more general zero-order
terms.

3. SUB AND SUPER SOLUTIONS

In the process of performing Moser iterations we will need to use the equation
that a nonlinear function of w satisfies. As it turns out, a nonlinear function of
a weak solution to (2.1) we will be considering, satisfies a certain equation in the
integral sense for a smaller class of test functions. Following [I1], [12] we now
introduce weaker classes of solutions to (2.1).

Definition 4. Let W be a subset of nonnegative elements in (Wé’2>O(Q), A

function u € Wéz(Q) is a W-weak solution (subsolution, supersolution) to n
Q if the integrals in are absolutely convergent and the indicated (in)equality
holds for all w € W.

We next define a class of “admissible” functions (as in [I1]) that we will further
compose with u € W(}?’z (Q).

Definition 5. Let I € R be an interval and h € C'(I) N CZ,(I) be positive and
monotone, where ng (I) is the space of piecewise twice continuously differentiable
functions on I. The function h is said to be admissible on I if there exists a positive
constant C' such that

[R' (1), W' ()], [th" (1) < C, tel.

Moreover, given u € Wé’Z(Q), we say that h is admissible for u if h is admissible
on some interval I containing the range of u.

Remark 3. Ifu € WéQ(Q) and h is admissible for u, it follows that @ = h(u)
belongs to WéQ(Q) provided Q) is bounded. For the proof see [4, Lemma 7.5].
When composing b’ € L™ with u € W(}QQ(Q) we might run into problems when

u takes values in the set of discontinuities of h’. To make sense of the expressions
like (A’ o u)Vu we will use the following proposition [12]

Proposition 1. [12 Proposition 22] Suppose that (u, Vu) € Wé?Q(Q) where Q s
bounded, and let
Ry ={a€R:u=aon a set of positive measure}.

With Vgt = X{zeQum(z)gR,} VU we have (u, Vyegu) € WCBQ(Q) and (u, Vyegu)
satisfies

(3.1) ||Xu=ocvregu| |L2(Q,Q) =0 VaeR.
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We can now define the classes of “admissible test functions” which will be used
as W-classes in the Definition [}

(3.2) Molu, h] = {w € (ng)o (Q):w >0, W (w)w e (ng)o (Q)} ,

whenever h is admissible for u,

(3.3) el) = {v?u:v e CG7O@)},

(3.4)  Afu] = {wzh(u)h/(u) cp € CPH(Q), his admissible for u and A’ > O} .

In the above definitions the following convention is accepted [12]
o ifuc Wéz(Q) then h/(u) refers to the pair (h'(u), A" (u)Vyequ) € Wé?Q(Q)
o ifuv e WSQQ(Q) are represented by the pairs (u, Vu), (v, Vv) € Wég(ﬂ)
then the product wwv is represented by the pair (uv, uVv+ovVu) € Wél(Q)

Remark 4. Basic properties of the above classes as well as the motivation for
defining them can be found in [11, Remark 57]

Let @ = h(u) and h is admissible for u. Then @ satisfies

- [y ave = [(Vh @) AVu+ [ wxieoumenah((Tu
for all w € (Wclf)o (Q), where A(z) = A(z,u(z)). If in addition u is a weak
solution of then @ = h(u) is a Mg[u, h]-weak solution of the following equation
(3.5) L= VT AVi = ' (u) f + X {reau@ ¢r.yh" (W) [Vul}

If u is a weak subsolution (supersolution) of and h'(u) > 0(< 0) then @ is a
Mqlu, h]-weak subsolution of . As we will see next we only need to exploit
the fact that @ is £[u]-weak subsolution (supersolution) of (3.5). The following two
lemmas (see [II]) give a relationship between different classes of weak solutions.

Lemma 1. Let @ = h(u) and h is admissible for u. Then E[a] C Mglu, h].

In particular, if u is a weak subsolution (supersolution) of (2.1)) and h’(u) > 0(<
0) then @ is a E[a]-weak subsolution of (3.5]).

Lemma 2. [T1, Lemma 56] Suppose u is a Alu]-weak subsolution of inQ, his
admissible for u and h'(u) > 0. Then @ = h(u) is a positive E[a]-weak subsolution

of .
Now, let w = ¥?h(u) then from (3.5) we obtain

/ (Vh(w)) AVEh(u) + / Niwetu(e)gr. 2R () Vals < - / SRl (u) f

For the left-hand side we have
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[ @@ AT @) + [ Mreoumena v (0)[Tu;
— [wrr@(va +2 [ @V, iwve)
> k/qp?r(u)[w]g +2/(¢Vh(u),h(u)vw>
where T'(t) = I'(t)2 +h(t)h"(t) = (h(t)2/2)". Applying Holder inequality and then

Cauchy-Schwartz inequality with some 0 < & < 1 to the last term and using (2.2
we obtain

2 /<Wh(u) h(u) Vi) ‘ < Ks/¢2 VU]Q+K5*1/h(u)2[w]g

Now let u € WQ’ (Q) and assume that @ = h(u) satisfies one of the following
e I'(u) > 0 and @ is a £[u]-weak subsolution of (3.5 in €2,
o I'(u) < 0 and @ is a £[u]-weak supersolution of (3.5)) in €.

Then we obtain

(3.6) /1/1 (|0 (u s—h/())[ 15 *1K/ VwQ+/w2 )R (u)]|£]

4. PROOF OF THE MAIN RESULT

4.1. Harnack inequality. In this section we make use of the equation for
nonlinear functions of v and implement the Moser iteration to prove our main tech-
nical result, the Harnack inequality. We first prove a Caccioppoli-type inequality
for the @-gradient of the powers of u. As in [II] for § > 1 and M > 0 we define

s e (1) = 8, 0<t<M,
PAEY T\ MP + BMP-Y(t — M), t>M

and hg () =17 for 4 <1 and M > 0. One can show that hg as is admissible for
u € [m,00) and then hg p(u) € WQ %(Q) since © is bounded (see Remark ' We
also have
! (t)f 6t6_17 O<t§M7

O BMPL > M
and

D(w) = hj pr(w)? + b, ar (w)h ar (u) = 15 (w)his ()

where

(0) = Bl g<t<Morf<1
HBNES = 1, t>Mand 5 >1

Lemma 3 (Caccioppoli inequality). Let u € WéQ(Q) and satisfy one of the fol-
lowing

(4.1a) u s a positive weak solution of in Q
(4.1b) u s a positive Alu]-weak subsolution of in Q and B> 1
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and P € C’g’l(Q), B € R with B # 0,1, Then the following inequality holds

(4.2) /q/;Q[Vuﬁ]?Q < Cugg/uw[V?ﬂQ +2M§1|5|/¢2U2ﬁ71|f|

where
1

(4.3) g = min{’Z'B —1
B

Proof. 1t follows from Lemmas 1] and [2| that @ = h(u) = hg ar(u) is a positive E[i]-

Weak subsolutlon of (3-5) when I'(u) > 0 and a positive £[i]-weak supersolution

of when I'(u) < 0. Therefore, inequality holds. Next, we note that

\F(u)| > ,ugh’(u)2 where pp is defined by and choose £ = 2 £ 115 to obtain

g [T < Cuzt [ nvey + [ nwi s

Letting M — oo yelds the above estimate with u” in place of hg as(u). Finally,
using (u?)?[Vulg, = [Vul]?, we have

/wQ[vuﬁ]é = 0“52/u25[vw]%+2u51|5|/wQuZﬁ*1|f|

whenever ¥ € C’g’ (Q), ﬂ € R with 8 #0, 2 5 and u is bounded below by a positive
constant and satisfies [

Remark 5. The assumption as well as the Mq[u, h] class of weak solutions
are only used in the proof of the local boundedness result, Proposition[3, which we do
not present here and refer the reader to the proof of Proposition 59 in [11] instead.
However, we still need to show that all the auziliary results used in the proof hold
true in our case.

We now perform the Moser iteration on a weak solution of ([2.1)) using the accu-
mulating sequence of cutoff functions (2.8 to obtain a local bound on sup @ by an
L%-norm of @. This is a crucial step in proving Harnack inequality.

Proposition 2 (Moser iteration). Let |y] < 2, u € WéQ(Q) satisfy one on the
following conditions

(4.4a)
u is a nonnegative weak solution of in Q
(4.4b)

u—+m is a positive Alu + m]-weak subsolution of in Q for allm >0 and v > %

Then for any metric ball B = B(y,r) withy € Q, 0 < r < ddist(y, 0N) the following
inequality holds

1

c 1 -
(4.5) esssup u(z) < Tl
z€B(y,vr) (1 - V)T IB(ya MT)| B(y,r)

where U = u + m(r) with m(r) = r?||f||p~, 7 = 0/(0c — 1) with o, M and v as in

@), and (@ The constant C depends only on o and N from @)
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Proof. First assume that @ satisfies (4.1]), we will later see that for our choice of
it follows from (4.4). Therefore, we can apply (4.2) and for each ¢ € Cy''(Q) and
B € R with 8 # 0, 5 we have

/ VI < O3 / T [VyI2, + 241518] / PP
< cuﬁ/*”[wgwu |ﬁ|/w2 w*m(r) | f]

where the last inequality is due to the fact that w—! < m(r)~!. Noting that
m(r)7f| < r~% we get

/uﬂwu%sc{ [ (7ol + 20313l [ v Qﬂ}

Next, we use the above inequality with an accumulating sequence of cutoff functions
1; and a fixed subunit ball B = B(y,r). Denote B* = M B = B(y, Mr) and note
that suppy; C B C B* Vj. Dividing through by the measure of the ball |B*| and
taking square roots we obtain

(4.6)

Va2 w2 2 “1yg—2 1 225}%
{|B*|/ ViV } {“ﬁ 7 [, I }w{’“‘ﬁ Bl ey [, v

We now use Sobolev inequality GD for w = z/xjﬂﬁ . Then for some o > 1 we obtain

using

AR L N PR LS O SR AR |

Vg e} <o (g [ v} v [ )
< CMr (1—|—'u,gl) {|;* /B* ugg[ij]é}2

+C (1+15™1812) {|Bl*|/3*(u%j)2}2

Using the properties of the cutoff functions 1),

suppy; = E;
jN
Jo < ce—2t——
[Vijlo < c’l"(l )
yields
(4.7)

o @b <o (e (i) | o [ 5
B Je, .. e it N\ s,

where now the constant C' depends on M in (2.7). It can be shown that the constant
in parenthesis is bounded by

N N

A _ g / 8] [l
u(9) = 750 (149 + 5 U +
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Next, to iterate the inequality (4 , we fix v # 0 and denote =", Take
B = ~o7~L, one can see that for each j > 1 (4.1)) follows from for this choice

of B. Usmg ujt1 = uj we obtain from

(4

.8)
1
1 / o T B[R B2 N = 1 2
e uj C (M(vo?™2)7 S == | 4
{|Ej+1| By ”1} T B2 Bre/2 T (1 - v)e \Ej| Jg,
Let

= {|E|/ }

‘B*|(170)/2‘Ej|a/2 jNa
|Ejy|1/2 (1-v)”

then from (4.8])

Nji1 < [

Iterating, we obtain

1
ol

<M<wj-1>>ﬂ M

) 0 |B*|(1_U)/2|E'|U/2 jNa
limsup N, < C { J
i ]1;[1 |Ejalt? (1-v)°
Next, we note that the product of the measures of the sets on the right has the
form

H |B* (1 o /2”J|E |1/zaJ !
e |Ejsa|V/20

Further,
*)(1—0) /207 _
[T 11007 = e |1os5D Y. (55 - 555 )
Jj=1 Jj=1
= |B*|ﬁ*% — |B*|7% as m — 0o
and

2571 m—+1

|E |1/ s 1/20971 1/20971
H o = LB IT 1251
j=1 j=2

B mp
Bt |57~ [Bly,vr)| 7

— |E1|% as m — oo

Therefore

(4.9) limsupN; <C

j—00 (1 — l/)

Also

ﬁ( N7 (M (yo I 1)) ) {IBl*I/El“%};

Jj=1
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(4.10) esssup @’ < limsup N;
z€B(y,vr) Jj—o0

and therefore we only need to estimate the constant

Cy = ﬁ (jN/"jfl(M(wj‘l))vf%l)
j=1

where

i—1 j—1
i—1y _ j—11/2 lvo? | lvo? |
M(yo?’™") =C (1 + [ye? T+ 2y0i—1 — 1]1/2 + |2y0i—1 — 1]

We can write

. . j—1 j—1
> In {JN (1 +yod T2 4 |2'y<l';/f1—1“1/2 + \2|7Z—17‘1|)}
Cy = Cexpz pro
j=1

In order to have C, < co we must ensure that yo/~! does not approach 1/2 for
any values of j. We first note that for any v we have ¥ < v < 4o with 4 of the
form 4 = ia” (o + 1) for some integer 7. Therefore due to the monotonicity of

1/
(w1 /™)
|B*| /5

it is enough to prove (4.5)) for v = 4. For this choice of v we have

2909 1] > 21— 07
Indeed, if n > —j + 1 then
27077t —1 = %anﬂ'*l(a +1)—1>
while for n < —j we similarly check that
27077t — 1< —%(1 —o1)
We therefore obtain
Cy < Co(1+ ")
and for |y| < 2 from ([4.9),

(4.11)

1 1
C, 1 2 C, 1 2
esssup u’ < — { " uQ'Y} < — { / u27}
w€B(y,vr) (1 —-v)7= LB /g (1-v)7=7 [IMB| Jp
Finally, we note that if v > 1/2 then for 8 = 07! we also have 3 > 1/2. Therefore,
T = u + m satisfies (4.1)) as long as u satisfies (4.4). O

Harnack inequality will follow from the following auxiliary lemma (see Lemma

7).
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Lemma 4. Let w > 0 be a measurable function defined in a neighborhood of By =
B(x,rg). Suppose there exist positive constants T, c¢1, ca, M > 1 such that the
following two conditions hold

(1)

1/2
C1 1
4.12 sup w? < /wQ'Y
( ) mEypB (171/)7— |MB|
B
for every 0 < vg < v <1,0<vy <2, where B = B(z,r) C By, MB =
B(xz,Mr) C By.
(2)

(4.13) s%\{xeB:logw>s+a}| < ca| M B|

for every s > 0, some a > 0, and some p > 1.

Then there exist a constant b = b(vy, ¢1,¢2,T,p) such that

(4.14) esssupw < be®
V()B

Proof. Define

o(p) = esssup (logw(y) —a) for vor<p<r
yEB(z,p)

We can decompose the ball B in the following way

1 1
B={yeB:logu(y) —a>p(r)}U{y € B:logu(y) —a=< e}
Then, using condition (4.13)) we have
91/p
672va/w2v < 176262%0|MB| +e7%|B]
© /p
or
e~2va 9 21/Pcy |B| 21/Pcy
- v < 2v¢ Y 2v¢ Y
DEN A TR T TR
B

where ¢ = (r).
Next, choose 7y so that the two terms on the right-hand side are equal (2'/P¢y /!/P)e27? = 7%,
ie.

1 /P 1 %
4.15 =—log(t—)=—log (-5
(.15 T Og<21/P62> P Og<20’5
To satisfy the condition 0 < v < 2 we must then require
(4.16) w=1(r)>cs

with c3 depending only on co. In that case we have

Nl=

672711

2y < \/2e7¢/2
aim ) ) =V
B



REGULARITY OF SOLUTIONS TO QUASILINEAR INFINITELY DEGENERATE SECOND ORDER EQUATIONS

and using (4.12)
1 V2 1 V2 1
vr) < Zlog | —~=—e1%/2 | = Zlog | ———— | + =o(r
e(vr) S g<(1_y)7 ) S g<(1_y)7> 5(r)

hence, by (&15),

P(vr) < (1) (pk’g(c“@/ il 1) |

log(p/265) 2
If
21+2pcﬁllpcg

then the first term in parenthesis is less than 1/4 and therefore we have ¢(vr) <

3/4¢(r). On the other hand, if (4.16) or (4.17) do not hold, then there exists ¢4
such that

C4
< =
p(r) < A=)
Therefore, in any case we have
3 C4
(418) <p(1/r) < ZQO(T) + W

since ¢(vr) < ¢(r). We now iterate this inequality with

O<pyy<irm<umvw<..<y<l

to obtain
3\ ol aNi
otur) < (3) ot + 3 (3) sy
Choosing
1-— 1%}
I/j = — "
T+

and letting kK — oo we obtain

p(vr) < C(w, c1,c2,7,p)
which concludes the proof. [

We now want to apply Lemma [4] to a positive subsolution . It has been shown
in Proposition [2| that condition (4.12]) is satisfied. The following lemma shows that

(4.13) holds for w and 1/u.

Lemma 5. Let @ = u + m(r), m(r) = r?||f||z~ with v < ro. Then for any
p>k/2+ 1 where k is as in there holds

(4.19) sV/P|{z € B :logT > s+ (logT) 3 }| < C|MB|
(4.20) sV/P|{x € B :log(1/u) > s — (log@) z}| < C|MB]
with M > 4\ as in .
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Proof. Denote v = In7, for any s > 0, v € L'(B) nonnegative we have
sYP{z e B:v— (v >s}|</\v— /P

Using Holder inequality we have

/|v— |1/p<</ v — (v ) Ika

and applying Poincaré inequality (2.7 .

L

2p

k+1
|MB|W p—1
W|B| i [VU]ZQ
2p B

sYP{z € B:v— (v)y > s} < (Or)/P

Therefore, in order to prove (4.19)) we need to show

(4.21) /[W]QQ < T%\MBL

AB

Consider equation 1' and substitute w = %2 with ¢ € Wol’2 (2AB), p =11in A\B
and ||[Vylgl||lr= < C/r. Here r is the radius of the ball B = B(z,r). We obtain

/ ©*(VIn(w)T AV In(a) = 2/ OV AV In(7) + ffgﬂ
278 228

2AB U

by using Holder inequality on the first term on the right, we obtain

Laswmorenmse ([ wa) (], avwer) [ %

_ C 2\B
<o [ pwm@i+ S [ v+ 27
2)\B € Ja2aB r

where in the last inequality we used Cauchy-Schwartz inequality. From (2.2) and
the estimate ||[Vg]g||r~ < C/r it follows

/ ©*[V In(a )} < 8% (,OZ[VIH(@)]% +
2)\B 2)B

Now, we choose € small enough that the first term on the right can be absorbed
into the left-hand side to obtain

/ Q*[Vin@)g < C
2\B

which implies (4.21)).

The proof of (4.20)) follows in a similar way. O

The following Harnack inequality is now almost immediate

C|2AB|  [2AB|
2 + 2

Er r

12\B|
’1"2

Theorem 2. Let u be a nonnegative weak solution of in B(y,r). Then u
satisfies the strong Harnack inequality

(4.22) esssup (u(z) +m(r)) < Char essinf (u(z) + m(r))

v€B(y,vor) wEB(y.vor)
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Proof. 1t follows from (4.5), (4.19), and that the functions w; = @ and
Wl

wg = 1/ satisfy the condltlons of Lemma I h a1 = (In%) gz and as = — (Inu(y
respectively. Therefore we have

esssupu < be!m s
l/()B

1 _
esssup — < be— (N0 5
lloB

Multiplying the above inequalities we obtain (4.22)). O

4.2. “Metric” Hoélder continuity. We will now establish Holder continuity of
solutions with respect to the subunit metric. This and the containment condition
then imply uniform continuity with a local estimate of the modulus of conti-
nuity. We first formulate the result on the local boundedness of weak solutions.

Proposition 3 (Local boundedness). Suppose that u is a weak solution to
in Q and that (@, , and @ hold. Then w is locally bounded in 2. More
precisely, if y € Q, 0 < r < ddist(y,0N) for sufficiently small §, then

1
1 2
(4.23) el o ((gomy < C ——————7/’ i) | fle
(Blyrm) 1By, M7)[ 5y

wherey>0isasin(@andM>lasin.

The proof is similar to the proof of Proposition 59 in [I1] and follows from .
Similar result has been recently established in a more general setting [I3]. Note,
however that we have a factor of 1/|M B| on the right hand side, and in the case of
nondoubling metric it can be much smaller than the factor 1/|B| obtained in [I3].
The next proposition follows from Harnack inequality and the proof can be found,
for example, in [4, Theorem 8.22], [11].

Proposition 4. Let u be a nonnegative weak solution of in B(y,R). For
0 < r < R denote
w(r) = esssup u(xz) — essinf u(zx)

z€B(y,r) z€B(y,r)
Then we have
wr) < C@®) + BIfll~) (£) » 0<r<R

Holder continuity of solutions with respect to metric d follows in a usual way
from Harnack inequality using Lemma 8.23 of [4], which concludes the proof of
Theorem [II

5. SUBUNIT METRIC

5.1. Definitions. Let Q(z,£) be nonnegative semidefinite continuous quadratic
form.

Definition 6. A Lipschitz curve v : [0,r] — Q is subunit with respect to Q(x, &)
if
(V) - <Q(y(1),€) ae. t €[0,7], £ €R™
Definition 7. We define
d(z,y) =inf{r >0 : v(0) ==z, v(r) =y, v is subunit in Q}.
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Definition 8. If d is finite on Q x Q we define subunit balls B(x,r) by
B(z,r)={yeQ : dlz,y) <r}, 2€Q,0<r <o0.
We will denote E(xz,r) the usual Euclidean ball
Ex,r)={yeQ : jz—y|<r}, z€Q, 0<r < cc.

We will assume that subunit balls satisfy the following conditions.

(1) Vz € Q 3ay, : Ry — Ry such that ay(r) > 0 for any » > 0 and
(5.1) E(y,az(R)) C B(z,R), Yy € Q, VR>0

(2) For any z € 2, any r > 0

(5.2) |B(z,7)| < Cpr"™

5.2. Accumulating sequence of cutoff functions. The following lemma is a
variant of Proposition 68 in [11].

Lemma 6. Let Q(x,&) = &'Q(x)& be continuous nonnegative semidefinite quadratic
form. Suppose that subunit metrics associated to Q(x) satisfies , (2.8). Then
there exist an accumulating sequence of cutoff functions satisfying (2.8).

Proof. For any € > 0 let Q°(x,&) = Q(z,&) + £2|€]2. Then as it has been shown in
[11, Lemma 66] the subunit metric d°(z,y) associated to Q° satisfies

[Vod®(z,y)]lg < Vn, z,y€Q

uniformly in € > 0. Define ¢;(t), j > 1, to vanish for ¢ > r;, to equal 1 for ¢t < rj;4
and to be linear on the interval [r; 1,7;], where r; — ;41 = r/(kj?), r1 = r. Here
the coefficient & is to be chosen later depending on the size of the “inner” ball vB.
Let 1 (x) = ¢3;(d®*), we have

. k42
V¥ila < [IVe5llVd]g < =V,

Let us denote ro, = lim;_, o r;, we want to have roo > vr. Writing

o0 oo 2
r rw
r—ree =3 (—r) =Y 5 =
- — [ k6
j=1 j=1
one can see that with k = 2/(1 — v) this condition is satisfied. Therefore we have
j2
5.3 o < cpn—="—r
( ) [V¢J]Q =c 7,(1 _ I/)
Therefore, for € small enough the conditions in (2.8]) are satisfied. O

Remark 6. Note that the condition that Q(x) is continuous cannot be easily omit-
ted. In [14] the author constructs an example of a discontinuous solution to a
degenerate linear elliptic equation (see Theorem 1.3 and Conjecture 6). However,
the matriz Q in that case is discontinuous and this requirement seems to be essential
for the construction.
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