SUMS OF SQUARES I: SCALAR FUNCTIONS

LYUDMILA KOROBENKO AND ERIC SAWYER

ABSTRACT. This is the first in a series of three papers dealing with sums of squares and hypoellipticity in the
infinitely degenerate regime. A result of C. Fefferman and D. H. Phong shows that every C%1 nonnegative
function on R™ can be written as a finite sum of squares of C1>! functions, and was used by them to improve
Garding’s inequality, and subsequently by P. Guan to prove regularity for certain degenerate operators.

In this paper we investigate sharp criteria sufficient for writing a smooth nonnegative function f on R™
as a finite sum of squares of C'?% functions for some § > 0, and we denote this property by saying f is
SOS;egular- The emphasis on C2%9 as opposed to C1:1, arises because of applications to hypoellipticity for
smooth infinitely degenerate operators in the spirit of M. Christ, which are pursued in the third paper of
this series.

Thus we consider the case where f is smooth and flat at the origin, and positive away from the origin. Our
sufficient condition for such an f to be SOS;egular is that f is w-monotone for some modulus of continuity
ws (t) =t°, 0 < s < 1, where w-monotone means

fly) £Cw(f(z)), y€Bx,

and where B, = B <%, %) is the ball having a diameter with endpoints 0 and x (this is the interval (0, z) in
w(t)
wg(t
for all s > 0, then there exists a smooth nonnegative function f that is flat at the origin, and positive away
from the origin, that is not SOS;cgular, answering in particular a question left open by Bony.
Refinements of this result are given for f € C*2% and the related problem of extracting smooth positive
roots from such smooth functions is also considered.

dimension n = 1). On the other hand, we show that if w is any modulus of continuity with lim;_¢ y = o©
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It is an open problem whether or not there are smooth nonnegative functions A on the real line (even
vanishing only at the origin, and to infinite order there), such that they cannot be written as a finite sum

A= Zgzl 12 of squares of smooth functions f,,. Examples of such functions are attributed to Paul Cohen in
both and [BoCoRo], but apparently no example has ever appeared in the literature, and the existence
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of such an example is an open problem, see [Pie), Remark 5.1]H Such sum of squares decompositions are
relevant to hypoellipticity questions in partial differential equations, see e.g. Hérmander [Ho|, and especially
in the infinitely degenerate regime, see e.g. Christ [Chi] and references given there. In particular we point to
the theorem of Christ there that asserts hypoellipticity for a second order differential operator L if it is a finite
sum Y XX} of squares of smooth vector fields X}, satisfying certain conditions relevant to hypoellipticity
in the infinitely degenerate regime. In the third paper [KoSa3] of this series, the authors have extended
this theorem to C? vector fields, which is essentially optimal for second order operators. Thus for partial
differential equations, the crucial sum of squares question is this.

Problem 1. When can a nonnegative scalar or matriz function f (x) on R™ be written as a sum of squares
of C%9 scalar or vector functions for some § > Ofﬂ

A well known and important construction of Fefferman and Phong in 1978, with only a bare sketch of
a proof given in [FePh|, was used by Guan [Gual, see the end of the paper] in the mid 1990’s to prove the
following result that Guan attributed to Fefferman: every smooth (even C*!) nonnegative function f on R
can be written as a sum of squares of C! functions. However, while this decomposition was a perfect fit for
the C? a priori estimates proved for the Monge-Ampere equation by Guan, this decomposition falls short for
applications which require C?? coefficients or vector fields for some 6 > 0. The classical such application is
Schauder theory, where C? coefficients play a pivotal role, and more importantly for us is a generalization
of a sum of squares theorem of Christ that we prove in [KoSa3] using C? vector fields. As a consequence,

we will refer to a function g in U C?9 as a regular function, so that in the context of partial differential

6>0
equations in the infinitely degenerate regime at the origin, where some of the coefficients are flat (i.e. vanish

to an infinite order) at the origin, the scalar question becomes this. We say that a scalar or matrix function
is elliptical if it is positive definite away from the origin.

Problem 2. When can an elliptical flat smooth scalar function f on R™ be written as a sum of squares of
regular scalar functions?

The corresponding question for elliptical finite type smooth scalar functions has been well studied in the
wake of Hilbert’s 17*" problem, and there are algebraic obstructions to writing a smooth function as a sum
of squares of smooth functions. For example, the homogeneous Motzkin polynomial M in n = 3 dimensions,
and a generalization L to dimension n = 4,

M (z,y,2) = 25+ a2%y? (mQ +y? - 3)\22) , (z,y,2) € R3,
L(z,y,z,w) = w422y +y%2% 4+ 2222 — Dayzw, (z,y,2,w) € R,

are nonnegative for 0 < A\ < 1, vanish only at the origin for 0 < A < 1, and are not finite sums of squares
of polynomials for 0 < A < 1, see [BoBrCoPe|. As pointed out by Bony [Bon|, Taylor expansions can then
be used to show that M cannot be written as a finite sum of squares of C?® functions, and that L cannot
be written as a finite sum of squares of C? functions. This latter observation, along with L (x,y, z, w) itself,
will play a critical role in establishing sharpness for finite sums of squares of regular functions.

Our main sum of squares theorem for scalar nonnegative functions gives a sharp answer to this question in
terms of an w-monotone property, defined below for any moduolus of continuity w, namely that the answer to
Problem [2]is affirmative if f is Hélder monotone. On the other hand, part (2) of Theorem [2.5 below, shows
that the sum of squares decomposition can fail for any w-monotone property weaker than Holder monotone.
In particular, this settles a question left open in [BoBrCoPe, Remark 1.4 on page 141], that asked if there
exists an elliptical flat smooth function that is not a sum of squares of C%* functions.

There are several notions of monotonicity for nonnegative functions of several variables used in this paper,
and we illustrate them here by giving these definitions for functions f (x) defined on the unit interval [0, 1],
with higher dimensional definitions given later. Let w (t) be a modulus of continuity defined on [0, 1], i.e.
w is continuous, nondecreasing and strictly concave, and satisfies w (0) = 0 and w (1) = 1. Then we define
varying degrees of monotonicity that are weaker than traditional monotonicity as follows.

Definition 1.1. Suppose f :[0,1] — [0,00) and that w (t) is a modulus of continuity on [0, 1].
1See also https://mathoverflow.net/a,/106072

2In this paper we consider the scalar problem. The equally relevant problem of writing a nonnegative matrix function as a
sum of squares is treated in [KoSa2].
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(1) f is w-monotone if 0 < f (y) < Cw (f (z)) for 0 <y < x <1 and some positive constant C,
t(l+mnt) if s=1
(2) ws(t) = t* if 0<s<1l for0<s,t<1,
1 - =0
1+In % Z'f 5=
(8) f is nearly monotone if f is ws-monotone for every 0 < s < 1,
(4) [ is Holder monotone if f is ws-monotone for some 0 < s < 1.

Then wg is a modulus of continuity for all 0 < s < 1, and
t<<w () Kws (B) Kws (B) Kwp(t) <1, 0<s<s <1,

a(t) _

where for positive functions on (0,1), a (t) < b (t) means lime 0575 = l
We now extend the definition of w-monotone to several variables.

Definition 1.2. Given a modulus of continuity w, we say that a function f: R™ — [0,00) is w-monotone if

0< f(y) <Cw(f(x)) forye B (%, %) and some positive constant C, and we set

(1 lomn= s T

z€B(0,1), yeB(%,12) w(f(x)

We say that f is Holder monotone if f is ws-monotone for some 0 < s < 1.

See Remark below for a discussion of the condition y € B (%, %) in .

We begin by stating our main results on sums of squares in Section 2. Section 3 is devoted to connections
between vanishing to infinite order, derivative estimates, the notion of w-monotone for a modulus of continuity
w, and smoothness of positive roots. Section 4 then uses ideas of Fefferman-Phong [FePh], Tataru [Tat] and
Bony [Bon| to establish conditions under which smooth nonnegative functions can be written as a sum of
squares of regular functions. In the final Section 5 of the paper, we construct examples that demonstrate
sharpness of our sums of regular squares results.

For the reader’s convenience we include a schematic diagram of connections between some of the lemmas
and theorems in this paper. Results in a double box are logical ends. Theorem is the main result that

will be used in the subsequent papers [KoSa2] and [KoSa3].

3We define w1 (£) to be dual to wp () in the sense that wi (£) wo (£) = ¢ (note that w1 (t) wa (t) = 1), and w1 plays a role
P P
in Theorem below.
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2. STATEMENTS OF MAIN THEOREMS ON SUMS OF SQUARES AND EXTRACTING ROOTS

Here is our adaptation of the Fefferman-Phong algorithm, following Tataru [Tat] and Bony [Bonl, to sums
of squares of regular functions.

Theorem 2.1. Suppose 0 < & < 1 and that f is a nonnegative C*?° function on R™. If
25(146)

(2.1) Vif (2)] < CF ()77 and |V2f (2)| < Cf () *75

then f can be decomposed as a finite sum of squares of functions g, € C*? (R™),

N
f@)=> g (x)?’, weR"
(=1

In the case that f doesn’t vanish, except possibly at the origin, both of the above differential inequalities in
hold provided one of the following three conditions hold:

(1) f is flat, smooth and ws-monotone for some s < 1 satisfying

4 4 2 2+2§
S>\/g m, and S>\/g\)m

(2) [ is strongly finite type, i.e. f(x) > |x|N for some N € N, and vanishes to order at least four.
(8) [ is bounded below by a positive constant.

More detailed information on the size and smoothness of the functions g, (z) is given in Theorem
below.

Definition 2.2. A nonnegative function f: B (0,a) — R is flat, or vanishes to infinite order at the origin
in R™, if
lim |z~ f (z) =0, for all N € N.
z—0
Definition 2.3. A function g : R™ — R is regular if g € U C?9(R™), i.e. g is C* for some 0 < § < 1.
>0
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Definition 2.4. A function f: R™ — R is elliptical if f (z) > 0 for x # 0, and more generally, an N x N
matriz-valued function F : R™ — RY*N s elliptical if F (x) is positive definite for x # 0.

Here is a strengthening of the counterexample in [BoBrCoPe, Theorem 1.2 (d)].

Theorem 2.5. Let n > 5.

(1) If B > s >0, there is an elliptical, flat, smooth ws-monotone function f that cannot be written as a
finite sum of squares of C%P (R™).

(2) Suppose w is a modulus of continuity such that ws < w for all0 < s < 1. Then there is an elliptical,
flat, smooth w-monotone function f that cannot be written as a finite sum of squares of regular
functions. In particular we can take w = wy.

The following corollary highlights the sharpness of the above results within the scale of w-monotone
conditions.

Corollary 2.6. Suppose that f : R™ — [0,00) is elliptical, flat and smooth.

(1) Then f can written as a finite sum of squares of reqular functions if f is Holder monotone.
(2) Conversely, for any modulus of continuity w satisfying w > ws for all 0 < s < 1, there is an
w-monotone function f that cannot be written as a finite sum of squares of regular functions.

Remark 2.7. The answer to Problem[3 is affirmative in all dimensions n > 1 if f is Hélder monotone.
However, in dimension n = 1, the answer is affirmative without any additional w-monotone assumptions at
all [Bon|, while in dimension n > 5, the assumption of Hélder monotone is essentially sharp. We do not
know if significantly weaker montonicity assumptions will imply an affirmative answer to Problem[d in the
remaining dimensions n = 2,3, 4.

The following theorem on extracting smooth roots motivates our definition of nearly monotone, and is
what initially led us to consider ws-monotone functions, and which then ultimately played a key role in the
above decompositions into sums of regular functions.

Theorem 2.8. Let n > 1. Suppose that f : B(0,a) — [0,00) is an elliptical flat smooth function on
B(0,a) C R™. Then the first three of the following four conditions are equivalent. Moreover, the fourth
condition, which holds in particular if f is w1 monotone, implies the first three conditions, but not conversely.
Finally, for any 0 < s < 1, there is an ws-monotone function f such that f%_1 s mot smooth.

(1) There is § > 0 such that f (x)" is smooth on B(0,a) for all 0 < v < §.
(2) For everym >1 and 0 < s < 1, there is a positive constant Ty, , s such that

V" f(2)| < Tpmsf (2)°, forz € B(0,a).

(3) The functions f (x)" are flat smooth functions on B (0,a) for all v > 0.
(4) The function f is nearly monotone.

Terminology: If for 0 < s < 1, we set M to be the collection of all ws-monotone functions, then the
intersection of all of these collections

NM= (] M,

0<s<1

which is the set of nearly monotone functions, is closely related to the set of elliptical flat smooth
functions all of whose positive powers are smooth. On the other hand, the union of all of these
collections

M= ] M.,
0<s<1

which is the set of Hélder monotone functions, is closely related to the set of elliptical flat smooth
functions that can be written as a finite sum of squares of regular functions.
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3. SMOOTH NONNEGATIVE FUNCTIONS

Here we discuss some connections between vanishing to infinite order, derivative estimates, and the notion
of w-monotone for a modulus of continuity w, and finish with the proof of Theorem [2.8 on smoothness of
positive roots. We use the following notation,

(3].) Vm - V®V®®V - [8i18i2"'8im]1§i1,i2,...im§n7
(VR)" = Vh®@Vh®..®Vh=1[(0;h) (0ixh) o Oi )< iy i< s
(I‘ . V)m = (13161 + -+ xnﬁn)m = Z xilxw...ximé‘ilé‘h..ﬁim = Z :1:161
1=(11,i2,...9m ) €{1,2,...,n} " =I'"" iel'm

3.1. Infinite order vanishing.

Lemma 3.1. Suppose that f : B(0,a) = (—o00,00) is a flat smooth function. Then D*f is a flat smooth
function for all multiindices p € 77} .

Proof. Clearly D* f is smooth for all multiindices p € Z7}. We first use induction on m to establish that
(3.2) Drf(0)=0  forall |u| <m,

holds for all m € N. The case m = 0 is a tautology, so suppose M € N and that (3.2)) holds for all m < M.
Then Taylor’s formula of order M yields

o) = | i o A
f@) ZM( M LAICERNA (g

and thus

() s 0ran) < o,
L
lul=M

since f vanishes to infinite order. It follows that the polynomial 3, _,, |Z | D*f (0) z* vanishes iden-

tically, and so D*f(0) = 0 for all |u| = M, which gives (3.2)) for m = M, and completes the inductive
proof.
Now apply Taylor’s formula of order k£ — 1 to the smooth function ¢ — D* f (tx) to obtain

o
[

|-

(z- V)"

k!

(z- V)"

(- V)" D" (0) + o

Dif (z) = D f (O) = D f (0z)

~
Il

0

where 0 < 6, < 1, and thus the smoothness of f implies
D" f ()] < Chop |2,

which shows that D f is flat for all multiindices u € Z% . I

Remark 3.2. If f is a flat function that is smooth only on (—a,a) \ {0}, then its derivative need not be
bounded in any open interval (0,¢) fore >0, e.g.

fl@) = = (Sinzeé n 1);

e =
x2

1
—1 1
¢ 5 (Sin2 es + 1) - = (Sil’l2€%) ,
T T

where lim, o ' (x,) = —00 if z, \, 0 and sin e =1 for allm > 1.

1

.9 1 _1 .1 1\ ex
sin“er +1) —e” = |2siner cosex= —
T

8=

-
—~
8
~
|
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3.2. Derivative estimates. The proof of our first main theorem will use a generalization of Lemma 5.13
from [GuSal, which is the case n = m = 1 of the following lemma. We denote the diameter of a ball B by
¢(B).

Lemma 3.3. For each triple of integers k,m,n € N with k > m > 1 and n > 1, there is a constant
Chkmn >0 such that for any ball B in R™ and f € C*~11(B), we have

w97 (2] < Chnn g s, | (0) = £ 2) = (6 = 1) V£ 1) = . - 2 SL ()
m—1 =%
+Chmin <JT§3§3 F(t) — f (1) — (i — t2) -V (t2) — .. — 1 Eﬂiz).X!] f(t2)>

m
k

X (max’ka(t)D

teB

Proof. Let k> m >1and n > 1, and fix z € B. Taylor’s formula gives

m k-1
f(t)—f(z)+(t—z)~Vf(z)+~-~+Wf(z)+...+wf(z)—H"(t).
Define
— ). m _ ). k—1
i) = W=DV ATy
— -1 -2V - -,

Let D be a ball such that z € D C B and ¢ (D) = min {¢ (B), ¢} where £ (D) denotes the radius of the ball
D and where

o (masnen |f(0) — £ )~ (6~ 1)V (1) - LR )]
maXiep ‘ka (t)‘ .

Since P is a polynomial of degree k — 1 there is a constant C}, ,, > 0, independent of D and B, such that

1
m < [ .
rtr.leaf))dv P(t)] < Ck,me(D)m %asdp )]

Then using a standard estimate for the remainder in Taylor’s formula we get

VU = VP ()] S max TP 0)] < Co o i P (1)
33) < gy s, |00~ £ () (0~ 1) T (1) — oo~ LT )
iy s (1)
< Dy |10 1) KO ) 4 g [ 0] 0
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Moreover, £ (D)*™™ < =™ gives

1 k : k—m m
Fioy V7 (O] €D = ma |9 ()] (D) < ma |9 )] 6
ma, ye [ (1) — £ (12) — (1 — t2) - V1 (t2) — .. 22T p 1) [\
:maX’ka(t)‘ (m=1)
teD max;c ‘ka (t)’
: -t v N
< (géaéc\v ft D (ran ft) = Fta) = (1 —ta) - Vf () = .. B f(h))

Now in the case that § < ¢ (B), we are done since then ¢ (D) = § and

E(J;)m Joax |f () = f(t2) = (b —t2) - Vf (t2) — .. = (ntf)_gv] — £ (t2)
(e |7 (0) (1) (1) V(1) L [\ T
maxiep [V ()]
cmas |F ) = f02) — (01— 12) W (1) — o LBV
ttsen |1 V1 - 2 (m —1)! 2

[(tr —t2) - V"
= (J??é(s e

On the other hand, in the case 6 > ¢(B), we have D = B and the inequality

f(t) = f(t2) = (b1 —t2) - Vf(t2) - f(t2)

k k
[V 0] 4B)" < e,

f(t) = f(t2) = (t1 —t2) - Vf(t2) —

Thus from (3.3)) with D = B we conclude that

1
UBY™ titeen

VT f ()] < f(t1) = f(t2) = (t1 —t2) - Vf (t2) —

by max [VE £ (1) (B

¢(B) mteB

< 2 L
max
- K(B)m t1,t2€B

f(t) = f(t2) = (t1 —t2) - Vf(t2) —

which completes the proof. I

3.3. Nearly monotone functions. In the introduction, we have defined the notion of an w;-monotone
function on intervals of the real line. The extension of this definition to higher dimensions is for the most
part straightforward, with the only wrinkle being the region over which the supremum is to be taken. Here
is the generalization of w-monotone to higher dimensions.

Definition 3.4. Let B (0,a) be the ball of radius a centered at the origin R™. Define a nonnegative function

f:B(0,a) = [0,00) to be w-monotone in B (0,a) if there is a positive C such that
f@) <Cw(f(x), forallteB(

4
2’2

Remark 3.5. If f(x) = g(|z|) is a radial function, then [ is w-monotone in B (0,a) if and only if g is
w-monotone in (0,a).

), and x € B(0,a).

Remark 3.6. We make some comments on the role played by the ball B, = B (%, %) in the higher
dimensional definition of w-monotone. First we point out that the family of balls { B, }

weRrn 18 dilation and
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rotation invariant in the sense that Bseo, = 6©B, for all rotations © and dilations 6. We now claim that for
the purposes of this paper, the family of balls can be replaced by any dilation and rotation invariant family
of open convexr sets {E;}, cpn satisfying (i) 0,z € OE,, (ii) the eccentricity of E, is uniformly controlled
in x, and (it1) the set E, is starlike with respect to each of its boundary points. Indeed, such sets E, are
not zero sets for polynomials, and so the rescaling argument used in Lemma remains in force. The
starlike property is used in the proof of Lemma to show that given any point z € E, and any number
0 < e <1, there is a set D that is a translate, dilate and rotation of E,, and that satisfies z € D C E,
and diam D = ediam E,.. Finally, the important property in Theorem below that implies
also remains in force. However, it appears that the definitions of w-monotonicity using these more general
families of convex sets are essentially equivalent when restricted to elliptical flat smooth functions, and so
nothing significant appears to be gained by their use.

As an example of such a family in the plane, we mention the case when E, is the tilted square having opposite
corners at 0 and x.

A nearly monotone function on the line is quite close to being monotone, while a Holder monotone
function can be far removed from being monotone, but not as far removed from monotone as is an wg-

monotone function with logarithmic modulus of continuity wq (t) = 1-&-1% Each of these notions in higher
dimensions will play a role in this paper. '
‘We need two more results in preparation for the proof of our near characterization of elliptical flat smooth
functions having smooth positive powers.
First, we recall a more general version of an elementary composition formula from [MaSaUrVu]. Let
1 : R — R and h: R" = R be two smooth functions. With w(k) understood to be w(k) o h on the right hand

side, we have
[0; (Yo h)hgign = ¢ [aihhgign )
0;0; o) i jcn = ¥'1050) (Bih)]y; jp + ¥ [0;0ih] < <
060;0i (Woh)l ;i hen = ¥ [(Okh) (05) (Bih)], < j pap + ¥ [(Ok0sh) (Oih) + (05h) (OxOih)], <; j<
+" [(Oxh) (8j8ih)]1§i7j,kgn + o [akajaih]lgi,j,kgn .
We can write this more compactly using the notation of and symmetrizing products, to obtain
V(boh) = o'Vh,
V2 (gpoh) = ¢ (Vh)*+¢'V?h,
V3(poh) = " (Vh)®+34" (V2h) @ (Vh) + ¢ (V3h).

In general we have the formula

M
(34) VM(poh) =" (Wﬂ oh) > [ ]g ] (VR)™ @ (VW)™ @ ... @ (VMh)™ |,
m=1 oz:(ozl,...,ocM)GZy
artas+...ftapy=m
a1 +2az+...+May=M

where { jg } is defined for o = (ay,...,ap) € ZAf satisfying a1 + 2as + ... + May = M. We will not

need to evaluate or even estimate { o } for our purposes in this paper, but a recursion formula for these

coefficients in a special case can be found in [MaSaUrVul.
Second, we give the explicit dependence on bounding an m'" derivative of an ws-monotone function, a
fact which will be used later in our sum of squares theorem.

Theorem 3.7. Let m,n € N and 0 < s’ < s <1 be given. Fiz a ball B (0,a) C R™ with radius a > 0. Then
there are positive constants I'y, p s.s'.a Such that

(3.5) V™ f (@) < Tomssaf @) forallz e B(0,a),
and for all f that are elliptical, flat, smooth, ws-monotone, and satisfy |f (z)| <1 on B(0,a).
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Proof. First using Lemma and the fact that f is ws-monotone, we have

1
ma; Vit < C ma; t1) — f(t
teB(O,)\(osl)| fOl < Cran {lfﬂl tl,tzeB()g( |f (t1) — £ (t2)]

el
2

IA
Q
ol
l—'
3
o
v
kﬁ
&
~—
w
+
—~
=
v
kﬁ
as
~—
w
S~—
0
=
/-
=)
o
"
<
x>
kh
=
N———

< G { s @+ 0 (@)

where max;cp(o,|2|) ‘ka (t)’ < My, for x € B(0,a) follows since f is smooth. Moreover, since f is flat, we

have f (z) < Ay |z|" , and thus f(x)% < Aé ||, and so for x € B(0,a), z # 0, and 0 < f (z) < 1, we have

Vi@ < Cran {I}f(ar:)s_i f?g)’“ —I—Mk'l“l“i’if(m)(s)(l_i)}

< Bimaf (@) F 4 Dypef ()"0 %)

1 11
where By s = Cr1nlcAf and Dy, o = Ck,uﬂ‘i * M. Thus by choosing k sufficiently large, we see that
for every 0 < s’ < s < 1, there is a positive constant I',, 5 o o such that

(3.6) IVf(@)] <Thawaf (@), z#£0, 0<s <s<l,

which proves the case m = 1 of (3.5). We now prove the general case by induction on m. Fix m > 1 and
suppose that for all 1 </ <m and all 0 < s’ < s < 1 there holds

(3.7) ’Vg ’<anssf( )( )17 for z € B(0,a).

Since f is a flat smooth function we have from Lemma [3.3 that

i [V ()] < Conn iy o |f () = £ (1) = (1= ) 9 (1) = o = {02 f 1)
m 17%“
O (g, 70 = £ 0 = (0= 12)- 95 1) = . - (=22 )

m+1

< (g tots o)

Now fix s’ < s and let € = (s — §')/2, so that ' + ¢ < s. Then using (3.7) with s’ + ¢ in place of s’ and the
fact that f is ws-monotone, we conclude that for B = B (0, |x|) we have

‘f(tl) — ft2) = (tr —t2) - Vf (t2) — ... — [t —ts) - V"

m!

< |f(t1)—f(t2)|+|Vf(t2)-(tl—t2)|+...+‘

<Cnsf +ngnssf(t2)(é +E) ‘xle

=1

, )
<Cnsf +Zrlnss’ )(S +E |x|e<zl—‘€nssf )S(S +E) |:L,‘Z

£=0
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Thus we have

m%ﬂtlﬂggB ft) = f(t) = (b —ta) - Vf () = = Wﬂb)
I n,s,s S(S,+E) mtl S (S +e) mtl
72 5 |$|{;L+1)[ _ernssf )f(|j:.|)m+1€<ZF€nss af( )(S+E),
(=1

where in the last inequality we used the fact that f is flat, and thus f(z) < Cps|z|* for all M > 0. Therefore

we obtain
1_m+l

v < ST (o) 4 (S N
>~ Z,n,s,s/,af Z F@ n,s,s’ af Mk
(=1

m41

< Fm,n,s,s’,af(z)(s ) ’
upon taking k sufficiently large so that (s’ + €)m+1 (1 — L,jl) > (S')mH- |

A

We are now ready to proceed with the proof of Theorem

Proof of Theorem[2.8 First note that (8) = (1) is trivial and (4) = (2) follows from Theorem
(1) = (2): Since f ()" is smooth and nonnegative for 0 < 3 < &, we have the classical inequality of

Malgrange, see e.g. [Glal, Lemme I,
v 1@’ =cyr@’,

Bf @)V f ()]
hence |V f (z)|?

which implies that

Next we compute
V@] = V(B @) = 88— 1) £ (@) (V@) + 8 @) V2f (@),
which implies that
81 @)V @) < Cf @IV @)+ |V F @)
hence |[V2f (2)] < /(@) P {Cf @) f @)+ Cp)
Cf @) "+ Cpf ()7 = Caf ()"

where we have used the fact that f (z)° is smooth, hence ’VQ [f (x)’@}
B (0,a). We now prove by induction that

VAN VA

IN

is bounded on compact subsets of

VY £ @)] < Taraf ()™, where y= 5.

2
Define the nonnegative power functions s, : [0,00) — [0,00) by s, (t) =t for t € [0,00), and note that
(3.8) s (1) = ( Z )tvk, for k> 0 and t € (0, 00).
Indeed, with g (z) = f ()" = s, o f (z) we have using the composition formula
Vig(z) = V¥ (sy0f)(2)

M

N CRENIC > [V @,

m=1

a:(al,...,aM)EZf
ajtas+...+tapy=m
a1+2as+...+ Moy =M
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and since ap; > 0 implies apy = m = 1, we obtain that

e n @@

(67

= - 3 (e ) @ 2. s

m=2 a:(al,-waM)GZf
artas+...+ay=m
ar+2o02+...+May=M

hence using the inductive assumption and the fact that g = f7 is smooth,

(s e 1) @ V1 (@)

M
g y—m M (1=7)en (1=(M=1)y)ar—

<
= C+CV,MZ<m>f(:v) > [ o ]f(m) o f (@) ,

m=2 Oé:(Oél,...,OL]\/j_l)EZi/I71

aptaz+...fap—1=m
a1 +2as+..+(M—1)ay_1=M
where C above is a bound for |VM (x) ‘ and finally that
[VHS @) < O @) O Cran 3 f () f <x>mM”} < Cparf (@)

(2) = (3): Againset g(z) = f(z)" = ) (:E) and as before we have

VMg (z) = V¥ (s50f)(x)

I
1=

(sgm) o f) (x) Z [ M ] (Vf(x)™ ... (VMf (m))aM ,

«
a=(ai,..., aM)GZf
ajtas+...+apy=m

a1+2as+...+May =M

(s e r) @) =[sm @] = |( )| rr-

and condition (2) with s =1 —¢, i.e. ‘ka (x)’ <Tref (2)' 7%, to obtain

Now we use (3.8)), i.e.

~

Vi) < 03 e > V@)™
m=1 a=(an,...,an)€ZY

ayjtaz+...tapy=m
ai+2az+...+May=M

M M
CY @ (F@m) =0 f@) T < oM (@)

If we choose ¢ < {7, then we see that vMg (2) is a flat function for each M > 0, and it follows that g is a
flat smooth function.

(3)= (4): Let g be any elliptical flat smooth function that fails to be nearly monotone, or even just
fails the inequality g (¢t) < 4g(x) for some 0 < t < & < a. Then if f(z) = e_ﬁ, the functions f (z)”
are smooth for all & > 0, but f is clearly not nearly monotone since in particular, f fails the inequality
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) <Csf(2)®, 0<t<z<aforevery 2 < s < 1. Indeed, if this inequality holds for some s > 1 , then

Csf ()°, 0<t<uz<a,

1 g ()
—InC, —(InCy) g ()’

0<t<z<a,
g(r

which shows that for = small enough, namely g (z) < 375, we have g (t) < 2g(z) < 4g(z), contradicting
our assumption on g.

Finally, we give a modification of Glaseser’s example in [Gla] that shows that for any 0 < s < 1, there
is an wg-monotone function f such that f¢ is not smooth if 0 < a < % — 1. Suppose ¢ is an elliptical
flat smooth function on (—1,1) that is decreasing on (—1,0] and increasing on [0,1). Suppose further that
 is constant in a neighbourhood of % for each n € N, say in (% — €n, % + sn). See [Glal page 206] for a
construction of such a function. Let 0 < v < 1 and define

Iy (:v)zga(x)%fl (sinzi—i—cp(x)), for —1<z <l
x
. . Lo . . 1
Then f, is a flat smooth function vanishing only at 0. Indeed, Theorem shows in particular that ¢ (z)”
is a smooth flat function for 0 < v < 1, and then the smoothness of f, at the origin follows easily from the
inequalities

‘sm ’ <C, |x|_2n.

The assumption that ¢ is positive away from the origin shows that f, is as well. Following Glaeser’s argu-
ment, we now show that g, (z) = (f, (z))” doesn’t have a bounded second derivative in any neighbourhood
of the origin. Indeed, if x = % + y where y € (—&,,€,), then

Lo T . T . Yy
sin? — sin® =sin? | nm — n’r
T 1+ny

and so

5+
A~
3|
_|_
<
~_
Il I
AS) AS)
e
I|l— 3|~
%H +
| @
L~
P ==
3 |
= =
=, /g\
@w =
[ V)
g "
\_/ +
+ s
AS)
A/~
/‘\
3
~__ +
<
~— &
~_

implies that for y sufficiently small depending on n, we have
1 1 v 1 nir2y? o (y? K
(o) = (o)) () (25
n n n ¢ () ¢ (3)

S (i) (1 +vn;7éy)2 + :%’S) =y (711) +ntn?y® +o (y7),

which in turn shows that g/ (1) = 2yn*z2.
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On the other hand, if § =nm + § and T = nn, then t < , sin? =1 sin? Z =0 and

L) e (5T +p()
Iy (x)lfe 7 (m)%(l%) (sin2 Tt (x)) c
_ ) (Ate) o) _ (e
= (p(z)%(l—s)+l—s (p(x)(iﬂ)(ke) =

is bounded as n — oo if € (% + 1) >1,ie > % Since these pairs (¢, x) are the worst choices, it follows

eagsily that

t
up f’y()s<oo<:>5_ .
o<t<z<1 fvy (T) 1+~
Thus for 0 < s = ﬁ < 1, this gives an example of an elliptical flat smooth function f, that satisfies

ws-monotonicity, but the power function (f, (z))” is not smooth.
This completes the proof of Theorem 2.8]

Remark 3.8. Let M >0 and 0 <s < 1. If ‘ka (x)’ < Tysf ()" holds for 0 <k < M, then f¥ € CM~-11

for all ¥ > M (1 —s). For this, see the end of the proof of (2) = (3) above. In particular /f € C11 if
s> % and \/f € C*1 if s > %, When s > %, we show in Theorem just below that \/f € C*° for some
6 > 0. Finally, we see that if we assume f is ws-monotone for some s > 1 — {5, then we conclude that
fﬂy c Cl\/lfl,ll

But we can do better than the previous remark indicates, as the next and last theorem in this section
shows.

Theorem 3.9. Let M > 2. Suppose that f is elliptical, flat, smooth and ws-monotone on R for some
1-— ﬁ < s < 1. Then there is 6 > 0 and g € CM0 (Rd) such that f = g°.

For the proof, we follow Bony [Bonl, Subsection 5.1], and define for a multiindex o and 0 < 6 < 1,

(39> [h]a’(s (l‘) — lim sup |D0‘h (y) — D%h, (Z)| .

4
s Jy—2|

There is a subproduct rule,

(3.10) [f9as (@) S Y [flacps @ [DPg(@)|+ D |DPf ()] [9)s,5 (),

BLla BLa

which follows using the product rule D* (fg) = ZBSa < g > (Do‘*ﬁf) (Dﬂg) and the decomposition

(D*Pf) (y) (DPg) (y) — (D7) (2) (DPg) (2)
= [(0°7°)) ) = (D771 (2)] (D%9) W) + (D7 f) () [(D%) (v) — (D) ()]

after then dividing by |y — z|6 and taking limsup, ,_,, inside the sum.

To derive a subchain rule we start by considering the case of & = e; = (1,0,...,0) and « = e + ez =
(1,1,0,...,0). We have 0; (¢ (h(x))) =4 (h(x)) O1h(x), and therefore

|019 0 h (y) — 01 o h ()]

Wohle,s(x) = lmsup T
C imeug [ @) 91k () =¥ (h(2) Oih(2)]
e =P
< Timsup 2" W) [|alh<y|>(s L) BTN AU C)) —|w’ (h ()] 01h(2)
Y,2—=T Yy—z Y,2—T Yy—=z

|¢’ o h(a:)| [h]el,é (z) + [w’ o h]O,é ()] O1h (2)].
Next we have

8182 (’(/) O h) = ’L/)// (81h) (82}1) + 1//8281h



SUMS OF SQUARES I 15

and

0102 (Yo h) (y) — 0102 (o h) (2)

[ ohlg e, s (x) =limsup

Y,2—T Iy _ Z|5
< 1 [{(&" o k) (01h) (02h)} (y) — { (¥ 0 h) (011) (D1} (2)]
S lmoy 04l
+ lim sup H(wl oh) 0201h} (y) — {|§¢/ o h) 0,01 h} (z)‘
Y,z2—T y —z
< [W7oh]y,(@)] Oih(z) Boh (z)] + [ o h ()] ([h]elﬁ (z) Dol (z) + [R],, 5 () 81h(g;))

+ [¢' o h]o,a (z)| O1h (x) Bk ()| + ¢ o h (2)] (Mo, 1es. (%) -

Generalizing to [¢) o h],, 5 with || = M one obtains

M -
[pohl,s(x) < Z ™ o h] o (x) Z DBl DBmp,
m=1| - ’ 0<B8,<ax

1B+ +B =M

M m
+ Z ‘w(m) o h(x)‘ Z Z[h]ﬁjﬁDﬁlh B DI TN Y p L-F R DBmp
m=1 0<8; <« j=1
1Brlt+[B, =M

Indeed, m indicates how many factors we will have in the product of derivatives of h; each 3, is a
multiindex, which is nonzero and does not exceed «; the total number of derivatives we take is |5, 4+ - +
Bl = M = |a.

In the first line above we will replace {w(m) o h] . (z) with

)

[ o h(y) = 9™ o h(2)|

[w(m) o h} 05 (x) = hyrgiua;p e z|6
e - 0@ ) - a e
I [ (y) — 1 (2)] y— 2

Y (h(2)) [kly s (@),

to obtain
M
[Wohl,s@ S > [ " (h(x) By (@) > DAp-s DPrh
m=1 0<p,; <«
[By1++|B,, |=M
M m
+ Z ’,p(m) o h(m)) Z Z[h]ﬂj,éDﬁlh ..... DBi-1hDBi+1h . ... DBmp
m=1 0<f,; <« Jj=1

[Bal4 4B |=M

Proof of Theorem[3.9 In the special case ¥(t) = s51/2(t) = t'/2 and h = f we have

|Dk’l/J )< th1/2—k and [w]k,g (t) < thl/Q—k—é7
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and therefore

M § N\ 181 NIBm
[ } Z Fla) /2= p () () 3 f(z)(S)‘ ‘.....f(x)(S)‘ '

=1 0<p;<a
Byl 4By |=M

m

+ Z 1/2 m Z Zf . ye f(x)(s,)mjwa o f(x)(sl)mm\

0<B,; <«
1By 1+ +|,8 = M

We now combine this inequality with the inequalities from and their analogues for |D|, namely
D7 @) £ @) and (7)) S 7 @)
to see that [\/ﬂa,é (z) < 1 for a sufficiently small § > 0 when s > s’ > 1 — 51=. Let & = 1— 5 so
g'=1-5"€(0,54). We use the estimate
(r=@1-)>1-ke
to obtain
N () s e () e (I g ()P S = M — 6

since |B4]| + -+ 4+ |8,,| = M. This gives

M M
[\/?}aé(x) 5 Z (f($)1/2—m—1+1—6a f(LL')m_ME) + Z ( 1/2 m f( )m—M& —65)
’ m=1 m=1
< f(x)l/QfMe'fée"
which is bounded if § > 0 is chosen sufficiently small since & < ﬁ This completes the proof that
VieoMo

4. SUM OF SQUARES VIA BONY’S HOLDER ADAPTATION OF FEFFERMAN-PHONG

Here we will follow Tataru’s adaptation of the Fefferman-Phong argument, incorporating Bony’s Hélder
modification, that uses the implicit function theorem and Lemma below on controlling odd derivatives
by even derivatives, plus a bit more. But we begin here by stating and proving the implicit function theorem
in the form we will use it, and then giving the control of odd derivatives by even derivatives for nonegative
functions.

Theorem 4.1. Let H:R*" =R" ! xR — R be C* and let y = (v, yn) € R x R satisfy

OH
H(y,vyn) =0 and — oz, (Z—,I yn) # 0.

(1) Then there is a ball U = B (y',r) C R"™ and an interval V = (y, — r,yn + 1) such that there is a
unique function h: U =V so that z = h (z') satisfies

H(z',h(z"))=0, 2 €U.

(2) Moreover h is continuously differentiable and

1 /
DR = g gy (O ) o))
. Oh 8 (', h (2')) .
.e. = == 1<i<n-—1.
i.e oz, % (J:’,h(x’))’ for1<i<n
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(3) If in addition H is C?, then h is also C* and

9 ’H OH _0°H | OH 0°H OH 0H 0°H
0°h (J?l) - Oz;0x; 0z; 0x;0z,, 811 0z 0z, Oz; Ox; Ox2
- - 9
Ox;0x; il OH on \*
" Oy, 0xy,

where H and its partial derivatives are evaluated at (x',h (z")) for x' € U.
(4) If in addition H is C™ for some m € N, then h is also C™ and there is a formula for the m" order
partial derivatives of h having the following form for a € Zi_l with || = m,

omh, . m (71)£+1€! O H a|%‘H

axa(x)*ZW Z 9o=By Dl Hl 0xs

=0 (d) pezyh18=¢ v €24
’)’1+~--+’Yk=6

Proof. Parts (1) and (2) are the classical implicit function theorem. For part (3), if H is C? we have,

2h 9 L k()
or;0x; 81‘]%(35,11(&0))

G (@ h () 3% {82 (@' h (@) | = B2 (o' h (2') 5 { 2L (o' h (o)) }
(22 (@, h @)

22 (o' o) { 28 0 o)+ 2 ) (- S |
(2 @)

98 (31 1 (o) {83]?5;” (&', 1 (a) + S (o', 1 (o)) (‘SH((I};((IQ >}

n Fon
2 k)
oH (x',h(2'))
5o, (& h(z
which gives
2H OH
OH 9°H  9H 9*H oz OH 8*H  9H 8°H [ 9=,
62h Oz, Ox;0x; Ox,, Ox;0x, % N Ox; 0x;0zy, Ox; Ox2 gafi
00z or \? on \?
Oxy Oy

9*H OH 9*H OH 9°*H OH 9H 9°H
0x;0x; Oxj Ox;0xy, Ox; 0x;0xy Ox; Ox; Ox?

2 2 3
gf OH OH OH
" Ox,, Oy 0Ty

Part (4) is established in a similar fashion. I

Now we recall from Fefferman-Phong [FePh| and Tataru [Tatl Lemma 5.1], the control of odd derivatives
in terms of even derivatives for a nonnegative C>! function f. For the convenience of the reader, we repeat
the argument of Tataru [Tatl Lemma 5.1] in slightly greater detail here.

Lemma 4.2. Suppose f (x) > 0 and |f"" ()| <1 for x € R. Then

(11) @) < §f<x>%+§f<x>%|f"<x>|%,
(@) < 8f() +81f" ()7,
@) < 2@k,

Due to the control of the negative part of f” in the third line of (4.1)), we can rewrite the first two lines
in terms of the positive part of f”.
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Corollary 4.3. If f >0 and |f"" (x)| < 1, then for f (z) <1,
FEl < {8 3w 3@

8 (@)t + Sf (@)} 1

max{24f (2)%,8f () +8f" (x)i}

< 24f ()7 + 81" (2)2 .

IA
w
B

11" ()]

IN

|

Finally we note that these inequalities extend to z € R™ in the form

(4.2) Vi@ S F@i+ @b V@),
IV3f ()] S fl@)7+]|V3 ()|,
V2 ()|

sup [93f (x)], + f(2)?,
Oesn—1

S
S

provided ’V4 f (x)} < 1 on R™, upon using the equivalence of norms,

sup |8éf)f (z)| = ’ka (x)
SIS i

., zeRM1<k<A4,

on the finite dimensional vector space of homogeneous polynomials on R™ of degree k. Here Og denotes the
directional derivative in the direction of the unit vector © in the sphere S*~!. For example, when n = 2, we
can identify © = 6 with (cos#,sin ) and we have

. of
Opf = (cosB,sinf) - Vf = COSOa

X1

. Of
+51n98—x2.

Proof. To see the inequalities in (4.1)) we may suppose that 2z = 0. Since the inequalities are invariant under
the rescalings f (z) — A~*f (Az) for A > 0, we may also assume f (0) < 1. We write

0<F () <FO)+F O)y+ 37" O)9 + O + 50

to obtain

<O+ %f” O + 50"

F O+ o 0y v

The same bound for 2y is

f1(0)2y + gf’” (0)y*| < f(0) +2f" (0)y* + 20

3
and we claim that combining the bounds yields
3 1
(4.3) f Oyl < SO+ 0)y* + v,
7O y°| < 3£ (0)+3f"(0)y* +y".
Indeed, we have both
1 1 1
0 y— ")y < FO)+ S0y + 5yt
6 2 24
4 . 2
FO)2y+ "0y < fO)+2f"(0)y” + 2",

and adding 8 times the first inequality to the second gives

—6f"(0)y < 9f(0)+6f"(0)y” +y*
1 4

Oy < ST+ OF + 5ot
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On the other hand, we also have both

1 1 1
FOy+ "0y < fO)+5/0)y" + -y,
6 2 24
4 2
02— SO < FO) 26 05 + oy,
and adding 8 times the first inequality to the second gives
6 (0)y < 9f£(0)+6f"(0)y* +y"
3 1
Oy < SFO+0)y"+ 5"
Altogether this gives the first inequality in (4.3)), and the second inequality is proved similarly.
1
Now set y = % in the first inequality in 1) to obtain
FO)3+]f7(0)]2
f (0)} 300y O MUY FIURY
1/ (0] —— T < Sf(0) ==+ |7 (0)] <1> ts ( 1>
SO +[f7(0)]2 f(0)* £ (0)] f(0)*
3 5 1
< SFOF 10+ :f(0),

which gives

I
~
~
—~
(=)
SN—

~

+

~
—

=]
N~—

N
s
/-:

=)
=

[ME

~—
7N

| o
~
—

(=]
~—

[

+

([N

S~

Using f (0) < 1 we thus obtain

which is the first line in (4.1)).
The second line in (4.1)) is proved by setting

1 1
y=max{(0)%,]f" (0)*},
and is left for the reader.

Finally, the third line in 1) is obtained by setting y = f (0)% in the first line of 1D which gives

0<2F0)+ 7" (0)FO)F +

For 6 > 0 define
, 7
rs () = max q f ()™, ( sup [08 f (as)Lr) ,  x€eR™
CIS i
Following Tataru [Tat] we now show that rs is slowly varying, i.e. there are 0 < ¢,y < 1 such that
Irs (z) —rs (y)| < yrs (x),  for |z —y[<cr(z).
We prove this only in R, and leave the straightforward extension to higher dimensions for the reader.

Lemma 4.4. Let 6 > 0. If f(z) >0 and ’V4f (x)} <1 for x € R, then

1

Irs () —rs (y)] < (;) o rs (z), for |z —y| < ﬁr (x).

19
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Proof. By translation and rescaling we can assume that 2 = 0 and r5 (0) = 1. Then f (O)Tl’” f0)TF <1
and by Corollary [£.3] we have
fOI<1, [f0)<11 [f7(0)] <

and so with |y| = |y — | < 555, Taylor’s formula shows that both f and f} are slowly varying, i.e.

11 2 32 1 1

w | Tt

17 0) <32,

) = 7O < 556+ 2200 62007  24(200" " 2°
and 32 1 1
|fH (y), — f’ (0)+| < 300 + 2(200)2 < 5

which yields

max {1 =7, 177 (0)] 77 } —max {1 () 7= |7 )| 7= ||
< max {[£ O — £ )T ][I ) — |77 )| |} <y < 1.
Indeed, if |f (0)] = 0 and |f" (y)] = , then [|f" (0)|7¥% — |1 (y)| == | = (3)7% | while if f(0) = 0

and f(y) = 1, then ‘f(())ﬁ — f(y)T

1
inequality with v = (%) w211

75 (2) =75 ()]

1
= (%) 420 "and since these cases are optimal, we have the above

4.1. A provisional SOS theorem. Here we begin with the following provisional sum of squares theorem,
an analogue of Lemmas 1 and 2 in [FePh|, which will be used to prove our main Theorems [4.7|and [4.8| below.
For any 0 < 8 < 1, and any continuous function h defined on a ball B in R", we define

_Jh(@) — k()
1Pl ) = sup

eweB |z —yl®

and for k € Z, we denote by C*# (B) the space of functions f on B normed by

k
5= 2 |V iy 7
£l s (m) ;H f L (B) ! Lip, (B)

We will use the following ‘distance function’ related to derivatives of f that was used in Tataru [Taf] and
Bony [Bonl:

(4.4) p(x) = py (v) = max {f (x)ﬁl% ) (@2;}31 (0% f (m)]+> o MAvasi (x)f;‘s} ,  c€eR™

Theorem 4.5. Suppose 0 < § < 1 and n > 1. Then there exists a constant N = N (§,n) depending on ¢
and n with the following property. For every nonnegative f € C*29 (R™) satisfying

(45) [V @) < CF (@)% and [V (@)] < CF ()55

there are functions go € C9 (R™) satisfying

(4.6) D% ()] < Cp(x)*71* 0<al <2,
9 (x) < C. Jal=2,

and

(4.7) D9} (@)] < Cp@@)™™ 1 0<lal <2,
(#,0s@) < € lal=2

and nonnegative functions hy € C+2° (R™), for 1 < £ < N, such that
N N

f(x):Zgg(m)z—i—Zhg(x), z eR",
=1

{=1
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and where each function hy can be further decomposed into a countable sum of functions from a bounded set
in C+2% (R™) with pairwise disjoint supports, i.e.

(4.8) he = Z Kem s
m=1

Supp ke,m N Supp ke = 0 for m #m/,
{ke;m}y,, 15 a bounded set of functions in CH2 (R™).

Moreover, each k¢, has the two critical properties that
(3) ke can be factored as

kﬁ,m (.’17) = cI)&m ($)2 Rem (.’L’) ) (bé,m € 02767 Rem € 04’26

where Ko, () is a function of just n — 1 variables, i.e. there is a rotation R = Ry, depending on £,m such
that in the rotated variables y = Rz, the function kg, is independent of y,, and

(3t) The function kg, of n — 1 variables satisfies the differential inequalities .

Here the families {®¢m},,, and {kem},,, lie in bounded sets in C?9 and C*2° respectively.

Remark 4.6. The purpose of the first differential inequality in is to limit our analysis to only the

1
cases when ’V4f}2‘5 is not the dominant term in the definition of p; (the implicit function theorem is not

1
decisive if ‘V‘lf‘ﬁ dominates), while the purpose of the second differential inequality is to show that the
first inequality is inherited by the functions k¢, that arise in the induction step in applications of Theorem
. In dimension n = 1 both of these differential inequalities can be dropped by results of Bony in [Bon|, in
dimension n = 2 the second inequality can be dropped by Theorem [{.7 below, while in dimension n > 5, we
will see in Remark [{.10 below that both inequalities are in general required.

Proof. We begin the proof of Theorem by further adapting the version of the Fefferman-Phong argument
due to Bony in [Bonl, Théoréme 2] using the ‘distance function’ p (x). Define I' = {x € R : f (z) = 0} and
d(x) = dist (x,I"). Recall the sublinear operators [-], 5 defined in (3.9) above,

D« — D«
[(p]a,é (37) = lim sup | ¥ (y) - ¥ (Z)‘ .
Y,z2—x ‘y _ Z|

One now writes U = I'® as a countable union of cubes (), with center x¥ and diameter comparable to
p(z¥). Now for all s > 0 sufficiently small, there is a collection of balls {B, } -, covering U with centers z”
and radii

r, = sp(x¥),
having bounded overlap > 7 15, < Cly, as well as a partition of unity {®,} ~, subordinate to this
collection satisfying

Z P, (ac)2 = 1, Supp ®, C B,,
v=1
1
sup [D“®, (z)] < CQ’SW, ac€Zh.
xeU Ty

We now wish to show that each function ®2f can be decomposed as a sum of a square with control, and
a nonnegative function h, € C*?% with the special decomposition property as in (4.8). For this we will use
the following inequalities for x € B,

(4.9) 0 < plx)<Cd(z),
IDf (z)] < Cp(x)*™71N o<l <4,
[f]a,25 (SC) S Cv |Ol| = 45

We now prove 1’ From 1’ we see that |V2f (x)’ = ‘V4f (m)‘ =0 for all z € I", and then the first two
lines in lb together with f € C*29 (R™), show that f (z) < C |z — :1:0|4+2‘S and |V2f (z)| < Clz— m0\2+25
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1

for all zg € I'. Thus we have f(x)ﬁ < Cinfyer | — 20| = Cd(z) and (supeean [3é)f(x)}+)m <

Cinf o er | — 20| = Cd (), and so

f(x)#% < Cd(z) and ( sup [aéf(m)]+> o < Cd(z),
ecsn—1

wnd p(e) = max {f @7 (w87 @),) "

which is the first line in (4.9).
On the other hand,

[D°f ()] fz) <p(@),

and [D*f ()] < C swp [03f(2)], +Cf (@)* p(a)’ < Cp(a)*™,
©csn-1

where the first inequality in the second line above follows using the third line in (4.2) applied to n(x) =
—25
p(z”) = f(x),

p @)@ o) sw [0 @], + [oe) T @)

1
2

vy —20
Sp)

since p = ry is slowly varying. From the control of odd order derivatives by those of even order in the first
two lines of Lemma applied to n (x) = p (;v”)fzé f (z), we then obtain

1
2

@) vi@| < (p@) P r@) + (p@) P @) (0@ PV @)
(p (xu)—Qé P (z)4+25) E i (p (xy)—za P (x)4+25) 3 (p (I,,)—Qa o (x)2+25) 3

S p()’, weB,,

A

since p is slowly varying on B,, and similarly
@) V@] S (p@) @)+ (p@) P F @) o) VR (@)
(P@) o @) + (@) p(@)*™)

S p@+p@)’Sp), zEB,.

Combined with ’V4 f (x)} < Cp (m)%, this gives the second line in 1| and the subproduct rule lj
yields the third line. This completes the proof of (4.9)).

1 1
1 2 2

Bl
N
N

A

p(@) ™ pa)**?

We claim
q)’/f = gg + hl/ ’
||Dag1/||Lip6(Bv) < Ca,sr?,fla‘, 0<]a| <2,
Jades] . < Casr lal=2
o0
||DahV||Lip25(By) S Ca75r;4/*|04" 0 S |a| S 47
H[hl’]aQéH < Coz,s; |OK‘ = 47
oo

where the constant C,, s is independent of v. Moreover, we also have analogous inequalities for g2 that mirror
those of f:

(o

IN

ggHLip%(B,,) Ca7s7";4,7‘a|, 0 S |Oé| S 4’

[C N

IN

Coass la| = 4.

Case I f(z¥) > ¢p (:c”)4+26.
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In this case we define
fi(z) =@, (2) V/ f (2),
and use the inequalities in (4.9). A first order partial derivative D* f; of f; is
oy Drf (z)
Dufl (.’E):DM(IDU (:E) f(x)"_q)u(x) P
2v/f (z)

and its modulus is bounded by

D, (@) VI (@)] +

3426
< 1 g 246 14 (.’E) < (1,)1+5

@) 29 @)~

"f (x)
f(x)

by the assumption of Case I, together with the slowly varying property of p ~ r. A second order partial
derivative D* f; is

o, () 2D

DPf (z) Drf (z) D f (z) D°f ()
D! f (x) = D*®, (z )+ D, () ——=+ P, (v) ———= — D, (x =
fi(x) @)V f(x)+ (z) f($)+ ()2 o) if (@)
where |a| = |f| = 1. Now for x € B, we have
D2, @) VT@)| 5 @ e’
DPf (x) L p(@)*?® 5
DO, () =21 \L) PE < @),
| W@ | S e e
D () p ()2t 5
@u(iﬂ)m S W—P(@ )
3420
o, (2) D[ (z) Dif(x) < M — o)
Af (z)? ’

(p(@))

and we conclude that |V2 f1 (x)| is bounded by a multiple of p (1’)6 for x € B, . Finally, using the subproduct
rule 1D for [-], 5, we obtain that f € C?9 uniformly in v.

Similarly, we have for a first order partial derivative D* ( f (x)z) and z € B,,

’D“ (1 (x)Q)‘ - ‘D“ (90 (@)?) f (@) + @, (2)° D" (x)
S @)@ e @) S p (@)
which is the case || =1 of

D (£ @) Sr@) L o< <4,

and the remaining cases |u| = 2,3,4 are proved in the same way. Finally, using the subproduct rule (3.10)
for [-], o5, together with the third line in 1) we obtain that fZ € C*2° uniformly in v.

Case IL: f (zV) < cp (2¥)* .
2425

In this case we have without loss of generality that 92 f (z¥) = p(z")
TGO
2

, and hence that 02 f(z) >
for € B, provided c is chosen sufficiently small independent of v. Let us write x = (£, x,,) and
¥ = (&, 2%). Then for | —&"| < %ru = %p(m”), the function x, — f (&, z,) has its second derivative

bounded below by %p (1’”)2+26 on the closed interval [a%,b%] = |z¥ — Lr,, 2% + %ry , and hence has a

nyn n \/5
unique minimum point in [aX,b%], say at x, = X (). If moreover, ¢ is chosen to be at most %, then the

minimum is actually attained at x,, = X (&) in the open interval (a,b%). Indeed, if not, say f (&, a?) is the
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minimum of f on the closed interval [a¥,b%], then 0, f (&, aX) > 0 as well as f (£, aX) > 0, and so Taylor’s

n’» n
formula gives for an intermediate point ¢! between a} and xV,

2

FEak) = [(&ah) + 0.,/ (& ar) (e —ab) + 02, f (§ch) %

2
1
1 2428 (ﬁr”) st 4425 \A+26
> §p(x)+ T_gﬂ(fc)Jr > cp (),

contradicting the Case II assumption.
Set I (§) = f (£, X (§)). Then
f&an) = f(§X(E)+ 02, f(&X(E)[xn — X (8)]
1
[ =08 £ 0 -0 X (9 +tw)
0

— F(O)+H(&mn) (20— X (€)%
where F'(§) = [f(£X(9),

1 1
and H (€.0,) = 5 [ (=08, £(6.0-0X(©)+tw) e

(20 — X (€))°
2

where H (€, x,,) satisfies

1 1
H (& zy) > 5/ (1—1) %p(xu)%za di — ép(‘,ﬂl/)2+25.
0

02, H (&,00)| < ;/1<1t)!ainf@,(lt>X<s>+mn>|t2dt
0

1
< / (1— 1) 2p @) dt < p(a”)?
0

Now we wish to bound |V2H (& x,)| by Cp (x”)%. For this, we first note that by parts (2) and (3) of
Theorem applied to the function 9, f, we have

v\ 2426
X @ = |5 < E e =1
et x (0| < ’agggéf 71 |(2,00,1) (55,0%”]”); (2giamf> (0,02, 1) N (0:,0...1) (isjaw;f) (83..1)
2, (92, 1) (22, 1)
P e (o)
B (o)’
S pa)h
Then we compute
On, [07,F (& (L =) X () +twn)] = 0 f(6(1—1) X (§) +tan)t,

Ve [02,f (&1 =) X (&) + tay)]

vfainf (6? (1 - t) X (5) + tmn)
+0; (& (L —1) X (&) +tay) (1 - 1) VX (€),

and obtain that their moduli are bounded by

Ve [02, (& (1= 1) X (&) + twn)]|

plat)

pa”)

AN N
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Similarly,
IVE[02 £ (&, (1—t) X (&) +txn)]| S p@@)*,
102, Ve [02, (&, (1 =) X (&) +txn)]| S p@@)?,
92 02 f(&.(1-)X (&) +tzn)]| S p(a*)*

Thus for 1 < |u| < 2, we have that

1
DUH () =5 [ (1= D [0, £ (6.1 =X (©) + )] de
satisfies
[DMH (€ an)| S p(a)* 02
Thus K (¢,2,) = H (€,2,) (z, — X (€))° has a C%° square root G (€,2,) (z, — X (€)) where G (&, 2,) =
VH (& x,). Indeed,

VIG (& an) (xn = X ()] = VG (&) (xn — X (8) + G (§20) V (20 — X (§))

= AV (X () + H €2V (- X ()
H (& xn)?
satisfies s
B < pa) ™ PN A e
IVIG (& 2n) (2n — X ()] S (@) p(a”)+p(’) " mp’) ",
and for p = a+ 8 with |o| = |5 =1,
DG (& mn) (xn — X ()] = DG (&) (w0 — X (£) +2DG (&, 2,) DP [(xn — X (€))]
+G (& xp) D (20 — X (€))]
t z @ T B Ty,
;(DH@?>|DH@ 1D H (¢ ”%%X@)
H (& xn)? H (& xy)?
$ &) b 4, — X (6)
H (&, 7,)®
+H (&)* D" (20 — X (€))
and so
)% P($V>1+26 ’
|D*[G (&, 20) (zn, — X (€))]] < (pp(iu))“ré (p(x”)3+35) p(z¥)
1426
+ p((xm.u))lJré + p(l,y)(s
S p@”)’,

and finally also

It thus follows that

P, (&, xn)2 [f (& an) = F (] ={P, (&, 70) (xzn — X (£)G (§,xn)}2
has a C?9 square root fo (z) = @, (&, 2,) (x, — X (€)) G (&, x,).
Similarly, the function
fo (@) =@, (2)* {f (& 20) — F ()}
satisfies the estimates
(@) o<l <,

e (07)
upon using the estimates obtained below for D*F (£), 0 < m < 4, and this then leads to the conclusion that
f3 € C*? yniformly in v.
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Now we note that all cases have been exhausted by the second assumption in (|4.5]).

Note: This is a key juncture in the proof since we have thus eliminated consideration of the difficult case

a1
in which |V4f (x)’% is the dominant term in the definition of p(x), and where the implicit function is no
longer decisive. However, see Bony [Bon| for how to proceed when x € R is one-dimensional.

Thus altogether we have shown so far that
fla)=2 o, ()" f(a),
v=1

where for each v, after a rotation of coordinates depending on v, either

o, (x)° f(x) = go(2)°,
where g, € C**°(B,),

or
o, (2)" f(x) = @, (@) F(&)+D, (2)° H (&) (2, — X (€))7
= ¢, («7;)2 Ry (.%') + 9 ($)2 )
where k, € 4% (B,) and ®,,9, € oaanl (B,) .
N
Finally we use the bounded overlap of the balls B, to write N = U Ay as a finite pairwise disjoint union of

(=1

index sets A, such that for each £ the balls {B,}, . 4, have pairwise disjoint triples. Then we group the sum

of all the functions into finitely many functions hy (z) = >_ 4, P (2)* Kk, (z) and gy (z) = > ve, Iv (z)?
that satisfy the conclusions of the theorem, save for the assertion that x, satisfies , to which we now
turn.

In order to prove assertion (ii) of Theorem |4.5] we suppose for the moment, and only for the sake of
simplicity of calculation, that the dimension is n = 2 and the variable is (z,y) € R%. Then for a function
arising from Case II, which is the only case that is nontrivial, we have that

oesn—1

(fa2 (2,)) 5 ~ p; = max {f ( sup [33f]+> - |V4f|21“}

and with X = (z,h (2)) and F (z) = f (X),

f2(X) =0,

) _ 2 (X)

M) = foz (X))

) = 500+ ROON @) = (x) - 20,

) — V) — oy (2 F12 ()N o (2 (X) 12 (X))
P = g0+ e 00 @ -0 (BEEE) o (BT o)

which gives
1 _ f12 (X) fr2 (X)
F'(z) = fua (X)—%
B le(X)fH(X)+f2(X)f112(X)_fQ(X)f12(X)f122(X)
f2 (X) fa2 (X) faz (X)

+

[(f2 0 2 (X)) S22 (X)) fo(X) fra (X) fre (X)) a2 (X)
faz (X) fa2 (X) o2 (X)?
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which when simplified is

" _ le(X)2
= =T %)
fi2 (X)? L & fue(X) - f(X) fi2 (X) fiz2 (X)
fa2 (X) fa2 (X) faz (X)?
+(f12(X)2+f2(X)f12<X)f122(X> _f2(X)f12(X)2f222(X)>
J22 (X) foz (X)? far (X)°
_ _f12(X)2 LX) A X) | LX) fi(X) finn(X) A (X)fi2(X ) faza (X )
= fulX) fa2 (X) fa2 (X) i faz (X)? fa2 (X)°

We can also write

"o _ fiz (X)? 10.9) fi2 (X) fize (X) f12 (X)? fozo (X)
o == ) T e () <f”2<X)+2 r (X) o (X)° )

If we use that

()75 Q’pf—max{f“% < sup [azf]+> ,|v4f{;5}7

gesn—1
together with the estimates
< pht2o=t, for ¢ < 4,

~

v/ @)
we obtain
2426 P3+25 1426 2426
|[F" ()| < p +W(P ) = p* T = far (X).

So writing p; to emphasize the dependence on f, we have both

1

(4.11) F(2)™5 = f(X)™% < p; and |F" (2)| 55 < py.

Suppose for the moment that we could show

L

(4.12) |VAF ()% < py
as well. Then we would conclude that since we are in Case II,

pp(x) = max{F(ac)“l% , < sup [3§F(m)}+>2 |V4 15}

fesn—2

1

NV @)} S0 00~ L (078

which together with the second assumption in 1) namely foo (X) < f(X ) 5(2429) , would yield the crucial
inductive hypotheses (4.5)) for the function F' in place of f , namely

pr(@) S f(X)TB S F(X)7T = F(2)7
hence |V2F (z)] < py (X)) & far (X) S f(X )5 2+26> — F(2)75 (220

In higher dimensions n > 2, a straightforward exercise in extending notation shows that if 7 denotes the
analogue of F' above, then Fj (z) is a function of n — 1 variables and

i
Py (2) S Fi(2)77
If we iterate this entire construction k times to obtain a function Fy, (z) of n — k variables on a small ball at
the k" inductive step, then

1 1
~ max {F (2)75 | |V?F (z)| 7

)

|V4Fk+1| SPR SPR, S S PRSP = f2+26 N fris = Fovs,
and from (4.11)) we conclude that

2 2426 2426 =9 (2426 =9 (2426
V2 Fiit| S 0% S 07720 = foo S 2020 = P (G420,
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Thus it remains only to calculate and estimate V*F (z), for which we return to dimension n = 2, and to

prove . From we have
&? f2 (X)?
F () = ) (fll( ) — ]

fa2 (X
& f2(X) fi2 (X) fize (X)) fi2 (X)? fazz (X)
{daﬂ fa2 (X )} <f112 (X) +2 fa2 (X) faz (X)? >
[d f2(X)] d f12 (X) fr22 (X) _f12(X)2f222(X)
[dx o (X)] ar (fuz (X)+2 Foo (X) Far (X)? )
f2(X) d fi2 (X) fizz (X)) fr2 (X)® fazz (X)
" (X) da? (f O+ for (X)? )

and a lengthy and tedious calculation, using only the chain rule, the product rule, the estimates (4.9)), and
the equivalence p; (X) = fa2 (X) in force in Case 11, shows that each of these terms is dominated in modulus

by ps (X)%. For example

d f12 (X)?
(fll( ) f22(X)>

da?
a4
dx

<f111 (X) + fuiz (X) B (z) — o (X)2

fi2 (X) [f112(X)f12(X)]
(X) Cdz f22( )

s 57200 [ ) SE] 5 [ 5)

da oz (X)?

which is dominated by Cp; (X)25 upon using the estimates ‘Véf (x)‘ <p (x)4+254. By way of illlustration,

fo2 (X) 2f12 (X) [f112 (X) + fr22 (X) B/ (2)] — fi2 (X)2 [f122 (X) + fo2 (X) B (@])

= fun(X)— finz (X )

)

we compute that the third term satisfies

d{fuz(X)fu(X)} _ e (X) + fiaze (X) 1 (2)] f12 (X)
dx f22 (X) f22 (X)
JrfllQ(X)[fuz( )+ fio2 (X) 1 ()]
Ja2 (X)
12 (X) + frize (X) B (2)] f12 (X) .
Fon (X)g [f122 (X) + fa22 (X) B (2)],

and the estimates (4.9) then show both

The remaining calculations are similar, and the analogous derivative calculations in higher dimensions
n > 2 are a straightforward exercise in extending notation. i

4.2. A two dimensional SOS decomposition. Here we sketch the proof of a decomposition into a sum
of squares of C%9 (Rz) functions in the plane, in which the second differential inequality in 1] can be
dropped. In dimension n > 5, this second inequality cannot be dropped as shown in Remark below.

Theorem 4.7. Suppose that f € C*2) (]R2) and satisfies the pointwise inequality

(4.13) IVif (2)| < f (@)75
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Then f = Zé\;l g7 can be decomposed as a finite sum of squares of functions g, € C?+o (R2) where

DY (x)] < Cp(x)*7*, o<l <2,
[gf]a_rg(x) < C, |a|:2.

and
|Dg? (z)] < Cp(x)*™71* o<l <4,
[07] .5 (@) < C, ol =4

Proof. The pointwise inequality on ‘V4f’ shows that ’V4f (x)’” <f (x)ﬁlw, and hence

fesn—1

~ max {f (2) 755 ( sup [93 f <x>]+) } ,

pesn—1

pla) = max{f(x)®,< sup [33f($)]+>2+25,|V4f(x)|zl<s}

by . Now the Holder argument of Bony [Bonl, Subsection 5.1] proves the result since there is no Case 111,
and the function F (z') = f (2/, X (2')) that arises in Case II of the argument is in C*?% (R), and so Bony’s
one-dimensional result shows that F' can be written as a sum of two squares of C%9 (R) functions. Now we
proceed with the Fefferman-Phong argument as modified by Bony, and along the lines of the argument used
in the proof of the provisional Theorem above. 1

4.3. A higher dimensional SOS decomposition. Here we prove our main decomposition of a smooth
nonnegative function into a sum of squares of €29 (R”™) functions in arbitrary dimension, but restricted
to elliptical flat smooth functions that satisfy certain differential inequalities, that are in turn implied by
assuming f is ws-monotone for appropriate 0 < s < 1.

Theorem 4.8. Suppose 0 < & < 1, that f is a C*?° function on R", and that p(z) is as defined in the
formula above.
(1) If f satisfies both of the differential inequalities in , i€

25(143)

Vif (2)] < CF ()7 and V%[ (2)| < Cf () 255

then f = Zévzl g7 can be decomposed as a finite sum of squares of functions g, € C?+e (R2) where

D% (2)] < Cp(a)* Il < Of ()75 @D <ol <2,
9as(@ < C  lal=2.

and
DG (1)) < Cp(a)7 1l <o @)zl <o <4,
03] ,0s (@) < C ol =4

(2) In particular, the inequalities hold provided f is also flat, smooth and ws-monotone for some
s < 1 satisfying

4 4 2 2+26
. — > .
(4.14) 5> Vo oo o s >Vo s

Remark 4.9. The inequalities also hold if the smoothness assumption on f is relazed to f € CF,
provided that s is replaced by s — T in for a sufficiently large constant C. See the proof of Theorem

[37
Proof. For (1) use induction on dimension together with Theorem and for (2) use inequality (3.5) in
Theorem [3.7] 1
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Remark 4.10. The counterezamples in [BoBrCoPe| show that the differential inequalities in cannot
both be dropped. The first differential inequality in plays an important role in reducing matters to cases
in the proof where the implicit function theorem can be applied decisively, and we now show that the second
differential inequality in cannot be dropped either, not even significantly weakened. Indeed, fix 6 > 0. If
we set =40 in part (1) of Theorem then inequality 6 > s implies that there is an elliptical flat smooth
ws-monotone function f that cannot be written as a finite sum of squares of C*# functions, contradicting
Theorem 4.8, and thus showing that we cannot relax the second inequality in to just s > §. On the

other hand, § > s is compatible with the first inequality in (4.14]) for § close to 1, since § > s > %\4/2%5
holds for § = = 0.7937.

The utility of this theorem for our purposes lies in part (2), where given any 0 < s < 1, we can find 6 > 0
so small that is satisfied. We also have the following extension of this theorem to C?"™2? functions f
on R™, but where we no longer have the same utility. Here the control distance that is used in the proof is

gesn—1

(4.15) Pf(x)fmaX{f(x)W( sup [%f(x)h)w,|V4f(x)|m_i+25,,,,,|v2’"f(x)‘2%}7

and the differential inequalities we impose include ’Vz(mfp)f (x)‘ <cf (:c)% for 0 <p<m-—2 In

2(m—1)

particular this requires s > = which forces s closer and closer to 1 as m — oo since lim,,, o mEA=T =

1. As a consequence, the following theorem will not be used for hypoellipticity in the paper [KoSad], and we
give only a sketch of the proof, leaving the details to the interested reader.

Theorem 4.11. Suppose 0 < & < 1 and that f is a C*™2® function on R™.
(1) If f satisfies the differential inequalities,

(4.16) VP p @) < Cf@®, foro<p<m-2,
and |V2f| < f25(7r'l:s+é),

then f can be decomposed as a finite sum of squares of C™° (R™) functions.
(2) In particular, the inequalities hold provided f is also flat, smooth and ws-monotone for some
s < 1 satisfying

) )
4.1 N ——
(4.17) s > \/m_ﬂs,

2(m—p) p+
+

s > f07“1<p<m—1

1 6
and s > V2 2m +
S m+6

Proof. The proof of Theorem is similar to that of Theorem if we use p; defined by (4.15). Just as
in the proof of Theorem the differential inequalities (4.16)) show that

A 2T
py(x) ~ maX{f(w)W : (9:;})1 [3§f(w)]+> }
and so only Cases I and II arise in the arguments. The proof that pp (z) < p; (x) in Case Il is the same,
and the proof that F satisfies the differential inequalities , is simply a more complicated version of
the analogous calculation in the proof of Theorem Indeed, we modify the proof of assertion (ii) in the
provisional Theorem [£.5] when n = 2 as follows. In Case II, we have that

1
2m 12+25 ~ — Tlm 2 amoaeee 4 2m714+26 2m %
(f22) pf_max f 20, sup [aef:l+ 7|v f| 7"'7|v f| ’

fesn—1

and since fos < f(S,)2 by Theorem we then have

2 V35 2 7n71+5>2
1 (s m—+38 5
Ps S (f22)2m—2+26 S f2m—2+25 < f Zm—2125 — fm+67
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if we choose s > s' > /2§ ¢/ mﬁﬁg‘s, which we can by the third line in (4.17)). The proof now proceeds as
before. 1

5. COUNTEREXAMPLES

Here we begin by constructing an example of an elliptical flat smooth function f on Bgs (0,1) x (—1,1)
that cannot be written as a finite sum of squares of C%# functions for § > 0. Even more, we prove the
following result that answers a question in [BoBrCoPe, Remark 1.4].

Theorem 5.1. Given any modulus of continuity w, there is an elliptical flat smooth function f on Bga (0,1) X
(—1,1) that cannot be written as a finite sum of squares of C*% functions.

Then we investigate the connection between wg-montonicity and these counterexamples. To construct
our counterexample we modify the example in [BoBrCoPel Theorem 1.2 (d)] by adding an additional term
n(t,r), r=|(w,z,y,2)|, and to prepare for this we modify the construction of the function C (&) appearing
in their argument. But first recall the following lemma, where

L(w,z,y,2) = w* + 22y% + y%2% + 2222 — 2wayz, (w,z,y,z) € R
and for a modulus of continuity w and h defined on the unit ball Bga (0,1) in R*,

|V2h (W) — V2h (W)

2
B = |7 +  sup
|| ||c2 (Bga(0,1)) kzzo Loo(BR4(0,1)) W,W’€By4(0,1) w (W —Ww|)

Lemma 5.2 ([BoBrCoPe, Theorem 1.2 (d)]). Let w be a modulus of continuity. For every v € N there is a
decreasing function C, : (0,1) — (0,00) such that

li v = )
TI{‘%C (1) 00

IV
)
<

S

‘Cw (Bga(0,1))

whenever {g;+}7_, C C** (Bga (0,1)) satisfy

(51) L(U},Jf,y,Z)‘i‘T:Zgjﬂ— (w,x,y,z)Q, for (w,x,y,z) GBR4 (O’ 1)

j=1
Proof. Fix v € N. Suppose, in order to derive a contradiction, that for all 0 < 7 < 1, there are v func-
tions {gjn.};’:l C C?¥ (Bgs (0,1)) satisfying 1) and ||gjr||g2.. < C, for a constant C' independent of
7. Then the collection of functions {gj,7}1<j<y 0<r<1 18 bounded in C?% (B4 (0,1)), and hence com-

pact in C? (Bga (0,1)). Thus there is a decreasing sequence {r,} ., C (0,1) and a set of v functions
{9;}7_, € C?(Bg (0,1)) such that g;, — g; in C* (Bg (0,1)) for each 1 < j < v, and it follows from (5.1)
that

L w x,Y,z Zgj ’LU z,Y,z) , for (w,x,y,z) GB]R4 (071)7

contradicting [BoBrCoPel, Theorem 1 2 (c)].

|
for {C, (1)}, as in [BoBrCoPe). First, use Lemma to choose
0,1) such that

n, for0<7 <7, and v <n,

o0
: : Tn+177—n) ) I

Now we construct a lower bound C (7)
a strictly decreasing sequence {7, },. , C
>

C()

and then

so that we have

(5.2) lii%C( T) = oo and 111% CC”((T)) =o00, forallveN.

It is clear that we can now modify C to be strictly decreasing and still satisfy (5.2)).
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Now let ¢ : (0,1) — (0,1) be a strictly increasing elliptical flat smooth function on (0, 1), and with
r = |(w,z,y, z)| define

(5.3) fw,z,y,2,t) = (t) L(w,x,y,2) + ¢ (&) +n(t,T)

where v (t) and 7 (¢,7) are smooth nonnegative functions constructed as follows, in order that f is elliptical
on Bga (0,1) x ( 1,1), yet cannot be written as a finite sum of squares of C?* functions.

The function v (¢) is constructed similar to that in [BoBrCoPe] but incorporating an additional function
as follows. First we fix a smooth strictly increasing function A : (0,1) — (0,1) with lim,~ o A () = 0, so that
the inverse function A~ (t) is also strictly increasing with limit 0 at the origin. We will almost exclusively
choose A (r) = r for 0 < r < 1. Next, we choose a nondecreasing flat elliptical function 1, on (—1,1) such

that #ﬁ)@)‘i is also nondecreasing and

i bo ()
o4 Ve = © (wt) A <t>4>’ et

e.g. using that C may be assumed strictly decreasing, we may take

Yo () =p®)A T (1) C! (

1
Ve (AT (t)2> '

Then in order to obtain a smooth such function, set

o ()%

where g is smooth nonnegative function supported in ((), 2) with f g = 1. Then 1 (t) is smooth and because
1, is nondecreasing, we conclude from the definition of v, that 1 is also nondecreasing, and moreover that
P (t) <)o (t) for 0 < t < 1. Finally, since C (1) is decreasing, we obtain from (5.4]) that

(5.5) 1_12<c<¢(_t34> 0<t<l.
e (A (1) e)A (1)

The function 7 (¢,r) is chosen to have the form n (t,r) = o (r)h (ﬁ) where h is a smooth nonnegative

function on (—1,1) with & (0) = 1, and where o (r) is an elliptical flat smooth function on (0, 1), chosen so
small that 7 (¢,7) is a flat smooth function on (—1,1) x (0,1). More precisely we need only choose ¢ (1) small
am+n

enough so that for all m,n € N,
— g (T) (m) 3
s 00 = g (S (5))

o
I
B kz< ) (A(i?”) gr:—_’ﬂka)(A@))

tends to 0 as (¢,7) — (0,0). Thus we now have

(5.6)

57 P50 = 00 L (w0,0.2) + 00+ o ()b (51 ).

With these constructions completed, we see that f is an elliptical flat smooth function on Bga (0,1) X
(—1,1). Now suppose, in order to derive a contradiction, that f = Z;’Zl G? where Gj € C** (Bga (0,1) x (—1,1)),
ie.

(r)
for (w»L% Z7t) € DBga (07 1) X (_13 1) .

PO @0 +o 0 (515) = S 6w’
=1
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Then since h (
that

)\(r)) vanishes for A (r) < [t], i.e. 7 < A1 (Jt]), we have with W = (w, z,y, 2) and wlog t > 0,

e(O) L(W)+14(t) = ZGj (W,0)*,  forr < A7H(Jt]),

and rescaling W by A~ () we have,

p(OLAT )W)+ (1)

iGj (A Wit)?,
j=1

forr = |W|<1,te(0,1).

1, and using that L is homogeneous of degree four, we obtain

(t)>\ L(t)
W (t) NI an))
LW -y = 2L
W+ o~ = < Ve (1)
forr = |W|<1,te(0,1).

Since G;j € C%% (Bga (0,1) x (—1,1)), the functions W — G; (W, t) lie in a bounded set in C** (Bga (0, 1))
independent of ¢ and j, and hence also the collection of functions

HW)=G (AN HW,t), 1<j<wvte(0,1),

Multiplying by

is bounded in C** (Bga (0,1)), say >/, HH;HCM(BRA;(O,U) < M,. Thus with 7 = 7(t) = %, we
have from Lemma and (5.5)) that
n - Ht
—V_ >y > Cy (7 (1))
e (A =1l V¥ )‘ C2vW(BR4 (0.1))

C( ( )) T C(r®) Vet @1)?
which contradicts lim o Gy (( )) oo in , provided that we choose ¥ (t) to satisfy in addition that
(5.8) im —2 0 i) =0,

N0 () AT () N0
This completes our construction of an elliptical flat smooth function f on Bga (0,1) x (=1, 1) as in (5.3 that
cannot be written as a finite sum of squares of C%* functions.

Remark 5.3. In order to derive a contradiction in the above argument, it is enough to take t so small that

Co (7 (1) N
T W= ; 15| 2. (5,4 0,1))

5.1. Connection with weak monotonicity. Here we investigate conditions on 0 < s < 1 under which
the function f in ([5.7) above, i.e.

w20 = 0L (w,.2) 46 (0 +0 ()1 (5.

is wg-monotone on Bpa (0,1) x (—1, 1), resulting in the following theorem that connects the parameter s to
the functions ¢ and v in the definition of the flat function f, .. We will assume the following further
restrictions on f.

Further restrictions: We suppose that the functions ¢, 1,0, A, and h in the construction of f, 4 »
in also satisfy
(1) 1P() o(p(t)t') ast \, 0,
(2) o(t) =¢(t), for t >0,
3) A(r )—r for r > 0,
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(4) there is a constant 0 < p < 1 such that the function h = h, is a smooth nonnegative even
function on R that is decreasing on [0, c0), and satisfies

hp(z) = 1,for0<a <p,
0 < hy(z)<l,forp<a<l,
and h, (r) = 0, for z > 1.

We denote such a function f by f, 4 », when we wish to emphasize the dependence on ¢, %, h,. Recall
that for a modulus of continuity w, we defined in (1.1]) the w-monotone functional of f by

_ f(y)
11— mon = WEB(O,I)SSIE)B(T,‘ T @

Now for any functions ¢, as above, define the three functionals

t t
Riown (1) = 0<t<1 wE ; (p((v( ))), for 0 <7 < oo,
Saa,w) (v) = 0<t<1 w(( () ;) for 0 < v < o0,
T3 (v) = sup Nt for 0 < v < o0,

0<t<1w( () )
where R, ) (V) S S(,.) (7) for 0 <y < oo, because 4 (t) = o (¢ (t)t).

Theorem 5.4. Set
t
o, (W) =9 O LOV) + 00+ ¢ (0o (L) 7 =W W e R e 0

where @, 1, h, satisfy the conditions listed above. Let vy, = 1tvita® VQLW for0 < a < .

(1) Then for 0 < p <1, and every 6 > 0, the function f = f, yn, on R is elliptical flat and smooth,
and there are positive constants c, s and C, 5, such that

1
(5.9) eS¢, ( > +¢T5 (1) < [ Fewn |l mon
1
< Cs {Rﬂ,w (146)+ S5 (2 + 6)] +Cp 5Ty (v, +9)-

(2) Now take ¢ (t) = e~ %= and suppose 0 < s < so where

—2
1+V2
(5.10) soz< ‘;*f) = 0.68629.

(a) Then there are no functions g; € C*F with f = fup.on, = >y—1 9¢ for any v € N if

4 16
i PO
NO 1 (t)
(b) If 0 < s < min{fB,so}, then there is 0 < p < 1 and a function ) (t) such that the elliptical
flat smooth function f = fuyn, is ws-monotone but not SOS,,, i.e. there are no functions

ge € C?P with f= f¢7w7g7hp = 22:1 g? forv e N.

Remark 5.5. The quantities R‘E’%w) and Sf’%w) n are the key functionals controlling the w-monotone
functional of fy,y.n,-

(1) The estimate (@) is sharp in the sense that the lower bound ‘equals up to multiplicative constants’
the limit as 6 — 0 and p — 1 of the upper bound, namely

(o) 1 +0) + 55, (2 + 5) +T7 (1, +0) — R (D +S85, <2) +75 (1)

1
~ 8oy (2> + 75 (1)
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since ’R( ) (1) is a constant.

(2) Note also that the right hand side of l is dominated by a multiple of the single term Sw » (WP + 5),
but the smaller limiting term Sg , (1) is already far larger than the lower bound.

(8) The functional 7;" is an admissibility requirement for the function y, and plays no other role in
distinguishing which pairs of functions (@,v) give rise to f, 4 n, being w-monotone.

5.1.1. Proof of necessity in part (1). Here we prove the lower bound

1
20 (5) + T 00 < Uit

Given points P,Q € R® with Q € OB (g, %), we have from w -monotonicity that

F(@
(7 Py = M ommon:

We now consider two specific pairs of points (P;, Q1) and (Ps, Q2), in order to derive the lower bounds above.
Let P, = (0,t) and Q1 = (W ) where W is any point in R* with r = |[W| = %, so that Q; €

g ok
0B (P1 |P1‘) and

fP) = f0,t)=4(),

1@ = smiwh =g (5)ron v (5) ~e (5) 0
This gives
fQ ()t
11l o—mon = = (7 (P)) Nw(j(t))’ forall 0 <t <1,
and thus

o 1
I 0520 (3)

Next let P, = (W,|W|) and Q2 = (%, (% + %) |W|) so that Q2 € OB (%, %l) and

f(B) = fW W] =s0 LW)+ ¢ (r) = g(r)r,

r@ = o5+ )) (5)+¢((3+75)7) =etnnr

where v, = % + -1 Therefore,

no

f(Q) @(717“)7“4
w(f(P)  wle(r)rt)

[ -

for all r € (0,1) and thus
Hf”wfmon > 07::) (71) .

5.1.2. Proof of sufficiency in part (1). Fix a modulus of continuity and a function f = f, ; », given by

FOW0) = o(t) LOW) + 0 (0) + ¢ () <|vtv>

as in the hypotheses of Theorem We consider pairs of points (P, Q) € R® x R restricted by
(P,Q) = ((W1),(V,u) €Q,
Q = (BR4 (0,1) x [0, 1]) x (BR4 (0,1) x [0, 1]) :

and will estimate the supremum,

_ £(Q)
Mf w) = su —_—
= o (] (P))
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where Bp = B (g, ‘—};I) is the unique ball centered at g that includes both the origin and P in its boundary.

This is a localized version of the functional || f|
Now the functions

wg—mon"

t
2= f(2W,2t) = o (2t) 2L (W) + 1 (2t) + o (27) h (|VV|>
are nondecreasing, which has the consequence that the supremum in M,, is achieved for Q € dBp, so
f(Q)
Mf(w) = sup —_—
(P.Q)en: Qeanp w (f (P))

We now claim that it further suffices to restrict the supremum to pairs (P,Q) = (W,t),(V,u)) €
Q with Q € 0Bp and V || W, where V and W are parallel if V = AW or W = AV for some A € R.

Claim 1.

f(Q)
(5.11) Mf (w) = sup —
(P.Q)=((Wt),(vaea & (f (P))
QEdBp and V||W
Proof. Denote the supremum on the right hand side of (5.11)) by M| f (w), so that M f (w) < Mf (w). We
have

F@) ~ @V + (W) + o (V) h (|§|> .

Rotate the ball Bp about its vertical axis, namely the diameter of Bp that is parallel to the vector e, so
that @ = (V,u) is rotated to the point Q' = (V’,u) in the plane spanned by e; and ey, for which |V'| > |V].
Then

QS e@IVT + 0@+ oV Da () = (@) < Mif @)wld ().
since Q' € 9Bp and V' || W. Thus we have

@)
Mf(w) = sup — = < M, f (w).
= b wapeaw () ~ )
Q€EOBp
|
Now P = (W,t) and @ = (V,u) satisfy @ € 0Bp if and only if
w2 £\ 2 T PP
vogl+(em5) = v (TE) =fe-s

(1P WP+
o 2 o 4 ’

Set r = |W/|, z = |V| and suppose that V || W, so that |V —%| = |[A=1|r = |z —%|. Under these
conditions, we then have (Q € 0Bp if and only if

(5.12) (z—;)2+(u—;)zzr21t2,
and
(5.13) FP) 04 u @)+ pn (1)

f(Q)%so(u)z‘*w(u)w(z)h(g).

Here we prove the upper bound for M f (w), which is comparable to || f|,, _,,- To estimate the supremum
in , we will consider different cases depending on the sizes of % and %, and depending on which of three
terms dominates in the expression for f(Q) in (5.13). We will use the abbreviation Sup,.gyicteq at various
places in the proof to denote the supremum of the ratio % subject to the restrictions in force at that

time.
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The case r = |W| < t: We will first prove that when r = |W| < ¢, we have the upper bound,

f(P)
(5.14) Mifouwn, (W) = sup —
o (P.Q)=(wo),(vapea w(f(Q))
Q€edBp and V||W and |W|<t

1
S CiRE, ) (140)+ CoTE (4 6) 4 CoSty (5 +9)).

where vy, = v tas 3};‘“2 and 0 < § < 1. Note that h(%) = 0 in this case, so from 1D we have
Py o)t +1(t).

Proof. We consider further subcases depending on the size of %, and on which term dominates in the

expression for f (Q) in (5.13).

Case u > z: Suppose first that the variables (V,u) satisfy % > 1 and ¢ (u) 2* > ¥ (u), so that

£(Q) = ¢ (u) 2*.
Using the restrictions z < u and r*p (t) > 9 (t) we get

Q) p (u) 2
rcs?ggcd w (f (P)) ~ rcsiggcd w ((P (t) rd + ’(/) (t)) ’

and from 1) (z — %)2 + (u — 1)2 = ”244#, together with the restriction r <t we obtain z = 7 and

4

2
t N r2 4+ 2
U=
2 4 7
since z = 5 < % + % = u. Now in the case where 1 (t) dominates in the denominator, we have
r? < % =o(t*) andsou =%+ % =(1+0(1))tast \ 0, and so under all of these restrictions in
SUD,estricted W€ have for any § > 0,

f(@Q) o (u) 2

su —_—— X su
restri(l;)ted w (.f (P)) restriged w (90 (t) ré + w (t))

o(1)+1 P(t

o (3 ) g
S sup < OsRY, 4y (1+6).
restricted w (w (t)) 5 () ( )

On the other hand, in the case when ¢ (t)r* dominates in the denominator, we can use the inequality
w (zy) > w (z)y with 2 = ¢ (t) t* to obtain

sup 762) ~ sup ng sup %(é-#ﬁ)r‘l
restricted @ (f (P)) restricted W (¢ (1) 74)  0<r<i<1 w (o () )
B O e N (RO L
Y oocrsist w(p(t) ) (2) Tl T wlemty 75 (1) -
Case u < z: In this case f(Q) < ¢(z) and
f(Q) ©(z)

Sup ———== & Ssup .
restricted W (f (P))  restricted W (¢ (£) 74 + 1 (t))
The supremum on the right hand side is maximized for z as large as possible, which by (5.12]) occurs when

u = % and
r 1
z ==+ =—\/r2 +¢t2.
2 + 2 +
We now consider two cases, where 7 is small and large. Note that with

2
®®F:®+® —1_0(1+9)
3 +e 3+0 7
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we have

1 1
,z:gju5 r2+t2§<2+5’>t, for 0 <r <O ()t

as is easily seen by squaring the inequality %\/ r2 412 < (% + 6’) t—5. Thus forr < © ((5’) t with &' > 0, we

obtain
Q) o (2) p((3+9)1)
sup ———— =~ su < sup —=——22%
restri?ted w (f (P)) restrig)ted w ( ( )T4 + ¢ (t)) ~ O<tI<)1 w (w ( ))
e((3+0 +e)t)tt
< C. su ,
S OTdE T w @)
since limg\ o % = oo for € > 0 and any ¢ flat at the origin. We now choose §' and & small enough

that 6’ +¢ < 4, so as to conclude that

Q) e rnr o (1)
- GG S T w30

On the other hand, if r > © (5’) t, then

Q@ o) p(5+3VIP+P)
sup ———e R sup ——— = R sup 1
restricted W (f (P)) restricted W (90 (t) r ) 08 )t<r<t<1 w (90 (t) r )
¢ (11t) 1 ¢ (111)
< sup S sup
0<t<1 ¢y (tp (t)© (6’)4 t4) o ((5’)4 o<t<1 w (¢ (t)t4)
1 5)t)tt
< sup LD e (3, 4.6).

O (6 ot1 wlp(®)t)
using the flatness of ¢ again. I

The case r = |WW| > t: We will now prove that when r» = |[W| > ¢ we have the following upper bound,

f(P)
M w) = su ———— < C, 5Ty +6).
2o, () (P,Q):((W,tl)),(v,u))eﬂ w(f(Q)) poTe (0 +9)

Q€EOBp and V||W and |W|>t

Proof. We consider separately the cases t < pr when h,(£) =1, and r >t > pr when 0 < h,(%) < 1.
Case t < pr: We have h,(%) =1 and so from (5.13)) that

f(P)=¢(r).
In the case u < z, we have f(Q) < ¢(z), and by l , i.e. (z - 7) (u - f) tz, we then have
o(z) ~ @(2—}— ”’2“ ) if we choose u = £ and z = %—5—7“"2“, so that u = § < %+7v22+752 =z. We

conclude from the 1nequality w (zy) > w (z)y with z = ¢(r)r* and y = r~* that

14p2
o) o))

/@)

Ssu —_— < su —< su
renrined @ (F(P)) ~ gcreb T w(p () 02ty w ((r))
1 +p? 4
3+
- Sup*"«? : )) Y ESRVAR)
~ 2 w (p(r)r) > \2 2 )=l

On the other hand, if u > z, then f(Q) ~ ¢ (u)z* + ¢ (u), and by (5.12) we then have that u is

. . /r2 2 . . .
maximized when z = ¢ and u = % + %, which we note satisfies the requirement u > z. Thus we have
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Q) |, 2@t e
(5.15) resiered @ (F (P)) ~ 0Zr1 w(9(1))

0<r<1 w (¢(r))
w( &+ 12+p2>7“)7‘4 e
~ w P 1+p -
e ( 2+2>> ST
(L) since r~tand ¥ (t) = o (p(t)t*). fu<z

Case r >t > pr: Here we have f (P) ~ ¢ (t)t* + p(r)h
we have f(Q) < ¢(2), and by (5.12), we have ¢(2) ~ ¢ (% + T22+t2> if we maximize z by choosing u = £

and z = § + 7“"2;’52 From this and r < %t, we obtain

2

r 1 t 1 14++/14+p
=4+ -Vr2+2< —+ — /2 2= —————t =t
z 2—|—2 e+ _2p+2p +p 2 Yot

and so
T V22
S () N (5 + Y5 < qp 2000
restricted W (.f (P)) ~ prt<r W ((P (t) t4 =+ (p(’l’)h (%)) ~ prt<r W ((,0 (t t4)
o ((v,+0)t)t!
< sup 2L T +9),
PT<tp<r w (e (t) t4) v (%7 )
where we have used the flatness of ¢ as before.
Next, if u > z we have f(Q) = ¢ (u)z* + ¢ (u) < ¢ (u)u*, and so maximizing v with z = L gives

u:%—i—i”?tz7andso
4
@ ol
restricted W (f (P)) pr<t<r and u>z W (SD (t)t + (p(T)h (;))
(u) ut 2 (% + T22+t2) !
S sup @74 S sup 1
pr<t<r and u>z W (‘P (t) t ) prt<r w (‘P (t) t )

Q

141
el [ 2+Y5— |t T
ro Ly Ve ) gy
su = -4+ — | < .
P w (e (D) 1Y) v |2 2 e e

Combining the estimates for M f (w) and Mo f (w) completes the proof of Part (1) of Theorem [5.4
5.1.3. Proof of part (2)(a). Denote by C5 , the function.

cy., () = inf { IG,., : G ={Ge}y_, € ®C>* (Bgs (0,1) and L(W) +7=_ G (W)z} :

{=1

Note that by Lemma we have lim_,oC3 , (1) = o0, but we will require the sharper inequality given in
(5.27) below. Suppose that

LW)+7 = Y Ge(W),
=1

Ge(W) = ap+ S (W) +Qe (W) + R (W),
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where
S Z Gy, aW and Qf Z fﬁ ocWa
] =1 o] =2
Then setting W = 0 in the equation gives

N

and so

<

L(W) = Zaz+5z )+ Qe (W) +Re (W) 7
(=1

=1 =
—i—ZQaeRe )+225£(W) +Z Q¢ (W) + R, (W)]2.
=1

Now the sum of terms in the mlddle line vanishes identically since it is a quadratic polynomial, and all of the
remaining terms in the identity vanish to order greater than 2 at the origin (simply evaluate the identity at
W =0, then differentiate and evaluate at W = 0, and finally differentiate once more and evaluate at W = 0,
using that Ry (0), VR, (0) and V2R, (0) = 0 all vanish). Thus we conclude that
(5.16) LOW) = [Qc(W) + Ry (W) = D 2a¢Re (W) + Y250 (W) Re (W)
=1 =1 =1
Now define 4,, > 0 by

v 2
5.17 2= inf inf |L(W)— w)? |,
(5.17) b {Qg};1w6s3< (W) ;Qe( ))

where the infimum is taken over all collections {Q¢},_; of quadratic forms Q, (W) = 2 jaj=2 fraWe, with
W € S$* and coefficients fr of modulus at most a constant Cp, which will be determined in (5.23)) below.
Since the infimum is taken over a compact set, it is achieved, and must then be positive since L cannot be
written as a sum of squares of quadratic forms.

Now fix a modulus of continuity w, and given 7 > 0, suppose there are functions G, € C*% with
211Gl 2o = 1IGlly,, < oo such that

(5.18) LW)+7=> G/(W)*, forall [W|<L

Recall that we can write
Ge(W)=ar+ S (W)+ QW)+ Ry (W),

where

(5.19) ia? =7,

(5.20) ZISn )< IG,,, W]

(5.21) Z Qe (W) | < 1G]y, W]
(5.22) Z [Re (W) | < NGl [W 2w (W).

Also note that from Y,_, |Q¢ (W)| < C+/L(W) + 7, we obtain that for 0 < 7 < 1, we have

(5.23) feal < Co=C/L(W)+1.
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From we have
(5.24) L(W) - Z QR = LW)— 3 (Qu (W) + R (W) + Z [2Q¢ (W) + Re (W)] Ry (W)
) MWW =Ry,
where
(5.25) hy (W) = Z 2a¢Ry (W) + ; 25, (W) Ry (W)
(5.26) hy (W) = Z [2Q¢ (W) + Ry (W)] Ry (W).

Using the last line of (5.19) we obtain

[ (W) < CVT (|Gl WP w (IW]) + ClIG 5, WP w (IW]) = C IG5, W] (IW]) <||G|f + |W|>
2,w

|hs (W)] < C[|Glly, W[ |Re (W)] < C G5, W[* w (W]) .
So altogether we have

JT
1G5,

[ (W)| < [ha (W)] + [he (W)| < C|IGll3, & (IW]) [W]? ( + W+ [W] )

\f
< OG5, w (W) [W? <”G| + W]
2,w

provided |[W| < 1. Note that we can assume without loss of generality that ”G\{ < 1. Thenif |W| = *‘f
we have
R (W) < ClIG 5w (W] W]
However, this estimate is too weak, and we need an improved bound on |Sy(WW)|.
We return to to obtain

LW)+ X2 r =AY LOW)+1)

_ Z{S“A) o QW >+A2RZ(AW>}

3 {Sg()\W] ( i[sz&W)r[\ACHGHmm + Gy, W] w(A|W)D

{=1

,_.

2
+O< 35 Gy, W7+ Gy, 7] w(AIWl)] )

and hence

HMT

—

&

1=

B
A

_ JT 2
ClWl' + A"+ C [A Gl WP+ Gl WEw A WD

SZ(W)T 2 [ VT r

ie < C|\W|"+ +C F Gl W]+ Gy, [Ww (AW

;[Wm W+ e+ O |+ 1€ W1+ 1€ W1 (1)
- C|W| s5a T CIIGI, W[, provided A|W] xemains bounded.

But now we note that

Q

Z ‘af,a‘7

la]=1

|W\ ||Z oo |>a )

lee|=1
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and so we conclude that
%
1

> |aé,a|§0<| T )\2+||G”2w‘w| /\2> <20Gl3, 77

|a]=1
: _ VT
if we choose A = JRW and thus

i 1
1Se W) < ClIG|3, T5[W].
Using this together with (5.19)) in (5.25)) we obtain

V)] < [y (W) + 1 ()] < CIG o0 (W) WP | (7~ + ”\(f W]+ W
2w

H2,w

If |W| = % we have

[h(W)| < C IG5, w (W) W[,
and from ([5.24) we obtain

() - ZQZ(WJZ

L(W) =3, Qe(W)’
w*

< < |G ¢ Wi,
= ”{,'4 — || HQ,W (‘ |)

it |W| = 4\/—[ Using ([5.17) and (5.23) we thus have the following estimate
4
so<clal,w|—L ). frc>clGl,, .
1G5,

where Cj is the constant defined in (5.23). In the special case w(r) = r® we have

2-58 8
6, < C|Gl5.2 77,

2 B8
511 1a—p 1)\ 328 . CO
1Gll2. = <C) (7_) , provided |G, < ok

Altogether we have obtained thus far the crucial lower bound

or equivalently

Oy p 8
(5.27) CQ”’wﬁ (r) > () T 8-28,
The next lemma finishes the proof of part 2(a) of Theorem
Lemma 5.6. Suppose 0 < <1 and let f, ., (W,t) be as in . If
t
(5.28) limsup — 20 g
=0 ()7 tF
then foy fails to satisfy SOS;}M for any v € N. Note in particular we may even take both ¢ and v to be
nearly monotone functions on (—1,1).

Proof. Assume, in order to derive a contradiction, that f, , (W, t) has the property S(’)Sg’wﬂ for some v € N,
ie. fop = -y G where Gy € C?* (Q), ie.

w(t)L(w,z,y&,t)ﬂL{l,/J(t)ﬂo ( ﬂ ZGz Y, 2,t)”

for (ac,y,z,t) € (1= Bgs (Oa 1) (71’ 1) :

Then since h (%) vanishes for r < [|t|, we have with W = (w, z,y, z), and without loss of generality ¢ > 0,
that

P LW) 40 =3 G (Wt forr<t,
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and replacing W by tW we have,

pOLEW)+9 () = Y Ge(tW,t)®

for [W| < 1,t€(0,1).

Multiplying by E t) 7z, and using that L is homogeneous of degree four, we obtain

v(t) N~ Gt
L(W) + gO(t) A ; < /(P (t)t2 )
for [W| < 1,te(0,1).

Since Gy € C?* (Bga (0,1) x (—1,1)), the functions W — G (W, t) lie in a bounded set in C?* (Bga (0,1))
independent of ¢ and j, and hence also the collection of functions

H (W)=G,(tW,t), 1<(<wv,te(0,1),
is bounded in C** (Bga (0,1)), say

(5.29) > |\H5Hcm(3R4<o,1)) <M,, te(0,1).
Thus with 7 =7 (t) = ngt)w we have from and that

| > ey (r (1)

N,
7>
Ve (t zzjl Ve Ve 02 (Bya(0,1))

) e () )

-2 B 8—52[3
-3 MmN 5—28
(6'/) < lim inf = ( v (t)4> =9, lim inf _v) (f) = ,
C t—0 %) (t) t4 (0] (t) t t—0 ® (t) B tB

contradicting (5.28)) as required. This completes the proof of Lemma ]

and hence

1
5.1.4. Proof of part (2)(b). Choose s < s’ < . If we set ¢ (t) = ¢ (%)~ ¢+, then f is ws-monotone by part
(1), and we have

-

= lim e%(i’fﬁ)t‘l(%*ﬁ) =00
)

K% Lo a _t\O
@(2) ’

t
since 3 > s', and hence by part (2)(b), we cannot write f as a finite sum of squares of C2# functions.
This completes the proof of part (2), and hence that of Theorem

5.2. Extension to general moduli of continuity and proof of Theorem We first note that part
(1) of Theorem [2.5]is implied by Theorem [5.4} To prove part (2) let

b= (o (),
so that
o, W) % 0O 460+ ) (1) S 00

~! vanishes to infinite order at the origin, we have

Then since w
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for N > %, Part (2)(a) of Theorem shows that f, s », cannot be written as a finite sum of squares of
C?# functions. On the other hand using § < 1/2 we have for N > max{2, (’yp + (5)2}

N 1
(t) p (A +6)1) e ()N o ((1L+0)t) e T Ao
RE 1+4) = su 7§ su = sup —— <1,
(o%) ( ) 0<t£1 (1) w(@ () 0<t£1 © (t)2 0<tI<)1 6—%2
I W
(( ) ) t)t* 2 (( + 5) t) e (vp+6)2t2
Tw + ) = su _— 5 Su pi = su - S 17
v (% ) 0<t21 w (@(t) t) O<tI§)1 (t)% 0<t1<)1 s
t 4 t 1
Lrot)t L 45t ((1/248)8)2
S(‘Pw)( +(5> = Sup %7),.% Sup M: Sup eilgl
o<t<1 w (Y (1)) o<t<1t ¢ (1) 0<t<1 e iz

Thus, Part (1) of Theorem shows that f, 4 n, is w-monotone, which completes the proof of Theorem
2.9l

We end the paper by collecting the previous results into a somewhat sharp theorem in all dimensions,
which can be summed up as roughly saying that an elliptical flat smooth function can be written as a finite
sum of squares of regular functions ‘if and only’ if it is Holder monotone.

Theorem 5.7. Suppose that f is elliptical flat smooth and Hélder monotone, i.e. ws-monotone on R™ for
some 0 < s <1 andn > 1. Then there is § > 0 such that f is a finite sum of squares of C*° functions.
Conwversely, for every modulus of continuity w satisfying ws < w for all 0 < s < 1, there is an elliptical flat
smooth w-monotone function f on R® that cannot be written as a finite sum of squares of C*° functions for
any 0 < 6 < 1.

Proof. The first assertion is a consequence of Theorem while the converse assertion was proved in part

(2) of Theorem |
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