SUMS OF SQUARES II: MATRIX FUNCTIONS

LYUDMILA KOROBENKO AND ERIC SAWYER

ABSTRACT. This paper is the second in a series of three papers devoted to sums of squares and hypoellipticity
of infinitely degenerate operators. In the first paper we established a sharp w-monotonicity criterion for
writing a smooth nonnegative function f that is flat at, and positive away from, the origin, as a finite sum
of squares of C29 functions for some § > 0, namely that f is w-monotone for some Holder modulus of
continuity w. Counterexamples were provided for any larger modulus of continuity.

In this paper we consider the analogous sum of squares problem for smooth nonnegative matrix functions
M that are flat at, and positive away from, the origin. We show that such a matrix function M = [ak]} Z,j:l
can be written as a finite sum of squares of C29 vector fields if the diagonal entries agj are w-monotone
for some Holder modulus of continuity w, and if the off diagonal entries satisfy certain differential bounds
in terms of powers of the diagonal entries. Examples are given to show that in some cases at least, these
differential inequalities cannot be relaxed.

Various refinements of this result are also given in which one or more of the diagonal entries need not be
assumed to have any monotonicity properties at all. These sum of squares decompositions will be applied
to hypoellipticity in the infinitely degenerate regime in the third paper in this series.
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1. INTRODUCTION

In the theory of partial differential operators, the ability to write a pure second order real differential oper-
ator L (x) = trace [A (z) V ® V] as a sum of squares of vector fields X; (z),i.e. A (z) = Zjvzl X (z) X (z)",
with some specified smoothness, has proven to be of immense value. See e. g. work of Hormander [Hor], Roth-
schild and Stein [RoSt], Christ [Chr] and Sawyer, Rios and Wheeden [RiSaWh, RiSaWh] to mention just a

tr
few. If A () is nonnegative, then the spectral theorem shows that A (z) = > ( Aj (z)v; (x)) ( Aj (z)v; (x))

j=1
where {v;, (x)}?zl
smoothnes of \/A; (z)v; (x). Thus it becomes an important question as to whether or not a given matrix
function A (z) can be represented as a finite sum of squares of vector functions with preassigned smoothness.

is an orthonormal set of eigenvectors for A (z), but little can be typically said regarding
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2 LYUDMILA KOROBENKO AND ERIC SAWYER

We will refer to the rank one matrix X; (z) X, (2)" = X; () ® X () either as a square of a vector field, or
as a positive dyad’. We point out the obvious fact that a sum of squares Z;‘Vﬂ X jX;?r is positive semidefinite
and equals XX" where X is the n x N matrix with columns X;.

In this paper we extend the sums of squares results for scalar functions obtained in [KoSal] to the setting
of matrix-valued functions, where these decompositions will be used in the subsequent and final paper of
this series [KoSa3] to obtain hypoellipticity results in the infinitely degenerate regime.

In order for an n x n nonnegative matrix function A (z) = [a; ()], ;<,, to be a sum of squares

Zévzl v (z) ® v (x) of vector functions (with some specified smoothness such as C?), it is of course nec-

essary that the diagonal entries a;; (x) themselves be a sum of such squares, namely Zévzl (v (x))f A well
known and clever construction of Fefferman-Phong [FePh] has been used by Tataru [Tat] and Bony [Bon],
see also Guan [Gua], to show that every C®1! scalar function f (x) can be written as a sum of squares of C1:!
functions. However, this degree of smoothness falls short of what is needed in the theory of hypoellipticity
of sums of squares of infinitely degenerate vector fields, the appropriate level of smoothness being C? for
some 6 > 0. The theorem proved in [KoSal] shows that a nonnegative scalar function f (x) can be written
as a sum of squares of C?9 functions provided f is strongly C*2%, by which we mean f is C*2%, positive
away from the origin, and satisfies |V2f (x)| , |V4f (sc)| <f (x)‘sl for some &' > 0. A large class of examples
of such functions is the set of Hélder monotone functions, those for which there is C, s > 0 such that
[ ) < Cf @)° foryeB(;”;').

This class is sharp in the sense that the logarithmic version of this inequality fails to imply a decomposition
into a sum of squares of C?? functions, see part (2) of Theorem 6 below.

Neverthess, this latter condition on the diagonal entries of A (z) is not sufficient for A (x) to be a sum of
squares of C?9 vector fields, as our counterexamples below show. Instead, we assume in addition a collection
of natural inequalities on derivatives up to order four of the off diagonal entries a;; (x) having the form:

) z+(2—lube

1
D%y ; (z)| < < min a; ; () ,  foallk<j, 0<|ul <4, and some € > 1

1<e<

We also give examples showing that such differential inequalities on off diagonal entries of the matrix are
sharp in some cases.
But first we recall the main results from [KoSal] that will be used here.

Definition 1. A scalar or matriz function A : R — RVYXN s elliptical if the associated quadratic form
Qa (7,6) = ™A (2) € is strictly positive away from the ‘azes’ {0} x RN and R™ x {0} in R™ x RV,

Definition 2. We say that a scalar, vector or matriz function g : R™ — [0, 00) is regular if g € U C??% (R™),
6>0
i.e. g is O for some 0 < § < 1.

Now we recall various notions of monotonicity from [KoSal].

Definition 3. Let w be a modulus of continuity on [0,1], and let f : R™ — [0,00). We say

(1) f is w-monotone if f (y) < Cw (f (z)) for y € B (%, %l) and some positive constant C,
t(l+Ing) if s=1
(2) ws(t) = t° if 0<s<1 for0<s,t<1,
—L if =0
1+In % 1 S
(3) f is nearly monotone if f is ws-monotone for every 0 < s < 1,
(4) f is Holder monotone if f is ws-monotone for some 0 < s < 1.

LA nontrivial dyad a ® b is positive if and only if a = b. Indeed,
" [a®bl& = £ (a,€) b= (£,b) (a,€) >0
for all € if and only if a = b.
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Finally we recall the following seminorm from [Bon],
D%h (y) — D*h
(L) [h]a,5 (z) = lim sup | (y) g (2)]
Y, 2T |y _ Z|

We can also norm the space C™ (K) with ||h]],,, o = [hllcm gy + 22 aj=m SWPsek [DVA], 5 (x) when K is
compact.

)

Theorem 4 (Theorem 28 from [KoSal]). Suppose 0 < & < 1 and that f is a C*?° function on R™. Let

1 2-}—%5 1

p(x) = py (v) = max {f(w)“*” : (@sgp (08 f (x)h) VA ()] } , zeR™
c n—1

(1) If f satisfies the differential inequalities

25(143)

(1.2) Vif (2)] < OF ()77 and V2] (2)| < Cf () 755

then f = Zév:l g? can be decomposed as a finite sum of squares of functions g, € C*10 (Rz) where

(1.3) D% ()] < Cp(a)*71l < Of ()37 g<al <2,
9as(z) < C  al=2
and
1D°g3 (2)] < Cpla)™® 1l < of ()7 7leD g <o) < 4,
0] 005 (@) < C ol =4

(2) In particular, the inequalities (1.2) hold provided f is flat, smooth and ws-monotone for some s < 1
satisfying

4 4 2 2"‘2(5
. > .
(1.4) s> V6o 1125 and 87\/5\/2_‘_6

Remark 5. The inequalities (1.2) also hold if the smoothness assumption on f is relazed to f € C*, provided
that s is replaced by s — % in (1.4) for a sufficiently large constant C' independent of k.

The next result shows that the Holder monotone class comes close to being sharp for a decomposition
into a finite sum of squares of regular functions.

Theorem 6. Let n > 5. There is an elliptical, flat, smooth wg-monotone function f that cannot be written
as a finite sum of squares of reqular functions. Moreover, wgy can be replaced by any modulus of continuity
Ws(t)

w with wy K w, i.e. limy o ORE 0, for all0 < s < 1.

Corollary 7. Suppose that f : R™ — [0,00) is elliptical, flat and smooth.

(1) Then f can written as a finite sum of squares of regular functions if f is Holder monotone.
(2) Conversely, for any modulus of continuity w satisfying ws < w for all 0 < s < 1, there is an
w-monotone function f that cannot be written as a finite sum of squares of regular functions.

Finally, we recall the following estimates for nearly monotone functions from [KoSal].

Theorem 8. Let n > 1. Suppose that f : B(0,a) — [0,00) is an elliptical flat smooth function on B (0,a) C
R™. Then the first three of the following four conditions are equivalent. Moreover, the fourth condition,
which holds in particular if [ is w1 monotone, implies the first three conditions, but not conversely. Finally,
for any 0 < s < 1, there is an ws-monotone function f such that f%_1 is mot smooth.

(1) There is § > 0 such that f (x)7 is smooth on B (0,a) for all 0 <y < §.

(2) For everym >1 and 0 < s < 1, there is a positive constant I'y, n, s such that

V" f(2)] <Tpomsf ()7, for x € B(0,a).

(3) The functions f (x)" are flat smooth functions on B (0,a) for all v > 0.
(4) The function f is nearly monotone.
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In this paper we will apply the above sums of squares representations for scalar functions to obtain
representations of matrix functions as sums of squares of C?® vector fields. For the reader’s convenience we
include a schematic diagram of connections between theorems. Results in a double box are logical ends.

start start
Theorem 12 Definition 27
properties of Square Decomposition
comparable matrices A=77"+B
| e
start
Lemma 33 Theorem 20

diagonal ellipticity
inherited by the SD

) /

Lemma 34

subordinaticity
inherited by the SD

1 v

Lemma 35
strong C*2°
inherited by the SD
+

end

characterization of subordinaticity

start
Definition 31
(¢,e,8',68") -strongly C*2

Theorem 22 end
Holder monotone diagonal entries
and off diagonal differential bounds
= A is a finite Sum Of C%® Squares
plus a quasiconformal
subordinate term

Theorem 42
sharpness of off diagonal
differential bounds in the SOS

2. STATEMENT OF MAIN MATRIX DECOMPOSITION THEOREMS

Definition 9. Let A and B be real symmetric positive semidefinite n x n matrices. We define A < B if
B — A is positive semidefinite. Let B < « be positive constants. A real symmetric positive semidefinite n X n
matriz A is said to be (8, a)-comparable to a symmetric nxn matriz B, written A ~g 4 B, if B < A < aB,
i.e.

(2.1) BETBE < ETAE < a £¥BE, for all £ € R™.

Definition 10. Given two symmetric matriz-valued functions A (z) and B (x), we say A (x) is comparable
to B (z) if there are positive constants 0 < 8 < a independent of x, such that A (x) is (8, «)-comparable to
B (z) for all x € R"™. In this case we write A (z) ~ B (x).

Note that if A is comparable to B, then both A and B are positive semidefinite. Indeed, both 0 <
(a — B)E™"BE and 0 < (% - é) €™ A€ hold for all ¢ € R™. Moreover, for any x we have that A (z) is positive

definite if and only if B () is positive definite.

We first give a simple characterization of when a symmetric positive semidefinite matrix-valued function
is comparable to a diagonal matrix-valued function that is positive away from the origin. In order to state
this result precisely, we first establish the general fact that if a matrix A is (8, «)-comparable to a diagonal
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matrix Dy as above, then A is (% %)—comparable to its associated diagonal matrix

FL 0 - 0

0 Fy -~ 0
Adiag=Dr=| . . -

0o 0 ... F,

in short A ~3 o Dx = A ~5 o Agiag, equivalently

B
@
g
Indeed, it is an easy exercise to show that SDy < A < aDy implies Sy < F, < a); implies Dy < Df <
aDj, and since D = Agjae we then have

B

aAdiag < DA g A aDy <

fDx <X A 5 aDy = gAdiag S A < S Adiag-

a
B

This becomes important when we consider matrix-valued functions A (z) (of a variable € R™) that are
(8, a)-comparable to a diagonal matrix-valued function D (z), and which are positive definite away from the
1

1 1—e" =2
_L
1—e =

the origin, yet is not (8, a)-comparable to any diagonal matrix-valued function D (z). Indeed, if it were,

Adiag .

origin. For example, the matrix function A (z) = is positive definite away from

0 1
which clearly fails for x close to the origin. It turns out that for matix functions A (x) that are both positive
definite away from the origin and (3, «)-comparable to some diagonal matrix-valued function D (z), we can
derive useful consequences on the off diagonal entries of A (z). Since such matrix functions play a major
role in the sequel we make a definition to encompass them.

then A (x) would be (8, @)-comparable to its associated diagonal matrix, i.e. the identity matrix [ 0 } ,

Definition 11. We say that a matriz-valued function A (z) is diagonally elliptical on R™ if A (z) is com-
parable to a diagonal matriz-valued function D (x) for all x € R™, and if A (z) is positive definite away from
the origin.

We see from the above discussion that, if A (x) is diagonally elliptical, then A (z) is comparable to
its associated diagonal matrix-valued function Agisg (), a fact which will play a key role in deriving useful
properties of diagonally elliptical matrix functions. In the next two subsections we state and prove a relatively
simple property of a diagonally elliptic matrix function, as well as an easy characterization of when a matrix
function is subordinate. In the third subsection we state our sum of C'?° squares theorem, which is then
proved in the third section, and finally we demonstrate in Section 4 some results on sharpness.

2.1. The comparability theorem. First note that if A (z) ~ B (z), then A (z) ~ B (z), with the same
comparability constants 0 < § < a < oo, where A () is any principal submatrix of A (z) and B (z) is the
corresponding principal submatrix of B (z). Here is the only other consequence of comparability that we
will need.

Theorem 12. A symmetric positive definite n X n matriz-valued function

A ) = fony @, = | 0 0

is comparable to its associated diagonal matriz-valued function Agiag () only if there is 0 < f < 1 such that

(2.2) b ()" [D (2) — BDaiag ()] " b(x) < (1 = B) ay1 (z), for all x.

In particular,
(2.3) lag,; (x)] < (1 —B)+/akk (x)a,;(x), foralll1 <k <j<n and all z.

For this we will use the following three lemmas.
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Lemma 13. Let A be a real symmetric positive semidefinite n X n matriz. Then there is a real symmetric
positive semidefinite n X n real matrix v A satisfying A = vV AVA.

Proof. Let P be an orthogonal matrix such that PAP"™ = D is a diagonal matrix with nonnegative entries
{\i}]_, along the diagonal. If VD is the diagonal matrix with entries {\/)\i}:.;l along the diagonal, then
the matrix VA = P"v/DP is symmetric and positive semidefinite, and satisfies

VAVA = P"VDPP"VDP = P"VDVDP = P"DP = A.
]

Lemma 14. Let n > 2. For any number a, (n — 1)-dimensional vector v and invertible (n — 1) x (n — 1)
matriz M, we have the determinant formula

det{a
v

tr

r tr rar—1
M } =adetM —v" [coM]" v = {a—v"M v} det M .

Proof. We prove only the case n = 3, in which case we compute that with o = d, v = ( Z ) and M =

e ¢
[c f]wehave

d b [ ¢ ] a b a b
det | a c = ddet — adet + bdet
c f c f e ¢
b f L .
= ddet . ; —a(af —bc) + b(ac — be)
[ e C ) 2 2
= ddet e f —a*f 4 abc+ abc — be
and we continue with
d a b ;o
det | a e ¢ :ddet[ Jcc}—(a b){_ c} Z
boc f c c e

The next lemma will use the following well known characterization of positive definite matrices.

Theorem 15. A symmetric n X n matiz A is positive definite if and only if the determinant of every right
lower principal submatriz of A is positive.

Lemma 16. Let f and F be real symmetric positive definite (n — 1) x (n — 1) matrices, and let v be a real
(n — 1)-dimensional column vector. Then for  real,

6 H Otr - h2 vtr
0o f v F ’

h?—pBH > 0,
Gg = F — ff is real, symmetric, and positive definite,

if and only if

and
vtrGglv < h? — BH.
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Proof. Theorem 15 and Lemma 14 show that

[hQ—,BH ptr ]:[hQ—BH U“]

0= F - gt v Gy

holds if and only if h* — BH > 0, G = 0 and

h? —ﬂH tr

0<det{ v G

] = (det Gg) {h2 —BH — vtrcglv} :

which in turn holds if and only if
v"Gylo < h? — BH.

Now we can prove Theorem 12.

Proof of Theorem 12. Suppose A ~ Agiag, say
BAdiag S A S 0Agiag, With0< 8 <a < oo,

where 1 must belong to [3,a] in this case. Now apply Lemma 16 with h%? = aj;, f = Dgjag and F = D to
obtain
b [D — 6Ddiag]_1 b<an —Pfanr=01-p)an,
which is (2.2).
To obtain (2.3), we use the fact noted just before Theorem 12, that every 2 x 2 principal submatrix

~ a a . . o~ —~ — . .
A = [ ak’k ak’J of A satisfies A ~ Agiag = Agiag With the same comparability constants § < «, and
k,j J5J

hence by (2.2) we conclude that

ag,kx — Pagr = (1 —B) apk,
(ajyj - Baj,j) (1 - 5) Ak .k = (1 - 5)2 a5 0k &k

—1
ak,j [aj,; — Baj ;| ar;

. 2
ie. |ag;|

[VARVAN

which is (2.3). 11

2.2. The subordinaticity theorem. There is a second concept that will play a significant role in hypoel-
lipticity theorems, and which we now introduce.

Definition 17. A symmetric matriz function A (x) defined for v € RM is said to be subordinate if there is
T' > 0 such that for every first order partial derivative B%:k’ the matriz %A (x) exists and satisfies

2

0 <T?"A(x)¢,  1<k<M.

S—A(x)¢

(2.4) i

The inequality (2.4) holds for all smooth nonnegative diagonal matrices D (z), by the classical Malgrange
inequality for C? scalar functions. However, we note that the subordination property (2.4) fails miserably
for nondiagonal matrices A () in general, even for 2 X 2 matrices in one variable € R that are comparable
to a smooth diagonally elliptical matrix A (x) that is a sum of squares of smooth vector fields. For example

A(x)[ L qf(e

vf(@) f(x)?
fails to be subordinate since
, 0 v &\ [ 1 7f(x)}<§1>
f) { v 2/ (@) ] ( & ) <C(a &) e fwt e )
2
< Cf (x)?, and hence |%lnf(ac)‘2 - I'@P o ¢

implies with ( 2 ) = ( (1) ) that f’ (33‘)2 ( 2ffy($) ) T <A

But In f (x) cannot be bounded near 0 for any smooth nonnegative f (z) that vanishes at 0. However, in the
case f is smooth, then A (z) is a sum of smooth squares

] ,  where 0 < || < 1,

A<x):<7f}$1)>®<7f%$1)>+<\/%f(fl)>®<\/%f(fl)>j
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illustrating the fact that a sum of smooth squares need not be subordinate. Conversely, in the final section
of this paper, we give an example in Theorem 37 of a diagonally elliptical 3 x 3 matrix function Q (z,y, 2)
of three variables that is subordinate, but not a finite sum of squares of C9 vector fields for any § > 0.

Definition 18. A matriz function M is said to be SOSy, 5 if it can be written as a finite sum of squares of
C* vector fields.

Conclusion 19. The property that a matriz function M is SOS1 5 is in general incomparable with the
property that M is subordinate.

Theorem 20. If A = [aij}?jzl is an n x n positive semidefinite C* matriz function that is comparable to a

diagonal matriz function, then A is subordinate if and only if
(2.5) |Vaij\2 5 min {aii, ajj}, 1 S i,j S n.

n
i,

In particular, a matriz function A = [a;;] =1 with a; = X for all 1 < i <mn, is subordinate if and only if
Vai,;* S\, 1<ij<n.

Note that this latter set of inequalities amount to assuming an extension of Malgrange’s classical inequality
|Vau‘\2 < ai; (which requires a; € C2) to the off diagonal case i # j.

Proof. Let f’ denote any of the partial derivatives 887,]:.' We begin by noting that A (x) is subordinate if and
only if
n n 2 alll (x) T a’/ln (CE) gl ?
DD @) = : : : :
==t py () - ap, (2) {3
ail (l‘) 0 0 n
2 r r
= A@e s A@eE~e"| o . o €= a(@)E
i=1

0 0  ann(x)
Taking €& = ey, ..., e, respectively shows that the following n conditions are necessary and sufficient;
2 2
lat, @]+ D o, @] S aia (),
j: j#1

labo @)+ Y Jab; @) S aza (@),
Ji 2

dy g @+ Y Jd @ S ana (@),
j: j#En—1
lahn @+ Yl @ S (@),
j: j#n

The inequality of Malgrange already shows that the diagonal entries satisfy |a§,i (x)|2 < a4, (), and since
the derivative Va; ; (x) of an off diagonal entry occurs in only two of the above lines, namely in the it and
jt" lines, we see that the conditions in the display above hold if and only if (2.5) holds. i

2.3. The sum of squares theorem. Here is the sum of squares decomposition for a Grushin type matrix
function with a quasiformal block of order (n —p+1) X (n — p+ 1), where 1 < p < n.

Definition 21. Suppose that A () is a diagonally elliptical n X n matriz function on R™.

(1) We say that A (x) is quasiconformal if the eigenvalues \; (x) of A (z) are nonnegative and compa-
rable.

(2) We say that A (z) is of Grushin type if A (x) is singular exactly on a vector subspace A of R"™ having
dimension m < n, and if the diagonal entries ay i (z) of A (x) are each comparable to a function
M (y) depending only on y € A.
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Roughly speaking, the next theorem says in particular that if a subordinate diagonally elliptical C*?29
matrix function A (z) of Grushin type has diagonal entries ay j (z) that are comparable to the last entry
an,n for p < k < n (but unrelated to the first p — 1 diagonal entries), and finally if the off-diagonal entries
satisfy suitable subordinate type inequalities, then A is a finite sum of squares of C%° vector fields plus a

C*? block matrix function { 8 (g ] where the (n — p 4+ 1)-square matrix Q, is both subordinate and
D

quasiconformal.

Theorem 22. Let

1
1<p<n, 1§e<1, 0<d<d,6"<1, M>1,
with
y_ 20(1+0)
2496

Suppose that A (x) is a C*?0 symmetric n x n matriz function of a variable x € RM | which is comparable
to a diagonal matriz function D (z), hence comparable to its associated diagonal matriz function Agiag ().

(1) Moreover, assume app (T) = apt1,pt1 () & ... = an,p, (z) and that the diagonal entries ar 1 (x), ..., ap—1,p—1 (T)
satisfy the following differential estimates up to fourth order,

(2.6) ID'ari ()] < agp (z)7IHEF 1<|u/<4andl<k<p-1,
lakk], 05 (®) S 1, |ul=4 and 1 <k <p-1.

(2) Furthermore, assume the off diagonal entries ay ; (x) satisfy the following differential estimates up
to fourth order,

< < < | < p—
in_ , 0<|p|<4andl<k<j<p-1,

[3+@=IuDe]  +8”
(2.7) | D ay ;1 S (min as,s>

[akyj]ﬂ’% < 1, lul=4and 1 <k<j<p-1,

Dray;| < (mm

1<s<k

[3+(2—lube], +8”
> , 0<|p|<4andl<k<p-1<j<n

[ak,j]u,za < 1, lul=4and 1 <k<p-1<j<n.

(3) Then there is a positive integer I € N such that the matriz function A can be written as a finite sum
of squares of C*% vectors Xk,j, plus a matriz function A,

p—1
A@) =33 X, (@) Xy ()" + Ay (2), zeRM,
k

=11i=1

0 0 ] and
0 Qp(x) |
Q, (z) € C** (RM) is quasiconformal. Moreover, Zj, = Zle X X} € CH% (RM) and

where the vectors Xy (), 1<k <p-1,1<i<IT are C29 (RM), A, (x) = {

n n
(28) cag per X e = ZkZ,zr + Z Am,m€m & €y < C Z Am,m€m & €m, 1<k<p-1,
m=k+1 m=k

Qp (@) ~ app (@) Ln—pt1 -
Finally, if in addition A (z) is subordinate, then Q, (x) is also subordinate.

Remark 23. If in addition ag (z) = 1 for 1 < k < m < p, then the conditions (2.6) and (2.7) in (1)
and (2) are vacuous for 1 < k < m, and moreover the proof shows that the vectors X, are actually in
CH2 (RM) for1<k<m,1<i<I.

This remark yields the following corollary in which conditions (2.6) and (2.7) in (1) and (2) play no role.
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Corollary 24. Suppose A (z) is a C*% (RM) symmetric n X n matriz function that is comparable to a
diagonal matriz function. In addition suppose that ap i () =1 for 1 <k <p—1 and ar (x) = app (x) for
p<k<n. Then

A(z) = Z_:Xk (2) Xp ()" +Q, (z), xeRM
k=1

where X, Qp € 428 (RM) and (2.8) holds for 1 <k <p-—1.

Remark 25. If the diagonal entry ay  (x) is smooth and ws-montone on R™ for some s > 1 — ¢, then
the diagonal differential estimates (2.6) above hold for ayy (x) since by [KoSal, Theorem 18] we have

7\l
| D ay i (2)] < Cs,srap k (;v)(S ) for any 0 < s’ < 5. Indeed, we then have
al _ ’
ok (m)(é) < agk (a:)[l [ple], +0 7

since (s’)lu| —[1—|ple], >0 for1—e <" <s, which in turn follows from the fact that (1 — )™ +me has
a strict minimum at € = 0.

Remark 26. As e increases from i to 1, the diagonal assumptions (2.6) become more relazed, while the off

diagonal assumptions (2.7) become more stringent. Thus there is a tradeoff between assuming more on the
diagonal entries or more on the off diagonal entries.

Remark 27. The positive number §' in Theorem 22 was chosen in order to use Theorem 4 at various critical
points in the proof.

Remark 28. Examples in the final section show that we cannot lower the exponent [% +(2- \,u|)5]+ on
the right hand side of (2.7).

Remark 29. If in Theorem 22, we drop the hypothesis (2.6) that the diagonal entries satisfy the differential
estimates, and even slightly weaken the off diagonal hypotheses (2.7), then using the Fefferman-Phong the-
orem for sums of squares of scalar functions, the proof of Theorem 22 shows that the operator L = V" AV
can be written as L = Z;VZI X;-‘Xj where the vector fields X; are CYt for j=1,2,...,N. However, unlike
the situation for scalar functions, the examples in Theorems 37 and 42 show that we cannot dispense with
the off diagonal hypotheses (2.7) in (1) (b). Moreover, the space C1'1 seems to not be sufficient for gaining
a positive degree § of smoothness for solutions to the second order operators we consider, and so this result
will neither be used nor proved here.

3. SQUARE DECOMPOSITIONS

Suppose A = [a;w»]zj:l is a symmetric n X n matrix with top left entry a;; > 0. Then we can uniquely
decompose A into a sum of a positive dyad ZZ'" and a matrix B with zeroes in the first column and first
row, namely

(3.1) A = ZZ"+B= (D sje; | @ | sje; || +B,
j=1 j=1
0 O1x(n-1) }
B = ,
[ O(n—1)x1 Q
where 7 is \/% times the first column of A, i.e. for 1 <k < j <n,
ay] = (81)2 and a1j; = 8155,
51 = +/a11 and s; = E,
S1
a1k0a1j "
Q = [} oo = lang — k85l g = {am‘ = a]} -
11 1jk=2

As this particular decomposition A=ZZ' 4+ B will play a pivotal role in our inductive proof of Theorem 22,
we give it a name.

Definition 30. The above decomposition A=ZZ* + B is called the 1-Square Decomposition of A.
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Note that we are writing the (n — 1) x (n — 1) matrix Q as [q’c,j]z,jzzv where the rows of Q are parame-
terized by k and the columns by j with 2 <k, j < n.

Another main ingredient in our inductive proof is the well-known characterization of positive definiteness
given in Theorem 15 above. We will also need the well-known determinant formula given in Lemma 14
above,

a ,Utr

det[v M

We have already introduced the concepts of diagonally elliptical and subordinate matrix functions above,
and we now introduce one more concept relevant to our decomposition, especially to the regularity of the
vectors in the sum of squares. More precisely, we will need to show that the hypotheses of Theorem 22
propogate through the 1-Square Decomposition in an appropriate sense. The following definition encodes
what is required.

] =adetM — v coMv = {a - vtrM_lv} detM .

Definition 31. Suppose A (x) € 420 (RM) s an n X n matriz function, 1 < £ < n, i <e<1and
0<6,0" <1. Set

m (JJ) = 1I<nq12k {as,s (JZ)}, 1<k<n.

We say A (z) is (£,€,8',8")-strongly C*+% if

(3.2) Drage] < laps/B7ME 1< u<dand 1<k <,

ekl oy S L lnl=4andl<k<t,

1 _ c " .
IDrag;l < (my) BT o<y <aand 1 <k <<,
aksl,0 S 1 |ul=4 and 1 <k < j <{,

1 — € ” .
Dragy] S (my)EFEl " gy <dand 1 <k <e<j<n,
ksl 0 S 1 =4 and1<k<f<j<n.

Remark 32. When using this definition in the course of proving Theorem 22, the assumption that &' > 0
in the first line of (3.2) will be essential in order to apply our result on sums of squares of C*° functions.

The choices §' = 262(}:(;5) and 6" > § made in Theorem 22 will be required to show that the matrices being

squared are C%9.

In the scalar case n = 1, the requirements (3.2) on the scalar function a; ; are equivalent to the inequalities
6/
|Dfara| Slaal” ,  [ul=2,4,

by the control of odd derivatives by even derivatives, see e.g. [Tat] and [KoSal, Lemma 24]. In turn, these
25(146)

latter inequalities hold for some &’ > 0 if and only if both ‘V4a171‘ < Caf% and ’V2a1,1’ < CaLf” hold
for some § > 0, and then Theorem 4 applies to show that aj 1 is a finite sum of squares of C*? functions.
We will now show in the next three lemmas that the properties of being diagonally elliptical, subordi-
nate, and (¢,¢,8’,8")-strongly C*?°, are inherited by the (n —1) x (n — 1) matrix Q (z) in the 1-Square
Decomposition of A (z), with the proviso that ¢ is decreased by 1 in the definition of strongly C*29.

3.1. The three lemmas.

Lemma 33. Suppose that A (x) = [ak ; (z)]} a1 (7)

£i=1 T | b)) D(x) } is a diagonally elliptical n X n matriz

function with 1-Square Decomposition
A(x)=Z () Z(2)" +B(z), where B (x) = [ 0 0% ] .
0 Q(x)

Then Q (x) = [qx,; (x)]z,jzl is a diagonally elliptical (n — 1) X (n — 1) matriz function, and moreover

(3.3) gii (z) = a;;(x), 2<i<n,
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and
(3.4) Zy (x) Zy (2)" < CA(x),
caie1 e < 21Z{r + Zak,kek Qe < CA.
k=2
Proof. Note that
a1.1 Va1,1
i b
a1,1a1’2 \/(12171 \/a1,1
Z = A = . = b .
. . ar1
L, bn
Jaribn VAt

Since A (z) is comparable to Agiag (), say
BoAdiag < A < apAagiag,
we also have
(3.5) BoDaiag < D < apDaiag
and Theorem 12 now shows that for 0 < 8 < 3, we have
b"Dgb < (1-B) a1,
where Dg = [D — D) 1
Since Dy (z) is positive semidefinite, it has a positive semidefinite square root Dg (x)2, and so we have
(Ds @) (@) Dy (@)} b(x) = b (@) Dy (1) b (@) < (1~ B ans (a)

which implies that

But then we have that

Dy (0)} Q@) Dy (1)} = D5 (0)? D @) = " b(@)b(0)" | Dy o)}
- Dg(m)éDmDﬁ(m)%( —=D (w)ébu))( -~ (x)D/j(x)%b(x))
where
D; (#)* D (1) Dy (2)* = Dy (@)* [Dy ()" + BDuing (2)| Dy (@)
— T,y + ADg (2)? Daje (x) Dy (2)*
and hence
Dj(2)* Q(2) Dy (2)* = L1+ 8D (¢)* Dang () Dy (2)*

Nl=

1 1 ) tr
— | ———=Dj3 ()2 b(x ———Dy3(2)2b(x .
( o) B ()7 b( )) < (o) B ()7 b( ))

Thus Dg (I)% Q(z)Dg (:c)% is positive definite since Dgiag () is and

€D (1)} Q@D (e = 16+ (D 0)F ) Duiag (r) (Dy (1) )

2

1 1
-Dg(x)2b(x
—=¢Ds () b(a)
2 2 1 3 2
> 6~ I s [Ps @b @)
> e e’ (-5 =Bl
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Thus altogether we have

Dj (2)? Q(2) Dy (2)* — flo_1
implies Q (z) — fDg (z) " =

and hence

Q(z) = BDg(x) ' =pB(D(x)— BDdiag (v))
8 B

- #(p@-4pw)=s(1- L)W,

where §; is as in (3.5) above. If we now choose = '8—20 we obtain Q (x) >~ %D (x). Since we trivially have

Q(z) < D (x), it follows that Q (x) is positive semidefinite and comparable to the matrix D (z), and hence
also that Q ()g,, ~ Daiag (). Since D (z) is comparable to its diagonal matrix Daiag (z) (because A (z)
is comparabe to Agiag (z)), we now conclude that Q (z) is comparable to its associated diagonal matrix
Quiag (z). Thus Q(z) is diagonally elliptical by definition, and since Qgiag () ~ Ddiag () as mentioned
above, we conclude that g; ; (z) = a;; (z) for 2 < i <n, which is (3.3).

Finally,

Z ai ek ® e, < Adiag () < CA (2),
=2

and

2
2 (2) Z1 ()" ¢ = (Zi(z)-€)* = (\/m 1+ Z % >

<m1+2” LTk ) <M£1+vak>

<
o £/01,1
< C <a1,1§§ + Z ak,kfi) = O&" Adiag (2) § < CE"A (2) €,

k=2
shows that Z; (z) Z; (z)" < CA (z). On the other hand, we have
n a n
Q (.Z') ~ Qdiag ~ Z (ak,k ! k) ) e e ~ Zak7kek Qe ,
k=2

a
1,1 h—2

since (al,k)2 < ~2%ay1ak for some v < 1 by diagonal positivity of A (z). Thus we have

aj1€e1®e; < Z ag k€L ® e = Adiag (SU) ~ A ($)
k=1

(000 RS
= le{ —|—|:O Q:|NZ1Z£ —|—Zak,kek®ek,
k=2
which proves (3.4). I

Lemma 34. Suppose that the matriz function A (z) is diagonally elliptical and subordinate. Then with
notation as in the previous lemma, Q (x) is subordinate.

Proof. We have by definition,

n

Q [a al,kal,j:|
R A )
11 g =2

and by the comparability and subordinaticity of the matrix A, we have the estimates q; ; ~ a;; and

Nl=

1 .
lak,;j| < (akka;;)? and [Vag | < (a;;)*, 1<k<j<n.
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Thus we compute

‘v <ak - Cmm)‘ — |Vap.— (Vaig)ar;  are (Va,) N aika,; VE
7 a1 ! a1 a1 (a1,1)2
s (anar)? (a55)°  (ark)® (a11a55)°  (ar1aks)® (a11a;,)% (a11)?
< (aj)t + 10k, 5d) - , 1%5.5)" | 10k, , ZJ,J ,
aia a1 (@11)
( )2 )2 (aka)? (47)°
1 q1,19k,k q1,190k,k qk .k qj,5 1
~ (g5)2 1+ + + 7 < (g5,5)7,
¢ R (011)°

which shows that Q is subordinate by Theorem 20. I

An induction argument using Lemma 33 shows in particular that we can iterate the 1-Square Decompo-
sition starting with a diagonally elliptical matrix function A (z) to produce a (p — 1)-Square Decomposition

p—1
A(x) = ZXkXZr +A,(x)
k=1
where A, (z) isan (n —p+ 1) x (n — p + 1) diagonally elliptical matrix function. This iterated construction
will be used to prove Theorem 22. The next lemma shows that the property of being (8, e, (5”)—strongly

C*?% also propagates through the one step square decomposition 1-Square Decomposition upon decreasing
¢ by 1.

Lemma 35. Suppose A (z) € C4% (RM) 18 (8,5,5/,5”) -strongly C*2° for some 1 < < n and % <e< 1.
Then we have the corresponding inequalities for Q (x) but with k > 2:
(3.6) [D'qril S Jasl T 1<y <4 and2< k< ¢

[k kl,0s S 1, |pl=4and2<k <Y,

[3+@2—luDe] , +6"
> . 0<|u<4and2<k<l<j<p-—1,

Dl < (i

1<s<j
[q;w']m% < 1, lp|=4 and2<k<l<j<p-1,
[3+2-luDe]  +6”
|IDfaqr il < (1r<nigkqs,s> ;o 0<|pl<dand2<k<t<j<p—-1<j<n,
787
[qk,j]%% < 1, lul=4 and2<k<l{<p—-1<j<n.

In particular Q € C*2%, and if £ > 2, then Q is (E — 1,6,5/,5”) -strongly C*2°.

In order to prove the lemma, we will use the trivial inequality [a +b], < [a], + [b], together with (3.3),
the product formula

(3.7) D' (fghy= Y i, (D*f)(DPg) (D7h),
a+B+y=p

and the composition formula,

M

33 vM B — (m) o p [M] )™ .. (VMp)"™

a5 wom=X (wen) | X[ M|
m =11, ) ELY

Nyttt Ny =m

N1+2n5+...+Mny =M

where [ ]L/;f ] is defined for a = (g, ..., apr) € Zi‘/f satisfying a1 +2a0+...4+ Map = M. See e.g. [MaSaUrVu]
or [KoSal, (3.1)]. We will use the reciprocal function ¢ (t) = 1 in (3.8) so that ™ (t) = (=1)" mlt—™~1.
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Proof. We first derive an auxiliary estimate that will be used throughout the proof. Namely, for any multi-
index v with 1 < |y] < 4 we have using (3.2) and (3.8),

el (1>m+1 Z [ ;’Y ] (Var)™ .. (Vh‘an)mﬂ

a
— \a11

I
ilNg

771+772+--~+77\~,|:m
n1+205+. VN, =Yl

"Y| m—+1
< 1 (el 4 Y (11=26] 48 Yt (1=l 48
<>, S
m=1 \"11 _ I
N=(Ny 50N pr) ELY
Nyttt 40, =m
Ny +2m2+ A+ v(n 4 =]
+1
< < 1 >m Z a(1—s+5’)n1+(1—2a+6’)n2+~-+(1—|»y\s+6’)nM
< — 11
a1

n=(1y,..1ag ) €LY
Ny tNe+. .ty =m

N1 +2na+ .+ Y0y =]

"‘/| m—+1
1 m—|y|le+ms’
= 2 4 > af} :
m an Il
N=(N1,-Mpr ) €LY

N+t 40, =m
Ny +2n0+ |y [n), =1

Note that this implies the estimate

1 4 ’
(3.9) ‘D’* < Cay T 1<y <4,

aii

The product formula (3.7), hypothesis (3.2) and the estimate (3.9) above imply that for k& > 2 and

M = |pl,
M M (al,k)2 M M (al,k)2
VY] = (VY lape — —"— || < |V arp| + |V —
ai.1 a1
< ‘ak,k|[17|m€]++5l
[3+@2—lal)e], +3 [3+(2-18De], +8” 1
; : v~
+a+ﬁz+;m (121312k s (a?)}> <121312’“ e (x)}) b a1
[1-|ule), + R
< gt THERTY 4 Z (11<r181£1k {as,s (x)}) ay;
a+B+y=p
e el 407 [1+4—(al+B8]))el 4 +26" —1—|y]e+d’
< —lule .
S ol ST (i, (o )
atB+y=p
< \ak,k|[1_|“|6]++6/,

where the last line above follows from the fact that
[T+ @ — (el +18)) el +20" —1—|yle+d

1+ @—(la|+18)e+28—1—|y|e+d
(4—|u))e+36" > 1 —|ule], +6,

v

if [u| <4 and e > L. Since ak i = g by (3.3), we have established the first line in (3.6).
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The second line is obtained similarly using the subproduct and subchain rules for the seminorm (1.1) as
in [Bon] and [KoSal, (3.7) and (3.8) and subsequent proofs]. Indeed, if |u| = 4, then

25
(a17k)2 I a B vy 1
— = > g (D) (DPary) (DY —
1,1 _ " @11
14,268 a+B+y=p
1
B
S D lmklaas D arg| b
a+B+y=p ’
1
+ Z |D°‘a1,k [aLk][j’% D,YT
atBt+y=p b
1
+ Z |D“a1,k\ |D5a1,k’ |::| .
— alvl 28
a+pB+y=p R
Now use that if |a| < 4, then
. D%aqy, (y) — D%y (2
larsl, .y = lim sup | ) > (2)]
’ Y, 2= ly — z|
D~ — D~ _
< lim sup D%, (y) a1k (2)] ly — 2" 2 _,
y,sa ly — 2|
while if |a] = 4, then
[al,k]mgg < ||a1,k||c4,26 <C.
Now we turn to proving the third line in (3.6). In order to simplify notation, set
= mi X <k<
mi (2) = min {gss (@)}, 1<k<mn,
and note that by (3.3) we have my () ~ minj<s<k {ass(x)}. The case |u| = 0 is immediate from the

ai,ka1,;j
a1

identity qr ; = ag,; — , and the estimate

avpany| o ()22 (my)

<(a )—%+2s+5” (m')%+2s+5” < (mz)[%+(2_‘”‘)8]++5”
= J

,S =~ 1,1 J

)

a1 ai,1

since f% +2e+6">0.
To prove the cases |p| > 1, we continue to use (3.2), (3.9) and (3.3), to obtain the estimate

J 1
’Dumam | S o, (0ta) (Dary) <Dv)
ai By= " aiq
a+fty=p
1 —|a)e ” 1 _ e " L ,
< Y () (B CIoDEL +87 ( [Br@lBDe] 487 () —1-hrlets
atft+y=p
—1= ! 1i2—]al)e 8 14 (90— e 5
S (qi) 1=lyle+o (mk)[2+( lal)e], + (mj)[zﬂ 8D<], +
< (mk)[%+(27\a|)€]++§~71fhle+5' (mj)[%HQfml)ELJréu .

Note that placing a derivative in position £ in the last line above causes the most damage up to order 2
because m; < my < m; = ¢q,1. After that, placing a third derivative in position « equivalently ~y is the next
most damaging, or depending on the precise relation between m; and my, repeating the position 3 once
more might be worse. Indeed, placing a third derivative in position a or « loses m, ©, while placing a third
derivative in position 3 loses mj_%7 and since £ > i, either of these could be largest under the restriction
m; < my. However after three derivatives have been assigned as above, the fourth derivative does the most
damage when applied to position a equivalently . As a consequence we need only consider the cases where
[ is filled up to order 2, and then « or f is filled thereafter. This will become clear as the reader progresses
through the proof.



In the case |u|

a ai, j
— 1, ’DM 1,kAQ1,5
ai 1

<
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is bounded by

(my) [+ @ laDe] 487 1-lylete’ (mj)[%+(2—lﬁl)€]++6”

(m

(m

k

k

) S42e+8"+6" -1 (

)[%+25]++5”—1+5’ (m

since%+25+6'+6/'—126/+5//>0.

In the case |u| = 2, ’D“%
1,1

IN

IN

J

my) T <

)[%+5]++6N

is bounded by

(mk)[%+(2—\a|)6]++5”—1—|’y|6+6’ (mj)[%+(2—|ﬁ|)s]++5”

(g,

(my)

2

L6 _ (mj)[%+(2—|u|)5]++5”

since %—&—25—1—#5/—1—5” >5§ +8" >0.
In the case |p| = 3, the most damage is caused either when |5| = 2 and |a| = 1, or when |5]| = 3. In the

D“%’ is bounded by

former instance,

() BTl +01llets”

In the case ¢ > %, this is bounded by

1 — 1
)[2+2€]++5” 1+5/ (mj)é‘HSH

J

)

5 46" 16" 1"
() (my)2 ™" < (my)?

If i <e< %, then this is instead bounded by

since —3 4+ 2+ 6" + 6" > 6" + 6" > 0. In the latter instance, when |3] = 3,

(mu,

(g

)~ T+2e46"+6" (m

J

since 25—%—&-5'4—5" >§ +8" >0.
In the case |u| = 4, we again consider the two most damaging cases. When |3| = 3 and |a| = 1, we have

that ‘Dﬂi‘“”““”
a1

is bounded by

J

= (mk

YEFTCIBNE] +87 ( y—aetd 4o

) 2+2e—1+8"46" (m

)%4»5”
J

J

(mj)[%+(2_l“|)5]++‘su :

< (mk)[%+25]++5”71+6' (mj)[TSLHH S(mj)[

5—¢

1

s—e],

D'U' al kai,;
ai,1

Holahe] 4871 lvlers” (o [3+@-18De] 467

"
+67 (m

J

(mk)[%+(2—|a\)a]++6”—1—|wa+a’ (mj)[%“Q“B‘)E]ﬁé”

(g,

In the case ¢ > % this is bounded by m?ﬁ

bounded by

(mu,

since ' + 6" > 0. When |a| = |B| = 2, then ‘DH%

since &' + 6" > 0.

)RR () <

<

(m,

()

[

3], +8" 148 (

)7%+s+5'+6" (m

J

J

.)[%_€]++5/l .

(mj) [%+(2_‘/“)5]++6”

6/ 5//
mi)’ T m

)[§]++5” <

5"
J

<m

< (m;)

J

J

s

s

, while in the case >

is bounded by

)[%+(2—|a|>e}++6“—1—|v|e+6’ (mj)[%+<2—|m>e]++6”

(mj)[%+(2—|u|)8]++5”

m_)§+s+5” _ (m-)[%HQ—‘“DELH”
J - J

(my)?

,)%—s+5” < (m.)%—s+5” _ (mj)[%+(2—\u\)a]++5’+5” .

Y

+6//

17

is bounded by

)[%+(2*\u\)6]++5”

1
4

(m,;) [ IDe] 4o
J

i

)

<e<

)

1
2

, this is
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This completes the proof of the third line in (3.6), and just as before, the fourth line is obtained similarly
using the subproduct and subchain rules for the Holder expression [-], 5. Indeed, if [u| = 4, then

a1,k01 5 1
[J} S Y laalags|DPar||DT—
ai,i 10,28 atBtv=n ai.1
1
+ Z |D%a1k [a1,5] 5 95 D’Ya
atB+y=p b
1
+ Z |Do‘a1,k| ‘Dﬂa17j| |::| s
ai1
a+Bty=p 20
and if |o| < 4, then
. D%y (y) — D%k (2
ol = i sup 12008 ) = D0 )
? Y,2—T ‘y — z|
D~ — D~ _
< lim sup D%, (y) a1k (2)] ly — 2! 2 _ ),
Y,z ly — 2|

while if |a| = 4, then
[a1,4) 05 < il gass < C.
Finally, we note that it is an easy matter to check that when ¢ < j < n, we can replace g;; with the

larger quantity gj , on the right hand side of the estimates in the fifth and sixth lines. This completes the
proof of Lemma 35. 1

3.2. Proof of the main decomposition theorem. At this point we can apply induction together with
Lemmas 33, 34 and 35, and Theorem 20, to prove Theorem 22.

Proof of Theorem 22. Set Qi (z) = A (x) and suppose that Qq (z) is diagonally elliptical and (p — 1,¢)-
strongly C4%. Let Q; (z) = Y; (z) Y1 (2)" + By () be the 1-Square Decomposition of Q; (x) with By (z) =

0 Ouxn-y |, Then Lemmas 33 and 35 show that Qs (x) is diagonally elliptical and satisfies (3.4),
L O(n—l)xl QQ (x) i
and is (p — 2)-strongly C*?° so long as p > 3. Now we apply the above reasoning to the (n — 1) x (n — 1
matrix Qy () to obtain the 1-Square Decomposition of Qg (z) = Y5 (x) Y (z)" + By (x) with By (z

0 le(n—2)
L O(n—2)><1 Qs (96) 1
and is (p — 3)-strongly C*? so long as p > 4. By induction we obtain that

Q2 (7) =Yp_2 () Ypoa ()" + By_z (2)

where Q,_; (z) is diagonally elliptical and satisfies (3.4) relative to Q,—2 (), and is 1-strongly C*?°. One
more application of Lemmas 33 and 35 yields that

Qp-1 () = Yp1 (2) Vo1 (2)"" + By (2)
where Q, (z) is diagonally elliptical. While we cannot now assert that Q,, () is 1-strongly C*? we do have

that Q,_1 = [qu]Z;g'l is 1-strongly C*?°, and hence

~—

)
, and we see that Qs (z) is diagonally elliptical and satisfies (3.4) relative to Qs (),

q11 j,k=2
upon estimating derivatives of ££44 a5 above.
Now let Zj, be the n-vector whose final n — k + 1 entries are the entries of Y}, with zeroes elsewhere, and
similarly let A, be the n x n matrix whose bottom right (n —p+ 1) x (n — p+ 1) block is Q,, with zeroes
elsewhere. Then we have

p—1
A(z) =Y ZuZ + Ay (x),
k=1
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which is the claimed formula. Moreover we have the following extension of (3.4):

n n
(3.10)  cagrer Qer < Zy (x) Zy (:U)tr + Z Am,m€m @ €y < C Z Um,m€m & €, 1<k<p-1.
m=k+1 m=k

It remains now to prove that we can further decompose each of the postive dyads Zj (z) Zy ()" into
a finite sum of squares of C%9 vector fields. Let Qg (z) = [Qk,j]z,jzl and E; = qoy. To obtain the sum
of squares of C?° vector fields decomposition of the positive dyad Zj (x) Zj (zzc)tr7 we will begin with the
conclusion of Lemma 35, namely that Ej = g, € C*2% and satisfies

25(14-5)

IDFEy| S (B Mt < (B = (By) 5, 1< |/ <4, 2< k<,

together with the scalar sum of squares Theorem 4, and we will show that there exists a vector function

I
th (z) = {tﬁl (x)}i:l € 0?9 such that

2
(3.11) By(z) = [ti(2)],
1 1(11—2¢ 1 52
(@) < (Bo?, |V, (@) S (B O7200") |92 ()] S (Bx) P
where 6" = 4-%6'

Now for 1 < k < p — 1, define vector functions tf (z) = {tfl (ac)};l by
ag,j .
t?v (z) = t’zi,i () Eikj’ k<j<n,

where the functions ¢} ; (z) are given by applying Theorem 4 to Ej (z) = |t} (x)|27 and then set

Xk (z) = thl (x)e;
j=k

so that
I I k 2
j ty ()] Ak, kA,
tho(2)th (z) = tkixtkixam:7|k ag; = ——=I
;k,()],() ;k,()k,()Ek E, ,g E,
I n n
ie. ZX’“' () ® Xi4 (z) = Z Ok,j e | ® Z Lhg e | =72y ® Z.
i=1 = VEk = VEk

At this point we have obtained our decomposition

p—1 T
A=Y Y XX A,
k=11i=1
where A, = [ 8 (3 } and Q, € c420 (RM) is quasiconformal and Q, ~ ap pl(n—ps1)x(n—pt1)- We also
P

have

I
Ze @ 7 = ZXk,iX,ETi eC*(RM), 1<k<p-1
=1

n
caprer @ex < ZpZy" + Z Crmm€m & € < C, 1<k<p-1

m=k
Thus it remains only to show the inequalities in the second line of (3.11), and then that X}, ; € Cc?9 (RM )
First, ‘t’,jl (m)‘ < (Ek)% follows from the definition of t’,zl (x). Second, from part (1) of Theorem 4 with

|a| = 2 we have

52
V215 ()] S (Bx)?
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Third, from (2.6) we have |V2Ek| hS (Ek)[1_26]++6 and so from (1.3) we conclude

146

Vet (@) < p};‘*<max{<Ek>$‘s,|v2Ek ks }

146

max {(Ek) i+23

where 6" = I _fQ 5, and this completes the proof of the second line in (3.11).

Now we can show that Xj; € C*9 (RM) using the product formula (3.7) together with the inequalities
in the second line of (3.11) that we just proved. Indeed, we have

1 1
D“t? = D" < k, iQk,j Ek) = Z a By (Datk 2) (Dﬁak,j) (D’Y Ek)

IN

() (23 ) < (g H(0-2e0)

a+B+y=p
where
@) < (B, |V @)] S (B F O e ()] < (B
IDPar;| < (BB <pn,
|DPar;| < (Ek)[%ﬂzf‘ﬂ')g]ﬁ&”, 1<k<p-1<y,
‘Dw;k < |By e

for 0 < |a,|B],]y] < 2. We now have the following estimates when 1 < k < j < p — 1, where we treat the

cases |a| = 0,1,2 separately due to the unorthodox form of the estimates for Vztﬁ,i (m)‘ The presence of

8" > 0 will now play a crucial role.
When |a] = 0 we have

1 1 1 _ " 1 7
‘(Dat’,j’i) (DPax ;) (DVE])’ < (Bo? (B)BHE D4 g il

(By) 2T E18DE] 487 1= e’

A\

3

which is bounded because the exponent of Fy is
1 1
§+§+(2—|ﬁ\)5+5”_1— e+ |4’
= 2-1Bl—hDe+ld +38"=08"+ |y > 4"
When |a| = 1 we have the estimate

1 _ 11y 148 lie " _
(D“tﬁ,i) (Dﬂa;w») (D’YE,CN 5 (Ek)([l 2], +4 )21325 (Ek)[§+ ]++6 (Ek) 1

)

since the worst case is when |3| = 1. But this is bounded since

([1 — 2] +5"’)1+ 1Jrs + 6" — 1>§”+£ for1<5<1.
+ 2 |2 N 2’ 4~

Indeed, this is clear when € > %, and when l <e< 1 we have

1
(1 —2¢], + 5’”) = [ + e} +0" -1
2 (2 ],

1 (()‘///
— 5// (1 _ 25 + 5///) + 2 + _ 1 — 6// 2

When |a| = 2 we have the estimate

1
(Dt ;) (DPay. ;) (DV@)’

(Ek)% (Ek)[%+25]++5” (Ep)"

A

_ (Ek)%+§+25+5”—1 < (Ek)a’ur%
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Using the subproduct and subchain rules for the functional [h]# s in RM a5 in (1.1) above, we claim that
[til] 1,6" S 1 for ‘,U,| = 2.

To see this, consider the ”"worst” expression above,

1
H (tﬁ,i) (Dﬁak,j) Fk’ where [3] = 2,

in which the exponent of Ej, in the estimate for H vanishes if 6" = 0.
Case Ej (y) > Ei (2): In this case we write

ko k(s
HO)-HE) = Do, ) - B D ()
y)

_ tllz,i( B ) Y ) tﬁ,i (y) N tz,i (Z) B )
= Ty T @) P (Z)“(Ek(y) B () ) P )

= I(y,2)+11(y,z).

We estimate term I (y, z) by considering two cases separately depending on the separation between y and z.

Subcase |y — z|‘S > FEy, (y)‘s”: We estimate crudely in this case to obtain

l l 6// l 6// 6//
(2|~ B )? B ()™ + B (2" _ Be(y)®

~ 77 ~ "o 1
y—2" " Er(v) By (y)° By (y)°
On the other hand,
I(y.2)| ([ @) | [t () |\ [Dany (2)]
y—2 Erx(y)| | Br(2) By (y)”
l—‘r(;”
< ( L 1 E’“(z)zé,,
Ey(y)? Er(2)?) Er(y)
l—‘r(;”
< 1 : By (2)26” <1
Ey (2)5 By, (y)

Subcase |y—z|6 < FEg (y)‘s”: In this case we apply the submean value theorem to the difference
DPay, ; (y) — DPay, j (2) to obtain the estimate

|DPay,j (y) = Darj (2)| < [DVay,; (L= 0)y +62)| [y — 2| S |y — 21,
since |y| = 3 implies [D7ay ;| is bounded. Moreover, the submean value theorem applied to Ej, yields

|Ek (y) — Ex (2)] < |DEL((1=0)y+02)[ly—2[ S|y — 2|
< Ep(y) 7,

A

and since 8" > §, we conclude that Ej, (y) ~ Ej (z) for y and z sufficiently close to the origin, depending on

the ratio %, > 1. Plugging all of this into the estimate for % gives
1 1
I B (y)? s _ Er(y)? " nizs_ 1
| (yazy < k () ly — 2" 5§ k () (Ek (y)é ) 3 < B, (y)a 1 ;7
ly — | By (y) By (y)
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which is bounded because § > § implies 5”15;5 — % >1—-60— % >0if0<d < % On the other hand,

I(y,2)| thi (W) thi(2)| [DPar; (2)]
ly—=z° B Ex(2)| |-z
< By (2) tﬁ,i (y) £ By (2) ti,i (2) — ti,i (2) Bk (y) | Ey, (2)%+6N
~ Ey (y) Bk (2) |y—z|6
_ (B | W)t )]+ 18 ) = B[tk ()] )5

By (y) Bk (2) ly —z|°
and so using the mean value theorem,

M2l <Ek<z>lyz+|yz|Ek<z>%>Ek<z);+a~

ly—z|° Ey (y) Ex (2) ly —z|°

1 1 5//
ly— 2| Bi (2)? | Bx(2)2" 1-6 51
~ly— By,
< EcWEe(2) | |y—2° ly— 2" Ex (y)
1-35

= - B ) < B ) (5 By ()

A

"”_1 5 1

since |y — z|5 < Ej (y)‘s“ and §" > 4.
Case Ej, (2)° > Ej (y)° : This case is similar to the previous case.

Finally, if in addition A is subordinate, then Q, is subordinate by Lemma 34. This completes the proof
of Theorem 22.

4. COUNTEREXAMPLES FOR SUMS OF SQUARES OF MATRIX FUNCTIONS

Consider the 3 x 3 matrix of quadratic homogeneous polynomials in three variables as in [HiNi, Example

6],
x2 + 222 —zy —xz
Qz,y,2)=| —ay Yy +22> —yz
-z —yz 22 4+ 22
The dehomogenization of this form is
2242 —xy —T
Qr,y)=| -2y y*+22° —y
—z —y 1+ 2y2

It was shown in [Cho] that Q is not a sum of squares of polynomials. However, the quadratic matrix form
Q (z,y, z) is not elliptical since its determinant vanishes on the union of the three coordinate axes,

det Q (z,y,2) =4 (x4y2 +yta? 4 2%+ x2y222) .

Here we modify Q (z,y, z) so that it is diagonally elliptical, i.e. its determinant vanishes only at the origin,
yet still cannot be written as a sum of squares.

4.1. A positive quadratic matrix form that is not a sum of squares of forms. We prove the following
theorem.

Theorem 36. If0 < A\ < 2, then the quadratic matriz form

817
22 4+ My? 4 222 —xy —xz
Qi (z,y,2) = —zy y? 4+ A% 4 227 —yz
—xz —yz 22 4+ A2 + 292

is both positive definite away from the origin, and not a sum of squares of linear matriz polynomials.
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Proof. Suppose 0 < A < 82—1. The quadratic matrix form Q) (z,y, z) is positive definite for all (z,y,z) #

(0,0,0). Indeed, for A > 0, the top left entry of Qy (z,y, z) satisfies
2® + My 4 22% > min {\, 1} (2% + ¢ + 27)
the top left 2 x 2 minor of Q) (z,y, z) satisfies

2 + \y? + 222 —zy
—xy y? + A2 + 222
= A\ {y2 + z2} + A {22 (Jc2 + 22’2) + 92 (y2 + 2332)}
n ($2 +222) (yz n sz) — a2y
> 22" + X (y* 4 22%) > min (A, 2} (2 + y* + 2*),

det

and the determinant of Q) (z,y, z) satisfies
det Qy (z,y,2) = N (x2y222) + A2 {2 (x224 + 22yt + y2x4) + 2%yt Pt 4+ 22x4}
+2A {20 + 0 + 20 + 2 (2%y* + y?2t + 222) + 327?27}
+4 (222" + 22y + yPat 4 2%yP2?)
> 2\ (2% +95 +29).

Now assume, in order to derive a contradiction, that the dehomogenization

224+ 2y 42 —xy —x
Q)\ ($7y) = Q)\ ('T7ya1) = —IyY y2+)\+2x2 -y
-z —y 14 a2 4292

is a sum of squares of dyads of degree one, i.e.

L ; . L mgl mEQ m;s X m;l m%l m%l
Qi (z,y) = E vi(z,y) @V (z,y) = E Mgy Moy Moy Y ( z oy 1 ) Mg Moy M3
=1 =1 | m§ mGy mis 1 mis My M

Then with m;; = (mfj)jzp we have upon equating the two formulas for Q) (z,y) that

Imy | Imos|* = |my3)° = 1,
mysl* = mo|* = mayf® =2,
mp” = |masl’ = [my|? =),
and
Moy - M11 + My - My = M3z - My + M31 - M3 = My3 - Moz + M3 - Moz = — 1.
Thus we conclude that
Imy; 4+ mo|® = [mup)? +2myg - mop + [mos|® =2+ 2(—1 - my; - myz) = —2my - myo,
[y + 11133|2 = |m22|2 + 2mygo - my3 + |m33\2 =2+2(-1—m3 - my3) = —2m3y - M3,
lm33 + m11|2 = |1f1f133|2 +2mg3 - myy + |Df111\2 =2+2(~1—mgz -my3) = —2mg3; - my3,
and hence
4 = [2my|° = |(my; +mo) — (Mop + mas) + (mss +my)|?
< 3 (\mu + myy|® + |magy + mas)” + [mgs + m11|2)
= —6(my; - myg + mgs - My3 + Mgy - My3)
< 6(V2VA+V2VA+ VAVE) = 18V2A < 4,

fo<A< 8—21, which is the desired contradiction. i
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4.2. A matrix-valued smooth function not a finite sum of vector C® squares. Now suppose that
P, (z,y,2) = Qi (z,y,2) + O (7‘2'*‘0‘)7 where r = /22 + y2 + 22. Then if Py is a sum of C™® squares,
L
P, (z,y,2) = Z ut (z,y,2) @u (2,9, 2), where u’ (z,y,z) € Cb°,
=1
Taylor’s theorem shows that

ut (z,y,2) =v' (z,y,2) + O (TH'O‘) , where v*

" is a linear form,
and so
Q)\ (:L’,y,Z)+O(T2+a) = P)\ (CL’,y,Z)

(V' (@y,2) + 0 (")) @ (v (@,y,2) + O (r'7))

M=

~
Il
—

vl (z,y, z2)® vt (z,y,2)+ O (rz'm) , since v’ (v,y,2) =0 (r),

M=

~
Il
—

implies that
L

=1
the desired contradiction. Since Q) (z,y, 2z) is obviously subordinate, we have established the following.

Theorem 37. There is a subordinate, diagonally elliptical 3 X 3 matriz-valued quadratic polynomial function
of three variables, e.g. Qx (z,y,z) with 0 < A < 8—21, that cannot be written as a finite sum of squares of C1°
vector functions for any 6 > 0.

This conclusion shows in particular that a smooth matrix-valued function, comparable to the identity
matrix, need not have even a C' L0 sum of squares representation, in stark contrast to the scalar case where
the Fefferman-Phong theorem shows that a C1'! sum of squares representation always holds.

However, the hypotheses |Day i (w)| S agk (w)[l_l"le]*M/ for some &' > 0, on the diagonal entries
agk (w) in Theorem 22 with n = 3 and p = 4, are not satisfied by the matrix function Q» (z,y,2) = Qx (w)
with w = (x,y, 2), since %ak,k (w) = 2 and ay (w)[l_‘“‘shﬂsl < |w|6l
counterexample in Theorem 42 below, where only the off diagonal inequalities fail to hold, which will show
that in order to conclude that there is a representation as a sum of squares of C%? vectors, it is necessary

to impose additional conditions on the off-diagonal entries, such as we have done in Theorem 22.

. We now turn to constructing a

4.3. The flat elliptical case. We will prove in Lemma 39 below that there is a positive constant Cz such
that if . .
Y (t) <Cpyp(t)st7, for all sufficiently small |¢|,
then F, , cannot be written as a finite sum of squares of C1# vector fields.
To match notation with that used in the paper [KoSal], we fix 0 < A < 2, and for W = (x,y, z) € R3,

81
set
22 4+ My? 4 222 —xy —xz
L(W) :L(l',y,Z) = Q)\ (mvyvz) - ) y2+)\22+2$2 —yz ,
—xz —yz 22 4+ A2 + 292

so that L (W) ~ |[W|*I3. We now recall some of the constructions in [KoSal], but in the context of R?
here, rather than R* as was done in [KoSal]. For a modulus of continuity w, and h defined on the unit ball
Bgs (0,1) in RY,

[Vh (W) = Vh (W)

h = || h
Il (5a0.0) = Wlleo(z o) ¥ IVEleo (50 0) T SUP =

Given 7 > 0, define

¢y, (r) = inf {||g||17w .G € ®CM (Bgs (0,1)) and L(W) + 7= Gy (W) Gy (W)“} .
/=1
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Note that this expression differs from that in [KoSal] by using the smoothness space C1** in place of C%%, as
was used in [KoSal]. The reason is that the matrix form L (z,y, z) is homogenous of degree 2 here, whereas
the function form L (w,x,y, z) was homogenous of degree 4 in [KoSal]. We will need a crucial lower bound
in the case w (s) = wp (s) = s”. For this we define

{Se}j_, Wes2

(4.1) §2= inf inf (L(W)—ZV:Sg(Wf) .
(=1

Here the infimum is taken over all collections {S¢},_, of linear forms Sy (W) = fe12 + fo2y + fe,32 with
W € S? and coefficients f;; of modulus at most Cp, which will be determined in (4.6) below. Since the
infimum is taken over a compact set, it is achieved, and must then be positive since L cannot be written as
a sum of squares of linear forms by Theorem 36.

Lemma 38. With notation as above, there is a positive constant C such that

5, \TF [0, \TF _ s
. v > v - | 22 I =y:
) ctn 2 (27) = (38)

Proof. We claim the inequalities

()£ -

£=1

L(W) = Y7, Se (W)®
\ids

(4.3) 5,

IN

201Gl (IW]) = 2C 1G]} <|9f ) |
1w

which then lead directly to (4.2) with w = wp upon using the definition of Cy, (7). To see this claim we
write

L) 7= G (W)
/=1

where G (W) =a;+ S¢ (W) + Ry, (W),
ag is a constant, Sy (W) is linear and Ry (W) is o (|W]).

Then setting W = 0 in the equation gives
14
=y,
r=1
and so

LOV) = 3o+ S0 () + B (W)~ +
/=1

(Z af) -7+ Z 2a0Se (W)
(=1 =1

+Y 2aRe (W) + Y [Se (W) + Re (W))*.
=1 =1

Now the sum of terms in the middle line vanishes identically since it is a linear polynomial, and all of
the remaining terms in the final line of the identity vanish to order greater than 1 at the origin (simply
differentiate this identity and then evaluate at W = 0, using that VL (0) and VR, (0) vanish). Thus we
conclude that
(4.4) L(W) = [Se (W) + Re (W) = D 2a0Re (W),

=1 =1
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where
(4.5) Za% = T,
=1
DS W) < 1G], W,
=1
DR < G, [Ww(W).
=1
From (4.4) we have
L(W) =Y Se(W)* = L(W)=> [Se(W)+Re (W) + (25 (W) + Ry (W)] Re (W)
=1 =1 =1
— b (W) +hy (W) = h(W),
where
(W) = > 2aR (W),
=1
ha (W) = 2S¢ (W) + Re (W) Ry (W)
=1

Using (4.5) we obtain
[ha (W) < CVT G, W] w (IW])
B (W) < C NGy, W [Re (W)| < CUIG ]y o, W] w (W)
So altogether we have
B (W) < [l (W)| + [he (W) < CVT Gy, W w (W) + C G, WIPw (W),
provided |[W]| < 1.

Now note that we may assume without loss of generality that Hg\”ﬁ < 1, since otherwise (4.2) holds
1w

trivially. Thus if [W| = #, then we have
1,w

h(W)|§CTw< VT >+Cnu< VT )

16111 16111

Consequently we conclude

r W v W 2 v ) \ﬁ
——— L | =] — Se | == =|L(W) - Se (W) =|h(W)| < Crw .
191 (1) 2 () |= eom 2 Se (W) =Ih (W) < (ngnl,w)
Also note that from > ,_, |S, (W)| < C\/L (W) + 7, we obtain for 0 < 7 < 1 that
(4.6) |fe.ol < Co=Cy/L(W)+1.

This completes the proof of our claimed inequality (4.3), and hence also that of Lemma 38. I

For a positive integer v € N and a modulus of continuity w, we say that a smooth nonnegative matrix
function F (W, ¢) has the property SOSY , if there exists a finite collection G = {G¢ (W, t)},_; € & C"* (Q)
of vector fields G, (W,t) € C** (Q) such that

F (W,t) = iae (W, t) Gy (W, )", (W,t) € Q.
=1
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Now let ¢ : (0,1) — (0,1) be a strictly increasing elliptical flat smooth function on (0, 1), and define the
matrix function

(4.7) Foup (Wit) = o@O)LW)+ @) +n(tr)Is,
for (W,t) € Q= Bgs(0,1)x(-1,1),

where I3 is the 3 x 3 identity matrix, r = |W| = /22 4+ y2 + 22, and ¢ (¢) and 7 (¢, r) are smooth nonnegative
functions constructed as follows. The function 7 (¢,7) is chosen to have the form n (t,r) = ¢ (r) h (1) where
h is a smooth nonnegative function supported in (—1,1) with A (0) = 1. With these constructions completed,
we see that F, , is a diagonally elliptical flat smooth 3 x 3 matrix function on Bgs (0,1) x (—1,1).

Lemma 39. Suppose 0 < <1 and let Fo, , (W,t) be as in (4.7). If
t
(4.8) m 2 g
t—0 ) (t)ﬁ tB
then Fo, y fails to satisfy SOS’{M for any v € N. Note in particular we may even take both ¢ and ¢ to be
nearly monotone functions on (—1,1).

Proof. Assume that Fo y (W,t) has the property SOSY,, for some v € N, i.e. Fyy = 37, G?% where
Gy e ot (Q), ie.

P OB 20+ [0 +o e (5)] =26t

for (z,y,2,t) € Q= Bgs (0,1) x (—1,1).
Then since h (1) vanishes for r < [t[, we have with W = (z,y, z), and without loss of generality ¢ > 0, that

@(t)L(W)JFlZ’(t)%:ZGe(W,t)Q, for r < t,
=1

and replacing W by tW we have,

pOLEW)+v ()l = D Ge(tW,1)*,
=1
for |W| < 1,te€(0,1).
Multiplying by W, and using that L is homogeneous of degree two, we obtain

2

¥ () ~ [ Ge (tW, 1)

L(W)+ I; = —

o (t)t? ; Ve ()t

for |W| < 1,t€(0,1).

Since Gy € C1% (Bga (0,1) x (—1,1)), the functions W — Gy (W, t) lie in a bounded set in C1:% (Bgs (0,1))
independent of ¢ and j, and hence also the collection of functions

H W)=G,(tW,t), 1<{<wv,te(0,1),
is bounded in C** (Bgas (0,1)), say

(49) Z HHEHCI""(BD@(O,I)) g S),‘tlu 3 € (07 1) :
(=1

Thus with 7 = 7 (t) = :{ggz, we have from (4.9) and (4.2) that

g s/ > 0% (r (1)

BRI
Ve )2 =1 Ve ) C (Bga(0,1))

- (37 o () ()™
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1 _B__ 123
3-8 i—283
(51/) < liminf — 2 (w(t)z) — o, timint (20 :
C =0 /o ()12 \@(t)t =0\ ()7 t5

contradicting (4.8) as required. This completes the proof of Lemma 39. I

and hence

4.3.1. Sharpness. In this subsubsection we take
P (t) < Cop (t)% t5,  for some B < 1,

where both ¢ and 1 are nearly monotone on (—1,1). Then by Lemma 39, the matrix function F, , as in
(4.7) fails to be a finite sum of squares of C*# vector fields. On the other hand, we now show that (2.7)
holds with € < %.

Lemma 40. Let ¢ be nearly monotone on (—1,1). The off diagonal entries of ¥, satisfy (2.7) for some
§,6,8" >0if0<e<1.

Proof. The three off diagonal entries of F, y (z,y,2,t) = [a;w-]i j—1 are

a1,2 ({L‘7 Y, z, t) = xYye (t) ’
as 3 (:L'a Y,z, t) = Yyzp (t) ’
a1,3 (x7yazvt) = zZIp (t)7

and for |u| < 4, we have
D" (zyp (1) S WP D0 ()] + W] [ DPg (1) + DV (1),

where |a| < 4, || < 3 and |y| < 2. Since ¢ (t) nearly monotone implies |DV¢ ()| < C,, n¢ (t)'~" for any
n > 0, we have

D" (aye W) S (1+ WP ()", for [u] <4

Now the diagonal entries are all comparable to |[W|* ¢ (¢), and thus we obtain

D" (aye (D S (1+ W) 00" 5 (WP e (1)

[3+@2=IuDe] , +8”
) ,
since

1 1
1n>[+(2|u|)5} + 6" for |u| <4ande < -,
2 n 4

provided 6" > 0 is sufficiently small. |

Lemma 41. Let ¢ and v be nearly monotone on (—1,1). The diagonal entries of F, = [ak,j]i j=1 satisfy
(2.6) for § >0 and e > %.

Proof. We note that the diagonal entries are

a1y (z,y,2,t) = o) (P + M +22°)+ 0 () +o(r)h (

a2z (,y,2,t) = @) (Y + A" +22%) + ¢ (t) +o(r)h

7 N 7N
Sl S|+ 3| -
N— N

azs (z,y,2,t) = @) (22 +A2® +29%) + 9 (t) + o (r) h
which are each comparable to
t
e W+ +en (L),

Recall that for any 0 < n < 1, we have |D}¢ (t)| < Cyep (t)'~". Thus for |;| = 1 we have

D enad] £ 0O WE+e@W ]+ O+ Ok () +e 0] (147)

A

1—e+6’
t lule ,
(*" Orre e ()) ~ a2 0 T
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provided we choose 7 so that 1 —n > 1 — &+ ¢, and provided

(4.10) e 5 (P r + o0 + e () (t))l_sw .

r

But this latter inequality holds since
(i) if ¢ < 27, then

e—¢’
et _s et 3 1—e+d6’
e =0 o0 r <00 o () rs )T

since ¢ is flat at the origin; while
(i) if t > 37, then

1—e+4’ , , . , /
(4,0 (t) ,,,2 + o (t)2 t4> ~ (t)1—£+6 T‘2_28+25 + o (t)2 26428 t4_45+45

e—s’
{ p()r if > p(t)e

Vv

e—s'

pt)r if r<p(t)T-ze2d

e—o'

since if r < ¢ (¢) 1-2e+25" | then
e—s’ 1—e+8’ _ ’ ,
e(t)r < o) T3 = o (1) T3et2 < ()27 25H20 pA-detad
since
1—e+4d
1—2e+28

for some &' > 0, i.e. 11__255 >2—2¢, ie.

>2—-2428, ie.

1
1—e>(1-2¢)(2—2¢), i.e.1<6<1.

e—s'
The case r > ¢ (t)T-2:+25 ig straightforward.
Now we turn to the case || = 2 where using that both ¢ and 1 are nearly monontone on (—1,1), and
from Theorem 8, we have

Dy (z,y,2,8)] S @@ WP+ @) T IW o) + [ ()] + [ ()]
1" ()] R (i) Ll () | (i) : (1 + i)
St

¢ 1—2e44’ /
SJ <<,0 (t) T2—|—¢(t) +<,0(7‘)h (T‘)) ~oa (x7y’z,t)[1—\u\s]++6

+¢ (r)

provided we choose 7 so that 1 —n > 1 — 2¢ + ¢, and provided
1—2e+6’

(1.11) e s (e 0o (f))

which of course holds for ¢ > 1. Similar calculations hold for [u| = 3,4. 1

We have thus demonstrated sharpness of Theorem 22 when ¢ = i in the following sense. We do not know
if similar sharpness holds for i <e< 1

Theorem 42. Let 0 < 8 < 1. The diagonally elliptic smooth flat matriz function F, . constructed above
satisfies the diagonal estimates (2.6) for all & > % and § > 0, and the off diagonal estimates (2.7) for all
e < i and § > 0, yet is not SOS1 ., hence not SOS1 w,. Of course, if for a diagonally elliptic smooth flat
matriz function F, both (2.6) and (2.7) hold for e = ; and some § > 0, then Theorem 22 shows that F is
SOSs .5, hence SOS -
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4.3.2. A Grushin type subordinate matrix function, not a finite sum of squares plus a subordinate quasi-

conformal block. It is not hard to modify the above example to obtain a Grushin type subordinate matrix

function, with diagonal entries that are finite sums of squares of C>® functions, and that cannot be decom-

posed as a finite sum of squares of vector fields plus a quasiconformal block?. Consider first the 7 x 7 matrix
function in block form,

_| L 04x3

M (z,y, 2, t,u,v,w,s) = [ Oses Fop(my.28) |’

where I is the 4 x 4 identity matrix, and Oy,,x, is the m X n zero matrix. Then if f, ., (z,y,2,t) =

trace Fy, (2,9, 2,t), we have using L (z,vy, 2) = |(z,y, 2)|° I3 that

Iy O4x3
03><4 f(p,l/l (CL’,y,Z,t)Hg; ]

where f, 4 (2,9, 2,t) is ws-monotone for all 0 < s < sy by [KoSal, Theorem 37], and hence is a finite sum
of squares of C?° functions by Theorem 4, yet M (z,y, z,t,u,v,w) is not a finite sum of squares of C*
vector functions. This example shows in a striking way that additional conditions must be assumed on the
off-diagonal entries of the matrix function M (z,y, z, ¢, u,v, w) in order for M to be a finite sum of squares
of C?? vector functions.

However, by Theorem 22, the matrix function M can be decomposed as a sum of squares plus the
subordinate quasiconformal block F, y (,y, z,t), and we must work just a bit harder to prevent this. We
consider instead the example

)

M(xvyvzatauavaw) ~ |:

I 04x3 04x1
M
N(x7y727t7uvv7w78) = (x,y7Z7t7u’v’w) 07><1 :| 03><4 fwﬂb (337:1./,2’,1)) H3 03><1 )
01><7 G(xayvzat) 01><4 01><3 gww(x Y, 2 t)Hg

where

Ploaat) = ¢@LON+{pOA) +enn(1)}n
Glawzt) = pOLIN+{(p0f) +p0)n (1)},

are both examples of a 3 x 3 matrix function that cannot be written as a finite sum of squares of C? vector
fields, and where ¢ (t) and p (t) incomparable.

Note that the hypotheses of Theorem 22 fail here since the final block is G (z,y, 2,t), and Theorem 22
then requires M (z,y, z,t,u,v,w) to be a sum of squares of C?>? vector functions, which it is not since F
is embedded in M. The same observation holds even if we permute rows and columns of N and declare a
final block of the permuted matrix to be the Grushin block. Indeed, the Grushin block will be comparable
to A(z,y,2,t) I, where X (z,y,2,t) € {1, fou (2,9, 2,1) , g, (%, Y, 2,1)}, and then the remaining block will
have either F or G embedd in it, hence cannot be a sum of squares.

In another direction, suppose that f (z,y, z,w,t) and g (z,y, z, w, t) are two elliptical flat smooth functions
that cannot be written as a finite sum of squares of 0?9 functions, such as can be found in [KoSal]. Then a di-
agonally elliptical 7x 7 matrix function P (z,y, z, w, t, u, v), whose diagonal elements {p1 1, D22, D3.3, 1.4, P5.5, P6.6, P7.7 }
are comparable to {1,1,1,1,1, f, g}, cannot be decomposed as a finite sum of squares of C?> vector fields
plus a subordinate quasiconformal block.
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