SUMS OF SQUARES III: HYPOELLIPTICITY IN THE INFINITELY DEGENERATE
REGIME

LYUDMILA KOROBENKO AND ERIC SAWYER

ABSTRACT. This is the third paper in a series of three dealing with sums of squares and hypoellipticity in
the infinitely degenerate regime. We establish a C?9 generalization of M. Christ’s smooth sum of squares
theorem, and then use a bootstrap argument with the sum of squares decomposition for matrix functions,
obtained in our second paper of this series, to prove a hypoellipticity theorem that generalizes some cases of
the results of Christ, Hoshiro, Koike, Kusuoka and Stroock and Morimoto for sums of squares, and of Fedii
and Kohn for degeneracies not necessarily a sum of squares.
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1. INTRODUCTION

The regularity theory of second order subelliptic linear equations with smooth coefficients is well estab-
lished, see e.g. Hérmander [Ho] and Fefferman and Phong [FePh]. In [Ho|, Hérmander obtained hypoellip-
ticity of sums of squares of smooth vector fields plus a lower order term, whose Lie algebra spans at every
point. In [FePh], Fefferman and Phong considered general nonnegative semidefinite smooth self-adjoint linear
operators, and characterized subellipticity in terms of a containment condition involving Euclidean balls and
”subunit” balls related to the geometry of the nonnegative semidefinite form associated to the operator. Of
course subelliptic operators L with smooth coefficients are hypoelliptic, namely every distribution solution
u of Lu = ¢ is smooth when ¢is smooth.

However, the question of hypoellipticity in general remains largely a mystery. A necessary condition is
that the principal symbol o (z,£) of L cannot vanish at any point x, but this is far from sufficient. A possible
form for a characterization involving the effective symbol & (z, £) (when it exists) is given by Christ in [Chr2],
motivated by his main hypoellipticity theorem for sums of squares in the infinitely degenerate regime in [Chr,
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see Main Theorem 2.3]. We will generalize this latter theorem of Christ to hold for 2% symbols, which will
play a major role in Theorem 9 below on hypoellipticity in the infinitely degenerate regime.

Thus a basic obstacle to understanding hypoellipticity in general arises when ellipticity degenerates to
infinite order in some directions, and we briefly review what is known in this infinite regime here. The theory
has only had its surface scratched so far, as evidenced by the results of Fedii [Fe|, Kusuoka and Strook
[KuStr], Kohn [Koh], Koike [Koi], Korobenko and Rios [KoRi], Morimoto [Mor], Akhunov, Korobenko and
Rios [AkKoRi|, and the aforementioned paper of Christ [Chr], to name just a few. In the rough infinitely
differentiable regime, Rios, Sawyer and Wheeden had earlier obtained results analogous to those in [KoRi],
where L is (rough) hypoelliptic if every weak solution u of Lu = ¢ is continuous when ¢ is bounded.

In [Fe], Fedii proved that the two-dimensional operator 8—‘22 + f (z)? 8—22 is hypoelliptic merely under the
assumption that f is smooth and positive away from z = 0. In [KuStr], Kusuoka and Strook showed using

probabilistic methods that under the same conditions on f (), the three-dimensional analogue 88—;2 + aa—;z +
f (oc)2 6‘?—; of Fedii’s operator is hypoelliptic if and only if

lim zln f (z) = 0.

z—0

Morimoto [Mor] and Koike [Koi] introduced the use of nonprobabilistic methods, and further refinements of
this approach were obtained in Christ [Chr], using a general theorem on hypoellipticity of sums of squares
of smooth vector fields in the infinite regime, i.e. where the Lie algebra does not span at all points. In
particular, for the operator Ls = 86722 +a? (x)ga—;z + b2 (x)% in R3, Christ proved that if a,b € C™ are even,
elliptic, nondecreasing on [0, 00), and a(z) > b(z) for all z, and if in addition limsup,_,, |z Ina(x)| # 0, and
the coefficient b satisfies

lim b(z)z|Ina(z)| =0,
z—0

then Lg is hypoelliptic. Moreover, he showed that if some partial derivative of b is nonzero at x = 0, then
Ls is hypoelliptic if and only if the above condition holds.

On the other hand, the novelty in Kohn [Koh], which was generalized in [KoRi], was the absence of any
assumption regarding sums of squares of vector fields. This is relevant since it is an open problem whether
or not there are smooth nonnegative functions A on the real line vanishing only at the origin, and to infinite
order there, such that they cannot be written as a finite sum \ = 22]21 f2 of squares of smooth functions
fn. The existence of such examples are attributed to Paul Cohen in both [Bru] and [BoCoRo], but apparently
no example has ever appeared in the literature, and the existence of such an example is an open problem,
see [Pie, Remark 5.1]'. This extends moreover to matrices since if a matrix is a sum of squares (equivalently
a sum of positive rank one matrices), then each of its diagonal elements is as well. On the other hand, Kohn
makes the additional assumption that A (z) vanishes only at the origin in R™, something not necessarily
assumed in the other aforementioned works. More importantly, Kohn’s theorem applies only to operators of
Grushin type L (z, D) + A (z) L (y, D), where the degeneracy A (z) factors out of the operator A (z) L (y, D),
a restriction that this paper will in part work to remove.

Missing then is a treatment of more general smooth operators L = VA (z) V + lower order terms, whose
matrix A (x) is comparable to an operator in diagonal form of the types considered above - see Definition
1 below. Our purpose in this paper is to address this more general case in the following setting of real-
valued differential operators. Suppose 1 < m < p < n. Let L = VA(x)V where A (z) ~ Dy (%) with
T = (21,.,¥m), * = (21,...,7,) and where Dy (Z) has C? nonnegative diagonal entries \1 (%), ..., \p (¥)
depending only on Z and positive away from the origin in R™:

~ L Omx(p—m—l) 0m><(n—p+1)
A(@) ~ D (@) = | Op-m-1)xm  Dpasi@dp i@ Op-m—1)x(n—p+1)
0(n7p+1)><m 0(n7p+1)><(p7m71) >\p (.T) HTL—p+1

We will refer to a diagonal matrix having this form for any m < p < n as a Grushin matriz function of type
m. Note that the comparability A (z) ~ Dy (&) impies that ay x (z) & A, (&) for all the diagonal entries, so
that A\, (Z) =~ agk (%,0) may be assumed smooth without loss of generality. Moreover A (z) ~ Aqgiag (Z,0)
(see [KoSa2, after Definition 10]).

ISee also https:/mathoverflow.net/a/106072
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All of our theorems will apply to operators L having a Grushin matrix function A (z) of type m that is
also elliptical in the sense that A (z) is positive definite for 2 # 0. Moreover, we will require in addition that
the intermediate diagonal entries {a (:i)}i;inﬂ (there won’t be any such entries in the case p = m + 1)

are smooth and strongly C*?? (see [KoSal]) for some § > 0 (we show in [KoSa2] that such functions can
be written as a sum of squares of C%9 functions, and moreover give a sharp w-monotonicity criterion for
strongly C%2%), and that the off diagonal entries of A (z) satisfy certain strongly subordinate inequalities.
We emphasize that no additional assumptions are made on the last n — p + 1 entries of D (&), which are all
equal to A, (Z).

Our approach is broadly divided into four separate steps, the first and second of which are the subject of
the first two papers in this series:

(1) First, a proof that a C®! function can be written as a finite sum of squares of C''! functions first
appeared in Guan [Gual, who attributed the result to Fefferman. In [KoSal] we adapted treatments of
this result from Tataru [Tat] and Bony [Bon] to establish conditions under which a C*2% nonnegative
function can be written as a finite sum of squares of C? functions for some § > 0. The methods
of Tataru and Bony were in turn modelled on a localized splitting of a nonnegative symbol a, due
to Fefferman and Phong [FePh|, who used it to establish a strong form of Garding’s inequality, and
is the main idea behind the result of Fefferman appearing in [Gua]. That splitting used the implicit
function theorem to write a nonnegative symbol a as a sum of squares plus a symbol depending
on fewer variables, so that induction could be applied. This same scheme was used in [KoSal] to
obtain a sum of squares of C?% functions, but taking care to arrange assumptions so that the implicit
function theorem applied.

(2) Second, in [KoSa2], we showed that under analogous conditions on the diagonal entries of a matrix-
valued function M, and strong subordinate-type inequalities on the off diagonal entries, M can then
be written as a finite sum of squares of C%? vector fields for some § > 0.

(3) Third, we here extend a theorem of M. Christ on hypoellipticity of sums of smooth squares of vector
fields to the setting of C'*° vector fields, with the appropriate notion of gain in a range of Sobolev
spaces.

(4) Fourth, we here adapt arguments of M. Christ together with the above steps to obtain hypoellipticity
of linear operators L of the form

(1.1) L=V"A(z)V+ D(z),
where the matrix A and scalar D are smooth functions of z € R™, and with & = (1, ..., z,, ), we have
I 0
(12) A) ~[ . }

where I,,, is the m x m identity matrix, and D » (Z) is the (n — m) x (n —m) diagonal matrix with
the components of X () = (Ap41 (Z) , ..., A (Z)) along the diagonal. The component functions A (Z)
satisfy certain natural conditions described explicitly below.

We will end this section by stating our main results on hypoellipticity. Then in the next section, we
use a result on calculus of rough symbols from the 1980’s [Saw] to derive a rough version of M. Christ’s
hypoellipticity theorem for sums of smooth vector fields in the infinitely degenerate regime, where symbol
splitting is inadequate. Finally in the last sections, we use a bootstrap argument that exploits the €29
regularity of the vector fields, to bring all of these results to bear on proving hypoellipticity for linear partial
differential operators L of the form (1.1).

But first we recall the main results from the second paper in this series [KoSa2] on sums of squares of
matrix functions that we will use here.

Definition 1. Let A and B be real symmetric positive semidefinite n xn matrices. We define A X B if B— A
is positive semidefinite. Let 5 < « be positive constants. A real symmetric positive semidefinite n x n matrix
A is said to be (B, a)-comparable to a symmetric n x n matriz B, written A ~g o B, if BB< A< a B, i.e.

(1.3) BETBE < ETAE < a £TBE,  for all € € R™.

We say A is comparable to B, written A~ B, if A~g B for some 0 < f < a < oco.
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Note that if A is comparable to B, then both A and B are positive semidefinite. Indeed, both 0 <
(0~ B)¢"Bg and 0 < (§ — 1) €A hold for all ¢ € R,

2
Definition 2. A matriz function A (z) is subordinate if ’3711 (z) 5‘ < O A (x) € for all € € R™, equiva-
lently g—i ()" 94 (1) < CA (z).

Bxk

Finally recall the following seminorm from [Bon],

- (M5 (@) = hyniilip [Dh (|yy)_—zl|7;h(z)|.

Here is the sum of squares decomposition with a quasiformal block of order (n —p + 1) x (n — p + 1), where
1 < p < n. We say that a symmetric matrix function Q, (z) is quasiconformal if the eigenvalues A; (z) of
Q, (x) are nonnegative and comparable.

Theorem 3. Let

1
l1<p<n, 1§s<1, 0<do<d’' <1, M>1,
and
5 200+0)
2+4

Suppose that A (x) is a C*?0 symmetric n x n matriz function of a variable x € RM | which is comparable
to a diagonal matriz function D (x), hence comparable to its associated diagonal matriz function Agiag ().

(1) Moreover, assume app (T) = apt1,pt1 () = ... = an,n (¢) and that the diagonal entries ai 1 (x), ..., ap—1,p—1 (T)
satisfy the following differential estimates up to fourth order,
(1.5) IDfagp (2)] S app (@) < <4 and 1 <k <p—1,
lakk], 05 (®) S 1, |gl=4and 1 <k<p-1

(2) Furthermore, assume the off diagonal entries ay ; (x) satisfy the following differential estimates up
to fourth order,

>[é+(2—|u|>e]++6”

1o al £ (i,

[ak’j]m?é < 1, |ul=4 and 1 <k <j<p-—1,
) [3+(2—luDe]  +8”

| D ag ;| < (min Qs s

<|pl < <k<p-— i <
1<s<k > ;o 0<|p/<4and 1 <k<p-1<j<n

larjl, 05 S 1, lul=4and 1 <k<p—-1<j<n.

(3) Then there is a positive integer I € N such that the matriz function A can be written as a finite sum
of squares of C*? vectors Xk,j, plus a matriz function A,

p—1 T
Aw) =D Xiy (@) Xiy (@)" + Ap (@), w€RY,
k=1 i=1
where the vectors X (z), 1<k<p—1, 1<i<T are C?° (RM), A, (x) = { 8 Q O(x) ], and
P

Q, (z) € C*+*° (RM) is quasiconformal. Moreover, Zj, = Zle X i X} € CH% (RM) and

n n
(1.7)  caprer®exr < ZpZy + Z A m€m @ ey < C Z A m€m @ €, 1<k<p-1,
m=k+1 m=k

Qp(x) ~ app(@)Inpi1 -
Finally, if in addition A (z) is subordinate, then Q, (x) is also subordinate®.

atr
2A more general assumption is that of semisubordinaticity, namely % =8S; + (Si)tr where [Si] S < CAfor j=1,2

and k = 1,2, ...,n, whose importance arises from the fact that semisubordinaticity of Qp can be used in place of subordinaticity



SUMS OF SQUARES III 5

Remark 4. If in addition ay i, (z) = 1 for 1 <k <m < p, then the conditions (1.5) and (1.6) in (1) and (2)
are vacuous for 1 < k < m, and moreover the proof shows that the vectors Xy ; are actually in c42 (RM)
for1<k<m,1<i<I.

These remarks yield the following corollary in which conditions (1.5) and (1.6) in (1) and (2) play no role.

Corollary 5. Suppose A (z) is a C*° (RM) symmetric nxXn matriz function that is comparable to a diagonal
matriz function. In addition suppose that ay () = 1 for 1 <k <p—1 and ai, (x) = app (x) forp <k <n.
Then

A(z) = ixk (2) Xp ()" +Qp (z), x€RM
k=1

where X, Qp € 49 (RM) and (1.7) holds for 1 <k <p—1.

Remark 6. If the diagonal entry ay.j () is smooth and ws-montone on R™ for some s > 1 — ¢, then the

diagonal differential estimates (1.5) above hold for ay i (x) since |D*ay 1, (v)] < Cs srap i (x)sl for any s’ < s
([KoSa2, Theorem 18]).

Remark 7. If in Theorem 3, we drop the hypothesis (1.5) that the diagonal entries satisfy the differential
estimates, and even slightly weaken the off diagonal hypotheses (1.6), then using the Fefferman-Phong theo-
rem for sums of squares of scalar functions, the proof of Theorem 8 shows that the operator L = VAV can
be written as L = Z;\;l X;er where the vector fields X; are C*' for j =1,2,...,N. However, unlike the
situation for scalar functions, the example in Theorem 38 of [KoSa2| shows that we cannot dispense entirely
with the off diagonal hypotheses (1.6) in (2). Moreover, the space C1'! seems not to be sufficient for gaining
a positive degree § of smoothness for solutions to a second order operator, and so this result will neither be
used nor proved here.

In this paper we will apply the sums of squares representations for matrix functions obtained in [KoSa2]
to a rough generalization of a theorem of M. Christ, that then leads to our main hypoellipticity theorem via
a bootstrap argument.

2. STATEMENT OF MAIN HYPOELLIPTICITY THEOREMS

We begin with the following general hypoellipticity theorem in the infinitely degenerate regime as in Step
(4) of the introduction. We emphasize that we make no assumptions regarding the order of vanishing of the
matrix function A (x) at the origin. Since we only consider degeneracies at the origin, it is useful to make
the following definition.

Definition 8. We say that a g X q matriz function f : R® — R? on R" is elliptical if f (z) is positive
definite for x £ 0. A scalar function f corresponds to the case ¢ = 1.

Theorem 9. Suppose 1 < m < p < n. Let L be a second order real self-adjoint divergence form partial
differential operator in R™ given by

(2.1) L=V"A(z)V+D(z),

where the matriz A and scalar D are smooth real functions of x € R™, and A (x) is subordinate, i.e. %V
is subunit with respect to V" A (z) V.

(1) Suppose further that with & = (x1, ..., Zmy) we have the following Grushin assumption,

(2. A~ 0 ]

of Qp in the proof of Theorem 9 below. However, the semisubordinate condition is much harder to pass through the 1-SD in
[KoSa2] than is the subordinate condition, and it is ultimately as difficult to deal with as the sum of squares decomposition
itself.
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where L, is the m x m identity matriz, and D  (Z) is the (n —m) x (n —m) diagonal matriz with
the components of A (%) = (Am+1 (), ..., A (£)) along the diagonal, i.e.

Amst (7) 0 0
(23) ng=| " el
: - - 0
0 . 0 A ()

(a) Moreover, we suppose that the component functions A, are elliptical in R™, and A\,(Z) =

Api1(T) & oo~ A ().
€ also suppose a €re are positive nNumoers < < < 35, 7 e <1, suc at jor
b) We al that th ti bers 0 < 6 < 6" < 3, 1 < 1, such that

§ = %j&&) and for k < j <mnand 1 < k < p—1, the entries a ; () of A(x) satisfy the

differential size inequalities® in (1.5) and (1.6) for all v+ € R™.
(2) Then L is hypoelliptic if

(2.4) hn%) w(|Z|, \/Inax {Amt1s 0 Ap} (@) Inmin { A1, ..., A} (8) =0,
T

where
u(t, g) = max{g(=)(t — 2]) : 0 < |2] < t}.

Moreover, condition (2.4) is necessary for hypoellipticity if in addition A (z) is a diagonal matriz
with monotone entries.

Remark 10. Note that when m = 1, it suffices to assume only smoothness of the diagonal entries Ay (Z) in
place of (1.5), in view of Bony’s sum of squares theorem [Bon, Théoréme 1].

Here is a variation, without any special hypotheses on the diagonal entries, that will be used to prove
Theorem 9 in conjunction with the sum of squares decomposition in Theorem 3. However, the proof of this
next result will require a generalization of M. Christ’s sum of squares theorem to include C%9 vector fields.

Theorem 11. Let L be a real second order divergence form partial differential operator in R™ satisfying
(2.1). Let 1 <m < p<n+1, and write

_ (A s m —m—1 n—p+1
T = (1, e, Tons T 15 ooos Tp—1; Tpy oy T) = (T, %, %) € R™ x RP x RP7PT

where the middle factor RP~™~1 vanishes if p = m + 1, and the final factor vanishes if p=n + 1.
(1) Suppose that there exist C%° vector fields X; (x) € Op (02’5511,0) for1<j<N,andan(n—p+1)x
(n —p+1) matriz function Q, (z) € C*? that is elliptical, quasiconformal and subordinate, such
that
N B A N N )
L=|Y X'X;4V Q) V| +D A;X;+ > XIA; + Ay,

j=1 j=1 j=1

where V = (Ozps---50z,) and Ay, Aj € Op(Cl"SSRO), Ag € (9(__65//2;—(?/2) for all e > 0.
(2) Suppose further that there are elliptical scalar functions A1 (Z) ... Ap (&) € C* (R™) with0 < \; <1
for all j, such that Qp(x) ~ Ay (Z)Ih—pt1 and such that the following inequalities hold for all

Lipschitz functions v:

am,cv\ + Z A (%) [0, 0] <Z|X o+, () D 10,0
k=p

k=m+1 Jj=1

(2.5)

Il Mz I MS

IX of? <Z|0mkv| Z Ak (2) [0, 0]" + Ay (2) D 100,07
k=p

k=m+1

3The diagonal inequalities become more demanding the smaller ¢ is, while the off diagonal inequalities become less demanding.
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(3) Finally set

p b
Aum (B) = D M (&) and Aproauer (B) = [ M (),
k=m+1 k=m+1

and define the Koike functional i (t,g) for any function g (&) by

(2.6) 1 (£, 9) = max{g(@)(t — 7)) : 0 < |7] < 1},
(4) Then the operator L is hypoelliptic if
(2.7) ‘%g% (1], v/ Asum) In Aproduct (Z) = 0.
This is sharp in the sense that (2.7) holds if L is both hypoelliptic and diagonal with monotone
entries.

Here is our rough version, in the setting of sums of squares of real vector fields, of M. Christ’s hypoellipticity
theorem as needed in Step (3) of the introduction. Note in particular that the vector fields X, appearing
below are only assumed to be C?%, while the sum of their squares Zj X;er is assumed to be smooth.

Theorem 12. Suppose 1 <p <n and N > 1. Let R C T*V, the cotangent bundle of an open set V C R",
be any ray, and assume that the operator L has the form

N N N
~ ~tr =
(2.8) L= XUX;+> AX;+) XFAj+Ri+4+V - Q,(x)V,
j=1 j=1 j=1
where the vector fields X;, j = 1,2,..,N are C*° (R") differential operators, and Q, (x) is a C*2° (R™)
(n —p+1) x (n —p+ 1) matriz that is subordinate and quasiconformal, and V = (0, ... 0z, ).
(1) Assume further that Q, = Qp(x) ~ a(x)ln—p1 with a € C*2° (R") elliptical, L € Op(S3,), X; €
Op(CQ*‘;Sll’O) and Aj, A; € Op(Cl"SSRO), Ag € (9(__55//2;;/2) for alle > 0, in some conic neighbourhood
V of R. R
(a) In addition, assume Ry = ,_, Sk©r 0V, where each Sy € CH9(R™*™) js subunit with respect
to Qp, and O = (Okp, ..., Oky,) is a multiplier of order zero.
(b) Suppose there exists w € C™ satisfying w(§) — oo as || — oo such that

(2.9) /Rd w?(©)]a(€)]*dg < CZ 1X5ull” + C|[VaVul* + Cllul® ¥ u € Cy(V),

J

(c) Finally, suppose that for each small conic neighborhood T’ of R there exist scalar valued symbols
P, p € S?,O such that v is everywhere nonnegative, ¥ does not depend on & in ', ¢ = 0 in some
smaller conic neighborhood of R, ¥ > 1 on T*V\T', p = 0 in a conic neighborhood of the closure
of I', and such that for each § > 0 there exists Cs < oo such that for any relatively compact
open subset U @ V and for all w € C3(U) and each index 1,

(210)  |Op log(&) (o (XY ul® < 53 [Xul® + 3 |[VaVul| + Cs ull* + C5 [Op(w)ully
J

|vas ov Jlosi@ w8l < a3 15l + 6]|VaTul| + s lull* + 5 [Opo)ul
J

where Z = (§p, . ,fn).
(2) Then there exists v > 0 such that for any v € L?, . we have Lu € H'(R) = u € HY(R).

loc

Remark 13. The term Ry arises from the conjugation of ¥ - Q, (x) V by Ay = (1 + |€?)%/2, needed in the
bootstrap procedure. Indeed, we have denoting q;; = (Qyp)ij

AV Q@) VA, =V Qp(2) V=Y A 4i]A—.00,0a,

1,J=p
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Using rough pseudodifferential calculus we have

o([As @il A—s0,) = =i Y Daqz'j§ 521- = _izamkqwgki% mod O 5 5.
o (€ part (€ ’

Denoting
&
©*

we have that Ry = ,_, SOy 0 V has the desired properties since Qp is subordinate, and

AV -Q,(2)VA_, =V -Q,(z)V+R  mod O 5.5

Sk = 02,Qp, (0k(§))s = —i

We end this section on statements of the main hypoellipticity theorems, by outlining the four steps taken
in order to get to the point where we can apply Theorems 3, 11 and 12 to obtain our hypoellipticity Theorem
9.

2.1. Summary of the steps. Consider the operator L = VA (2) V + D (z) with smooth coefficients.

(1) We first apply Theorem 3 to write VA (2)V = X"X plus a quasiconformal subordinate term
V - Q, (z) V, where the vector fields X belong to C2’5S11,0 for some § > 0, and Q,, € C*9.
(2) We then use the smooth pseudodifferential calculus to write

ALA_ =L+V-Q,(z)V + VX +X"U + A (z,€) + Ry

where the pseudodifferential operators VX, UX € Op Cl"SSiO ,and R; € Op Cl"SSll_’O is subunit with
respect to the quasiconformal term, and where Ay € CO"SSRO.

(3) We next show that the operator L = VA (2) V 4+ D () is hypoelliptic if and only if for every integer
s € Z, there is v = v ([s]) > 0 depending only on the integer part [s] of s, such that

uwe H® and A,LA_,u € H” implies u € H”, for 0 < v < 1.
(4) Finally, we apply Theorem 12 and Theorem 11 to obtain hypoellipticity of L.

Remark 14. Note that if we apply symbol splitting as in [Tay] to the vector fields X to obtain X = X+ X°
where X4 € Op Sllm and Xb € OpCQ"sSi;]"(zM), then the subunit property of the wvector field X is not

inherited by the smooth vector field X%. Indeed, the definition of X! shows that it is obtained by applying a
mollification of size 279" to a Littlewood-Paley projection onto frequencies of size 27, and such mollifications
are not comparable when applied to infinitely degenerate fields, even suitably away from the degeneracies.

3. A ROUGH VARIANT OF M. CHRIST’S THEOREM

We now prove our extension of M. Christ’s hypoellipticity theorem, namely Theorem 12, to the case of
a sum of squares of rough vector fields, whose sum of squares is nevertheless smooth. We will assume the
rough symbols are in the classes C2765307 but we could just as well formulate and prove a variant for the
symbol classes 02’65’3‘7”, which we leave for the interested reader, as we will not use such a variant in our
applications. The proof of this rough theorem is accomplished by adapting the sum of squares argument of
Christ [Chr] in the smooth case. For this we begin with some preliminaries.

3.1. Preliminaries. Here we recall definitions and properties of symbols, Garding’s inequality, parametrices,
rough symbols, and wave front sets.

3.1.1. Symbols. We begin by recalling in R", the definition of symbols S}, from Stein [Ste, Chapter VI],
the definition of symbols S;Tﬁk and S’g?;‘ from Christ [Chr], and then some results on rough versions of the
symbol classes S}, from [Saw]| and [Tay]. See also Treves [Tre] for symbols defined in open sets 2 C R".

Definition 15. Let a(x,£) be a smooth function on R" X R*, 0 <n < p <1, and —co < m < c0.

(1) Define a € S,

o » referred to as a symbol of type (p,n) and order m, if

(3.1) 900 a(x,6)| < Cap (€)™ PHIel 4 e R™ € € R", (0, B) € ZT} x Z7}.



SUMS OF SQUARES III 9

(2) Define a € SpuF if

02000 (2,€)| < Cap (€171 (10g () 121417

(3) Define
Syt = m Sy pie, mER
e>0
For a symbol a € S}, , the associated pseudodifferential operator A : S (R") — S (R"), also denoted by
A = Opa, is defined on the space of rapidly decreasing functions S (R™) on R" by

ﬁ / ¢t (,0)T(E)dE, weR™

It follows with some work (see e.g. [Ste]) that Opa : S (R™) — S (R") is continuous, and moreover, if ay
converges pointwise to a on R™, and (3.1) holds for a = aj, uniformly in k, then a € Sy, as well. By duality
Opa : & (R") — &' (R™) is a continuous map from the space of tempered distributions S’ (R™) to itself,
and the asymptotic formulas for adjoints and compositions holds without restriction, e.g. if a € S} and
be ST then OpaoOpb= Op(aocb) where for all M € N,

Py

(3.2) Au(z) =

M
1 o0 ’
acb = > —mVea Vib+ By
£=0
with By € Syptma= it

It follows immediately from the definitions that the asymptotic formulas for adjoints and compositions extend
to the symbol classes S;'},f . For example, by uniqueness of the expansions, we have

mi+et+mote—M—1 mi+mo—M—1,2¢e
By € Sp—fm+6 = Sp—2em+2e
for each € > 0, and so

mi+mo—M—12e _ omi+mo—M—1+
IVES ﬂ Sy oe.nroe =55 :

e>0
Now S,T;?“ C S,T;]k, and it turns out that for our purposes, we apply the pseudodifferential calculus to the
symbol classes S;rf;‘ , as well as to the classes ngﬁk that arise naturally from the hypotheses of the theorems.

We will not necessarily make explicit mention of this distinction in the sequel however.

3.1.2. Parametrices. Let a(x,§) € ST, be elliptic of order m, i.e. there are strictly positive continuous
functions p (z) and ¢ (z) in © such that the symbol a (x, ) satisfies

c(@) gl <la(z, 8], €£eR"with |¢| > p(z),2 € Q.
Proposition 16. Let a(z,§) € ST, (Q). If a(z,£) is elliptic of order m, then there is b(z,§) € Sy ;" such
that aob=1. Conversely, if there is b(z,§) € Sy ;" such that aob =1, then a(z,§) is elliptic of order m.

Proof. Determine recursively symbols b; from the relations

(33) bO (Z‘, f) a (Jf, f) = 1,
b Qo) = — 3 Lofa( Db w6, 1,

1<]a|<j

which make sense only for || > p (z). The first three such symbols are given by

1
bO (m) 5) = a (I’ 6) b)
"0 0
b (@,8) = —bo(@ &)Y ag.a(w,ﬁ)% b (2,€) = ~5bo (#,€) Vea (,6) - Voo (2,6).
i=1  >? !
) 10 1., N
b (@€ = o (0.6) Y gra(n.€) b (2.6 ~bo(2.8) Y 0Fa(x,€) Dibo (x.8)
i=1 >t E la|=2 "

—%bo (Z‘,E) V§a (I7£) : VLbl (33,5) - bO (1‘75) %Vga (.I‘,f) : Vibo (x7£) .
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To deal with the requirement that || > p(z), we select a monotone increasing sequence of continuous
functions p;,; () > p; (¥) > p(z) and a sequence of smooth cutoff functions x; (z,§) € C> (2 x R")
satisfying

[0 i [ <p(2)
Xj(%f)_{l if |§|§2/§](Z)

One can easily prove by induction on j that x;b; € S ~m=J (Q), and moreover that for carefully chosen such
X; the series 77 x;b; converges in S~ (Q) to a symbol b satisfying a o b = 1. Indeed, if {Kj}‘;ilis a

standard exhausting sequence of compact sets for €2, and if the constants C’g }, (K;) satisfy

0208 (x;b;)| < CY% (&) g™ 711 for x € K, € € R™\ {0},

3 1
then we need only require in addition that p,; (z) > 2 SUD;<j |a+8]<j C&J)ﬂ (K;)7.
The converse is an easy exercise using only the consequence

a(x,f)b(x,g)—l 68_1 (Q)7

which implies that for every compact set K C €, there is a constant Ck such that

1
la(z,8)b(x,&) — 1| < CKW'

Corollary 17. Let A belong to STy (Q2). Then A is elliptic of order m if and only if there is B € Sy " (2)
with
AB=BA=1 modS™>(Q),

where S7 (Q) = 1) Sy ().
meR

3.1.3. Rough symbols. The following definitions are taken from [Tay] and [Saw].

Definition 18. A symbol o : R" x R™ — R belongs to the rough symbol class CMS;% (where M € Z and
0 <p,d <1)if for all multiindices a, B with |a| < M, there are constants Cy g such that

‘DgDE’BU (m,f)’ <Cqp(l+ gmreled=elBl g e R € € R

Ifo<u<1, theno e CM+“S;'7’6 if in addition we have

M 4
h-Vg m -
D?a(m+h7§)—§:7< 7 ) Do (2,6)| < Carg [h[M T (1 + gy MHm=elPl = 5y e R € e R™.

£=0

Definition 19. A symbol o : R™ x R™ — R belongs to the operator class OF" if its associated operator

1 ; ~
Opo)ule) = o [ "o @OTOd,  zeR
(271') Rn
admits a bounded extension from HytIL to HY, . (resp. Ayt0h to As, ) for s € I (resp. s € IN[0,00)
and all 1 < p < oo. o
The symbol o belongs to the operator class C’)T if in addition Op o is bounded from A;”anp to A;,IOC
t is the right endpoint of the interval I.
Here the subscript comp means compactly supported distributions in the space, while the subscript loc means
distributions locally in the space.

where

The following result of Bourdaud is well known, see also [Tay, Section 2.1] and [Saw, Theorem 3].
Theorem 20 ([Bou, Boul). For all real m, and allv >0 and 0 < 6 < 1 we have

C"STs € O (1 sy
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3.1.4. Rough pseudodifferential calculus. While symbol smoothing is a very effective and relatively simple
tool for use in elliptic and finite type situations, it fails to sufficiently preserve the subunit property of vector
fields in the infinitely degenerate regime. For this reason we will instead use the pseudodifferential calculus
from [Saw], to which we now turn.

Ifoe C”Sﬁ;l and 7 € CZ‘/[J”””;SJT(;“2 have compact support in R™ x R™, then the composition Opo o Op T
of the operators Op o and Op 7 equals the operator Op (o o 7) where

@or) @ = [ [ g (o6) 7 ) dyd,

and the double integral on the right hand side is absolutely convergent under the compact support assump-
tion, thus justifying the claim. Given such symbols without the assumption of compact support, we may then
consider instead the symbols o, and 7. where a. (2,€) = ¢ (ex,e£) a (z,€). Provided ¢ € C* (R™ x R") is
1 on the unit ball, the symbols a. are uniformly in the same symbol class as a, and hence the above formula
persists in the limit when the operators are restricted to acting on the space S of rapidly decreasing functions.
Of course it may happen that the resulting symbol o o 7 fails to belong to any reasonable rough symbol class
cM +“ng5 - see [Saw, Subsection 5.3]. Nevertheless, we have the following useful symbol expansion of o o 7

. . . —m
valid up to an error operator in an appropriate class O; .
Theorem 21. ([Saw, Theorem 4]) Suppose o € C”ngl and T € CM+}L+VST52 where M is a nonnegative
integer, 0 < p,01,02 <1, v >0 and M +p >my > 0. Let § = max{d1,d2}. Then
M

L e ¢
ogoT = ;WVEU-VIT—FE;
E € O?il('sl_f;;fiv)””)(&rl)%, for every e > 0.

There is an analogous expansion for the symbol of the adjoint operator (Op O’)tr.
3.1.5. Smooth distributions and wave front sets. The following definitions are taken from Treves [Tre].

Definition 22. A distribution u in an open set @ C R™ is said to be C*° in some neighbourhood of a point
(mo,fo) € Q x (R*\ {0}) if there is a function g € C* (R™) equal to 1 in a neighbourhood of zg, and an
open cone I'® C R™ containing §0 such that for every M > 0 there is a positive constant Cyy satisfying

qu (&) < Cu (1+1)™™,  cerO.

Definition 23. A distribution u in an open set Q C R™ is said to be C* in a conic open subset I' C
Q x (R™\ {0}) if it is C™ in some neighbourhood of every point of T'. The wave front set WF (u) of u is
the complement in Q x (R™\ {0}) of the union of all conic open sets in which u is C*:

WEF (u) =Qx (R"\ {0})\ U{F conic open C Q2 x (R*"\{0}) :w is C° inT}.
For v € R, the HY wave front set of u is defined analogously, where H” is the Sobolev space of order ~y.

3.2. Proof of Theorem 12, the limited smoothness variant of Christ’s theorem. Now we can begin
our proof of the limited smoothness variant Theorem 12, in the setting of real vector fields, of M. Christ’s
theorem. Let u € D' (V) and 0 < v < § be given. Suppose that the HY wave front set of Lu is disjoint
from some open conic neighbourhood Ty of a point (zg,&,) € T*V. Without loss of generality we may
assume that v € £ (V). Fix an integer K € Z (possibly quite large) such that u € H~X. We will show
that (zo,&,) ¢ WFpn~ (u) by first constructing a pseudodifferential operator A, that is elliptic of order v in
a conic neighbourhood of (g, ,), and then showing that Au € H (Rd).

To do this, let ¢ be as in part (1) (c) of Theorem 12. Recall the definitions of the symbol classes ST,

. i P,
m, m+.
Sy’ and STLT

Q
m

Sy if

0200 (,€)| < Cayg ()"0,

IS
m

m,k
Spvn lf

02000 (2. 6)| < Cap (€)1 (10g )+ 11417,

m+ — m,e
Sp-,n - n‘sp—sm+€'

e>0
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Then following Christ we define a symbol of nonconstant order, depending on parameters v and Ny by
(3.4 M9 =

|€|" e~ Nollogl€N)v (=€) if | >e
C* and nonvanishing if |{|<e

The nonnegativity of ¢ implies that A € Sfﬁg. Moreover, A € SI’:S . With v fixed, there exists 6 > 0 such
that for each Ny, we have A € Sy gN oF on the closure of the complement of I';. Now choose Ny so that
—ONg < —K. Then with
A=0p(N),

we have Au € H=E+9No ¢ H9 microlocally on the complement of T';.

Define cutoff functions n,,n, € C. (Rd) such that 7, = 1 in a neighbourhood of the support of v, n; =1
in a neighbourhood of the support of n,, and Suppn; C V.

Recall that if a € S}, and b € S}, , and p > 7, then Op (a) o Op (b) has a symbol a ©b with an asymptotic
expansion

(3.5) a®b(x,&) ~ an Oga(x,§) 0yb(x,§), ca=

The notation ~ means that for every N, the operator

Op (a) o Op (b) — Op (Z ca O¢a(z,§) 3§b($7£)>

a<N
is smoothing of order m +n — N (p —n) in the scale of Sobolev spaces. The next lemma is taken verbatim
from [Chr], as it involves only symbols of type (1,0).

Lemma 24 (Lemma 4.1 in [Chr]). There exists an operator A=' € S{'}J for some m = m () depending on
~, such that Ao A1 — is smoothing of infinite order. Moreover, such an operator may be constructed with a
symbol of the form

A+ HATY, feSy?
Proof. Write f ~ 22021 fr. Solve the equation
Ao [T+ /)X ~1

using the asymptotic expansion (3.5) and the usual iterative procedure as given in (3.3). One obtains
fi € 8752, and by induction, each f; € S;§+. Choose A to be an operator whose full symbol has expansion
> e frs so that the error is smoothing of all orders in the scale of Sobolev spaces. 11

To prove an analogue of Lemma 4.2 in [Chr] we will need an auxiliary lemma.

Lemma 25. Let P € Op(C’”SI%l) where m, 1 € N, and let A be the operator in (3.4), where where we recall
that v is everywhere nonnegative, vanishes identically in a small conic neighbourhood of (xo,&,), and is
strictly positive on the complement of I'y. Then

APA™' =P+ R, + R, +E,

where Ry € Op(C”ASf(;l’lH), Ry € Op(C’”fZSTJZ’HQ), and E € Ozr:/]g)_s for every m < M < v and
some 0 < e < 1. Moreover, the operator Ry has the form

Ry =Op ({log A, 0 (P)}).
Proof. Using Theorem 21 we see that the symbol of AP — PA divided by A equals

+E

%{)\@U(P)—J(P)@)\}Z o+ >

laj=1 " 2<|a|<M
= Z Ca [0¢log X 050 (P) — O¢o (P) 95 log A] + symbol in C”’_IVIKS”TO_Q’Z'F2 +E
la|=1

= {log A, o (P)} + symbol in C”*MSTJQ’HQ +FE,

O A o9
5 (63 (o3 X
Ca [/\ 0y0 (P) = 0ga (P) 3
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where E € (9’(71;]\5)75 for every M < v and some 0 < & < 1; and {log A\, o (P)} is the Poisson bracket of log A

and o (P), and is a symbol in C"_lSTO_l’lH. ]
Define
(3.6) Li=Y XUX;+) AX;+ > XA+ Ay,
J J J

sothat L=L; 4+ Ry + v- Qpﬁ. This next lemma is our first analogue of Lemma 4.5 in [Chr].
Lemma 26 (Lemma 4.5 in [Chr]). Let A be the operator with symbol A in (3.4). Suppose that Ly takes the
form (3.6). Define

b; = Op {log Ao (XJ“)} and b; = Op{log A\, 0 (X;)}.

Then there exists a pseudodifferential operator G of the form

(3.7) G=> BjoX;+> X"oB;+B,,
J J
such that
(L1 + G)nyAny = mALny, + R,
where
3.8 B; = bj+c; and B; =b; +¢; for every j > 1,
(3.8) b j T Cj J TGy Y7

By

> (bj ob; + Ajb; +,Zjbj) mod Op (00’55;3’2) ,

J

where each cj,¢c; € Op (00*55’1’1), and where A;, A\,j € 01’55?10 are the coefficents of the differential operator
L in (8.6), and R € O 5s.6)-

Proof. In constructing the symbol of G we will work formally, ignoring the cutoff functions 1, and n,. This is
permissible by pseudolocality since 1;75 = 15. The desired equation (L; + G) A = AL+ R is then equivalent
to
G = AL A '—L+RA?
= ) [AXJXATN - XPX;] + RAT!
J
+3°A (Aij + XA+ AO) AT Y (Aij + XA+ AO)
J

J

Gtop + ACT’lowerA_1 - Glower§
where Giop = > [AXFX;A™ — XFX;] + RAT
J
= D [(AXFATY (AXGATY) = XX+ RATY
J
and G]Owcr = Z (Aij + X;rZ; + A()) .

J
We first consider Gyop. Using Lemma 25 with P = X;, m = 1,1 = 0 we have
AX;A™' = X; + Op ({log A\, 0 (X;)}) + symbol in CO"SSié’Q mod 0(1157,55)
ZXj+bj+Cj mod(’)(__l(;g),
where b; = Op ({log A\, 0 (X;)}) € C1°S; and ¢; has a symbol in C%?S; 5. Since both {log A, o (X;)}

and {log Ao (X;“)} belong to Cl"SS(l))’é, inserting these equations into the identity derived for Giop in the
preceding paragraph shows that

Gtop:ZBjoXj+ZX;rO§;+BO
J J
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where the operators Bj, B: € Op (Cl’és?:(%) and By € Op (C’O"SS?:S) satisfy (3.8).
Now consider Giower. We can write

AGiower A1 =" A (Aij + XA+ AO) A=Y (AAjA_lAXjA_l +AXTATAA AT ¢ AAOA—l) .
- :

J

Applying Lemma 25 to A; and X; we have

AAjA_1 = A; 4+ symbol in Op (CO";Sié’l) mod (9(11(;(%.

AX;A™' = X; + Op ({log A\, 0 (X;)}) + symbol in CO"SSié’Z mod O(_j(;g).
Using Theorem 21 this gives

AAGATTAXGA™ = A; X + ¢ X; + symbol in C%2SY5 mod O % 4,
where ¢; € CO"SSiéJ, and the symbol in CO"SS?”é has the form A;bj+symbol in 00’55?:é with b; =
{log A\, (X;)}. Analyzing the other terms in AGjowerA™! in the same way we obtain
AGlowcrAil = Bij + X;rBj + BO mod O(_f(;’(;)v
where Bj, Ej as in 3.8,

and By € Op (CO";S%) and has the structure as in (3.8). Combining with the estimate for Giop we obtain
the result. 1

Lemma 27 (Lemma 4.6 in [Chr]). Suppose that L,, p satisfy the hypotheses of Theorem 12. Then for any
N >0, and for any fized relatively compact subset U C V', any 6 > 0 and any f € C73 supported in U, the
operator G constructed in Lemma 26 satisfies

(3.9) (G DI <8 IXFI1P+0lIVaV FI? + Cs | £1* + Cs |Op (p) fII7 -

J

Proof. We first note
o(b;) = {log A\, a(XI")} = —Nolog [¢|{e, o(X}")} + symbol in C'S7
and similarly for gj. Using this together with (3.8 ) and hypothesis (2.10) with § = ¢ we therefore obtain
[(Bj o Xif, Al = (b + ¢;) o X f, f)]
o]+ e
< e |l XG 11 + Ce [flog € {w, o (X} + Ce |1 £

<e|X;fII” +C.

< e | X fI1P + Ce | G0 D |1 X ull* + 8ol [VaV £|[2 + Cs, || 112 + Cs, || Op() fI3 | + CeIIFII -

J
Choosing dg = ¢/C; this gives
[(Bj o X, £, /)] <& IXjull® + el [VaV £[]* + Cel| f1* + C:l|0p(p) 1131

J

The rest of the terms in (3.7) are handled in the same way, giving ( 3.9). 1

To handle the Grushin type term V - Q, (z) V in (2.8) we will need the following two lemmas

Lemma 28. There holds
(§ : Qp§771 + E) Angy = 771A$ : Qp§772 +R,
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where R € O(fé’é), and with E = (f ,fn), the matriz operator E takes the form

prc

(310) E = HoQ,V+V | > DQ,|oHy+Ho| Y D°Q,|oH

la|=1 |a]=1
+H3oQV+HoQH+Hy Oy
where = Op{logA€} € Op (S73), HoeOp(Sho), HoeOp(COShy), HyeOp(Sigh).
Proof. In constructing the symbol of E we will work formally, ignoring the cutoff functions n; and n,. This is

permissible by pseudolocality since 7,1, = 7,. Let Ly = V-Q,,V, the desired equation (L2 + E) A = AL;+R
is then equivalent to

E=ALA"' — L, + RA™!
=AV-Q,VA ' -V.Q,V+RA!
(3.11) - (A@A*l) : (AQ,,@A*) ~V-Q,V+RAL
Next using Lemma 25 we have
AVA™ =V + {log )\,E} + symbol in Sié’l =V + H + Hs,

where H = {log )\,E} € Op S’(l):é), and H3 € Op (Sié’l). To estimate AQP§A_1 we will need a refinement

of Lemma 25, namely, the estimate obtained in the proof

o2\ a
A A ¢ A
la]=1 |a|=2
= {log\,o(P)}+ Co |0 log X 0S50 (P) —0ga (P) 0% 1ogA|+ S,
3 x 3 T

|a]=2
where S € O(__ly_i) for some 0 < e < 1land 0 <v < 4. Now o(P) = J(Qpﬁ) = ng, SO
> o [08log A 020 (P) — 9¢a (P) 0% logA] = > cadflog A 93Q,¢ = symbol in ™S,
|a]=2 |a|=2
where the last equality holds since ¥ does not depend on £ in I', and therefore no logarithmic terms arise
from differentiation of log A with respect to £. Altogether we thus have
AQ,,@A_1 = Qp§ + Op ({log A, ng}) + symbol in Co"SSié’o mod (’)(11(;56)
=Q,V+ > (D"Q,)ED¢ log A + Q, - {log A, €} + symbol in ™S 5" mod O 5
|a|=1
=Q,V+ Y (D?Qy)- symbol in S+ Q, - H + symbol in C*°S;¢*  mod O ;5

|a]=1

where we note that ED? log A € 7 for each a with |a| = 1 since ¢ does not depend on ¢, and therefore no
logarithmic terms arise from differentiation of log A with respect to £. This gives

(A%A—l) : (AQﬁA—l) =V QV+HoQV+H;0Q,V+V | > DQ,|oH

lo]=1

+Ho ZD“QP o Hy+ H o Q,H + H, mod O % 5.

la|=1
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Lemma 29. Let E be a pseudodifferential operator of the form (3.10 ). Then for any fized relatively compact
subset U C V, any § > 0 and any f € C° supported in U, we have

(3.12) KEF, /)l <8 N1X5£1% + 0lVaV £II* + Cs | £1* + Cs |Op (0) £l 70 -
J

Proof. Here is where we will need to use that the matrix Q, is subordinate - in the case p = n, then Q,
is simply a scalar and the subordinate inequality is that of Malgrange. We will use (3.10) and the notation

Q) =021 D¥Qp. We have
(Ef,f) = *<\/Q7thrf,\/Q7p§f>—<Hof,Q;§f>+<Hof7Q;Htrf>
+(HY QY f) + (VQH S, QuHf ) + (Hof, )

Now we use the crucial fact that Q, is subordinate, i.e. |Q;'D|2 < CQp, and together with Cauchy-Schwartz
this gives
~ |12 2 2
(L0 <6 ||VRVs| + s |vVaprts| + s | Vapms| +CslifI.
Finally, using the definition of A we obtain
U(H) = {log )\7 f} = _NO lOg ‘§|{¢; 5}7

which together with the fact that Q, ~ al,,_,4+1 shows

~ 12 - 2
(ES N <0 |VaVs| "+ Cs [ vaop (tog € {v,8}) 1|+ CsllA1” -
Combining with estimate (2.10) as in the proof of Lemma 27 we conclude (3.12). I

Finally, we obtain an estimate on the subunit term R;.

Lemma 30. Let By = >, _, SiOy 0 V., where each S, € CY9(R™*™) is subunit with respect to Qp, and
Ok = (Okp, ..., Okp) is a multiplier of order zero. Then

(3.13) (Rany + J)Any = n AR, + R,
where J € Op(CO"sS?:é), Re O(_lg(?), and
(3.14) (IL D <D NIXGFI? +68IVaV £I1* + Cs | 1+ Cs 10D () fll3n

J

any 6 >0 and any f € C.
Proof. Proceeding as in the proof of Lemma 28 we have

ASkOK 0 VAT = 530, 0V + Y (D*S1)e0k(€) Dg log A+ Sk {log A, £0x(£)} + symbol in C*28750  mod O,
|a]=1

=S40 0 V + symbol in C*°SY ) + Sy Hy + symbol in C*?S73°  mod 05
=S50k oV+Jy  modO 5.
where Hy € Op (S?é) Defining J = Y, _, Jx and using the fact that Sy is subunit together with Q, =~
all,,_p4+1 and (2.10) we obtain (3.14). 1
We are now ready to prove a generalization of Lemma 4.4 in [Chr|, which is the main estimate we need.

Lemma 31 (Lemma 4.4 in [Chr]). Let L take the form (2.8) and satisfy (2.9) and (2.10). Let 0 <y < J be
fized. If Ny is chosen sufficiently large in the definition of A, then for any fized relatively compact U € V
and any u € C*° (U),

(3.15) ImAull2@ny < CllmALull 2 gny + C llull gogny -
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Proof. Recall that
L= XX+ A X+ XUAj+ Ag+ Ry +V-QpV =Ly + Ly + Ry,
j j j

where we used the notation Ly = V - Qp§ If we set
v=mnAu e C?*(R"),
we have
(L1 + G)v,v) = (Liv,v) + (Gv,v)
- Z HXjUHiQ + Z (Aj o X v,v) + Z <X]'?r o /ij,v> + (Agv,v) + (G, v)
J J J

= Z X002, + Z (X;v, A%v) + Z <Zjv,va> + (Ao, v) + (Gv,v)
J J J

= Y IXpllze +0 | D IXulze ol + ollze | +(Go, ),
i i

since the operators A; and A; have order 0. Similarly

(Ly+ E)v,v) = <V' . Qpﬁv,v> + (Ev,v)
= [ VT + (B0,
((Ry + Jo)v,v) = <i Si®i€v,v> + (Jv,v)
i=1

IA

5/a|%\2 + s Jol% + (Jov, ).

We also have from Lemmas 27, 28, and 30 that
(L1 + G)v = (L1 + G)myAnyu = ny ALinyu + Ru = nALu+ Ru ,
(La+ E)v = (L2 + E)nyAnyu = nyALanyu + Ru = nyALsu + Ru
(R1+ Jo)v=(R1+ J)nAnyu =n;AR1nou + Ru = nyARju + Ru

since nyu = u, and hence adding together
1 2 1 2 2
(L + G+ E+J)v, )| < [(nALnyu, v)| + [(Ru, v)| < 3 [Im ALul[ 72 gy + 3 [ Rull > gy + VI L2 @y

Thus from (3.9), (3.12), (3.14), and the above we conclude that

> IX0l7s + 11VQ Vol (L1 +G)v,0) = (Gu,o) +C | D IX50l7z loll e + o7
i i

+{(L2 + E)v,v) — (Ev,v)

+ ((Ry + J) v,v) — (Jov,v) — <i Si@lv$1},’u>

IN

1 2 1 2 2
5 ||771ALU||L2 + 3 ||RUHL2 + Cs ||U||L2

+8 311X £132 + 48]1vaVol 22 + Cs | Op (9) v 31
J

2 2
+O (Do IX0l7e loll e + flolz2
j
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Combining this with the inequality

2 2 2
D IXG0l 72 ol e <6 [ Xj0ll7 + Cs vz
J j

and the condition Q,, ~ al,,_,41 we obtain, choosing § smaller if necessary,

2 S 1 2 1 2 2 2
S IKol + VAl € Ll ALl + 2 IRuI: + G ol + G 0D )
J

+0 Y 1Xj0]1 7 + dl[VaVol[3..
J

Absorbing the terms 6 HvaHi2 and 6||\/ﬁ§v\|%2 into the left hand side, and then using that the order
of the error term R is —e, we obtain

2 - 2 2 2
(3.16) Y IXjollze + 1IVaVol[fe < g ALulfany + Clloliz + C llullg -
J

where the term involving the H! norm of Op (p) Au may be absorbed into Hu||?{,5 since A may be made
to be regularizing of arbitrary high order in a conic neighborhood of the symbol p, by choosing Ny to be
sufficiently large.

Next we write

22 — ~ 2d . 2d
b = f o E@Ps [ P
< N2 27 15612 d R ) e
SV [ oy & TTOP IS Sais [y WD POF S

N [ulfg + 3z I () DO

e
w?(N)

IN

IN

2 2 - 2
N7 [full o + > 1Xj0l72 + [IVaVollza + oll7:
i

where for the last inequality we used (2.9). Let § = C'/w?(N) and note that § can be made arbitrarily small
by choosing N sufficiently large, we combine the above equality with (3.16) to obtain

2 2 2 - 2
lollz2 < Cs llullzro +6 | D I1X;0ll7: + [VaVolge + vz
J

2 2 2 2
< Cs Jullyo + 6 (I ALl ey + C lol3a +C il )
Choosing ¢ sufficiently small to absorb the norm ||v||2LQ to the left hand side we conclude

2 2 2 2
H771AUHL2(1R”) = ||U||L2(Rn) <G H771ALU||L2(R71) +Cy HUJHHU(R") J

for a constant C,, depending on . 1

3.2.1. Removal of the smoothness assumption. It remains to remove the smoothness assumption u € C?° (U)

in Lemma 31, and to convert the above a priori estimate (3.15) to the desired conclusion Au € H° of Theorem
12. For this we fix a strictly positive smooth function r € C* (R™) such that

_ [l for g =2
T(g)_{ 1 for ¢ <1’
and we fix a large exponent ¢q. For £ > 0 small define a mollified symbol
)\5 ((E,g) = Te (f))x(x,{):r(sf)q)\(x,f),
where r. (§) = r(£)?.
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where A (z,€) = [¢]7 e~ No(ogleDo(=.8) for |¢| > e as in (3.4). Let A, = Op A.. The symbols 7. (£) satisfy

8? Te

(3.17) < Cayq |§\7|°“ ,  uniformly in € > 0 and £ € R™.

€

If ¢ is chosen sufficiently large relative to the order of the distribution u, then A.u € C? for all € > 0, and
since A, is elliptic of order v in a conic neighbourhood of (zg, &), it suffices to show that the L? norm of
N1 Acu remains uniformly bounded as € N\, 0. However, Lemma 31 fails to apply since we do not know that
the distribution  is a function in €% (U), and we now work to circumvent this difficulty.

The parameter Ny in (3.4) can be chosen sufficiently large that n; ALu € L? because ¢ is strictly positive
in a conic neighbourhood of the HY wave front set of u, and hence A is regularizing there of order at least
v — o Ny for some constant o > 0. The L? norm of 7, A.Lu is bounded uniformly in € > 0 and tends to the
L? norm of n; ALu.

As in the proof of Lemma 31, we have for each £ > 0, an operator G. and an identity

(L1 + Ge) mAcu = A Lyu+ Reu
(Lo + Eo)mAcu = nyAcLou+ Rou
(Ry + Jo) mAcu = mAcRiu+ Reu
with both sides of the equation in C? for each ¢ > 0. Moreover, the differential inequalities (3.17) ensure

that the proof of Lemma 31 carries through for each ¢ > 0 with A replaced by A, so that G. takes the
form (3.7), i.e.

G. = ZBj,EOXj+ZX;rO'§;+BO’E7

J J
Bo. € Op(C™780]) and Bje By € Op (€1087,)

where the pseudodifferential operator coefficients By ., B; . and EJVE lie uniformly in the indicated operator
classes. A similar argument holds for F. and J.. All functions have sufficient differentiability for the proof
of Lemma 31 to apply, and this proof, together with the above identity, yield

[mAcull g2 gy < CllmAcLul| g2z + C llull gocg) -
uniformly in € > 0. We conclude as desired that the L? norm of 7; A.u remains bounded as ¢ \ 0.

Thus we have proved that for any distribution v € D’ (V), and any 0 < vy < 4, there is a symbol A as in
(3.4) that is elliptic of order 7 on the conical set I', and satisfies

H771A“HL2(R) <C ||771AL“HL2(R) +C ”u”HO(R) :
The proof of Theorem 12 is now complete.

Combined with the bootstrapping argument above, this shows that v € H{ _ (R) for all s € R. Indeed,
nyu € H=M (R) for some M sufficiently large, and thus we can begin the bootstrapping argument at s = —M.

4. PROOF OF THEOREM 11

We now prove Theorem 11. The first step is to use a bootstrapping argument to reduce matters to the
level of L? (R™). Consider the general second order divergence form operator

Lu(z) = V" A(z) Vu(z) + D () u(z),

where A and D are real and smooth, and where A (x) satisfies appropriate form comparability conditions.
In order to conclude hypoellipticity of L it is enough to show that there is v > 0 such that for every s € R,
we have the bootstrapping inequality

we HS . (R") and Lu € HST" (R") = u € H TV (R")  for all s € R.

loc loc

Now with A, (&) = (1 + |§|2) E, and v > 0 fixed, it suffices to show

u € HY, (R") and A,LA_,u € H;

loc

(R") = u € H)

loc

(R™) for all s € R.

For s > 0 we use
ALA_g = (AsL—LA)A_s+L=[As, L]A_s+ L,
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and for s < 0 we use
ALA_o=—-A;(A_sL—LA_ )+ L=-A;[A_¢, L]+ L,
to conclude that it suffices to prove

(4.1) u € HY.(R") and [Ag,L]A_qu € H)

loc

(R") = u € Hy,

loc

u € HY.(R") and [A_,, L]Agu € H) (R™) = u c H,

loc loc

(R™)  forall s >0,
(R™)  forall s <0.

The second step is to use the sum of squares assumption in part (1) of Theorem 11 to show that it is
sufficient to establish the conditions of Theorem 12. So define

(4.2) G=[As,L)A_s=ALA_,— L,
and suppose for the moment that the operator L has the simple form
(4.3) L=>) XI'Xj,

J

where L € S%,o is smooth and X; € C%9. We first establish the properties of G we need using the rough
version of asymptotic expansion from [Saw| given in Theorem 21 above, which we repeat here for the reader’s
convenience.

Suppose o € CVST% and 7 € CM+“+”ST§2 where M is a nonnegative integer, 0 < u,d1,02 < 1, v > 0
and M + p > my > 0. Let 6 = max{d1,d2}. Then

M
|- ¢
ocoT = gig—avga-va—&-E;
E € (’)?ilgin;;’(%Jr“)(érl)ﬁ, for every € > 0.

Lemma 32. Let L and G be as in (4.3) and (4.2). Then

(4.4) G = > BjoX;+Y XI"oB;+By,
J J
By € O(__ég/f;;ﬂ) for every € > 0, and B;, /B: € Op (01’55?,0) .

Proof. First we note that
(Ao L] =D [As, XIX; + XI[As, X)),
J
and so we investigate operators [AS,th-r] and [Ag, X;]. The analysis is similar, so we only give details for

[As, X;]. Using Theorem (21) with my =s, mo =1, M =1, p=1+6/2, v =75/2 and §; = 62 = 0 we have

a([As, Xj]) = OV (1 + |§|2)% Vo (Xj) + B,

(=6/2,6/2)
R™1le Sf’é, we obtain

where B € @5 (249/2)+e Composing with A_,; and using Op (Vg (1 + |§|2)2) = R ' o A,, where

XA, Xj)A_y = X" o B; + R
with B; € C1980 and R € O[5, . W
Now we start with an operator L € S} of the more general form
(4.5) L= X\X;+ A4 +V"-Q,(2)V,
J

where X; € C2° and Aj € Sio- Using Lemma 32 for any operator L in the form (4.5) and Remark 13 we
can show that the operator A;LA_; has the form

ALA L =S XX, + 3 BiX, + Y XUB + By + R+ V' Q,(2) V,
J J J
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where X;, Bj, Bj, and By are as in Lemma 32 and R; is as in Theorem 12. Thus to show hypoellipticity
of the operator (4.5), it is sufficient to show that it satisfies the hypotheses of Theorem 12, which completes
the second step of the proof.

We prepare for the final step of the proof with an auxiliary Lemma (see [Chr, Lemma 5.1]), and its
corollary to be used later for showing condition (2.9).

Lemma 33. Let ¢ € CZ(R"), f € C®(R") simply positive, and s > 0. Then for any | € {1,...,n} there

exists a constant Cy independent of s such that

(46) Il < € (o + =) (1l + [ 2P otaras).

where the minimum is taken over all x € suppyp s.t. |x| > s.

Proof. Fix s > 0, for any z € R™ we have

4s/lzil g
T
<p(ac) = <x + 371 ) _/ —({;f(xh B 1 T 2 IR 1 M T ,xn)dt
1

|1

|21

/ ©*(x)dx < / ©? (x + sml> dx
|z |<s |z1|<s |zl|

145/ |2 1+s/|z
+/ / |8190(x1,...,:cl,l,txl,xprh...,mn)t3/4xl\2dt/ t3/2qt | dx
|z |<s 1 1

1+s/|zi]
/ ©*(x)dx < / ©* (x) dx + / / |0ip(z1, ..oy @i—1, tx, X1,y - - ,xn)t3/4ml|2dtda:.
|z <s <|zi|<2s |zi|<s /1

S

2
14s/|xz]
0% (z) < P <x—|—sxl> + (/ Vo(xr,...,x—1,tT, T 141, .-, Tp) - (O,...,xl,O,...,O)dt>
1

Switching the order of integration in the last term on the right and making a change of variables y =
(z1,...,21-1,tx1, T 141, . . ., Ty ) We Obtain

1+s/|x| . 0 L dy
/ / |Oip(x1,y ..yt by, Ty .y xn)t?’/ xl|2dtdm < / / |8;ga(y)yl|2t_ 1222 gt < s / |6l<p(y)|2dy,
|z|<s J1 1 ly1|<2s t

which combining with the above gives

/ _P@s / e P @S [ 0ot
T8 s<|x|<2s

72 f(2)%p(x)%dz > %[ min f(z)]? 2(z)dx,
[ e ey i @ [ o

Finally,

|21 >s
and thus altogether
1
2 2 2 2 2 2
e (z)dxr < - / T4 f(2)*p(x dx—i—s/@l(pa:) dx
[ #ae 5 e [ 7 e )

which implies (4.6). 1

Lemma 34. Let ¢ and f as in Lemma 33. There exists a strictly positive continuous function w satisfying
w(T) = 00 as T — 0o such that for everyl € {1,...,n} and some constant C; > 0

(4.7) / w(r)?p()*ds < C) / (10ip(0)]? + 7 f (22 (2)?) da.

Proof. For all s > 0 define

fO (S) = zEsug)gZor}\m|>s f(x%

and note that fo(0) = 0, fo(s) > 0 for s # 0, and fy is nondecreasing on [0,00). Let r = r(7) > 0 be the
unique point satisfying

(4.8) % =7 fo(r).



22 LYUDMILA KOROBENKO AND ERIC SAWYER
Define the function w by

0<s<o0

w(r) = inf <i + Tf0(5)> ,

since 1/s is nonincreasing and fy(s) nondecreasing in s we have w(7) ~ 1/r where r is given by (4.8).
Therefore, w(r) — oo as 7 — oo and using (4.6) with s = r we obtain

[uterearan < i (s + 1) [ (0e@P + 2P ew?) do

<01 [ (et + 721 (o))
[ |

4.1. Sufficiency. We can now proceed to complete the sufficiency part of Theorem 11. We note that without
loss of generality we may assume that the diagonal entries A; (Z) are smooth. Indeed, from A (z) ~ Dy (x)
we obtain A (z) ~ Aagiag (¢) and hence

(49) >\k (:Z’) ~ Q. k (CL’) N Qg k (fﬁ, 0, 0) ;
where the functions ay, i, (Z,0,0) are smooth for 1 < k < n by assumption.

Proof of sufficiency in Theorem 11. Let (§,...,&,, Mmets- - - 1,) denote the dual variables, and denote § =
(513 e agm)a n= (nm+17 e 7nn)7 = (xlv e 7l‘m). Deﬁne

R={(z,&n):x=0,£=0, n,41,---,0, > 0}.

The principal symbol of L vanishes on the manifold = £ = 0, so it suffices to prove that Lu € H*(M(R)) =
u € H*(M(R)) for some conical neighbourhood 91 (R) of the ray R. We start with verifying condition (2.9).
Let F(u)(Z,n) be the partial Fourier transform of w in n — m variables 7, then from Lemma 34 with z = &
and ¢(z) = F(u)(Z,n), we have for k=m+1,...,p—1

/w(nk)Qf(U)(i‘, n)*dE < C/ (IVaF(u)(@,m)* + nide(2)F (u)(@,n)?) di,

and for k=p,...,n

/w(nk)QF(U)(i,n)gdi < C/ (IVaF (u)(@,0)|* + niAp(2)F (u)(Z,1)?) d,

where w(s) — 0o as s — co. Adding the inequalities together gives

[ w7 )@z

<c / VF@EmE+ | S B + S A @ | Fa @ n? | ax,
k=m+1 k=p

where w(|n|) — oo as |n| — co. Combining with the first line in (2.5) we obtain
~ 2
[ wlo)PF @ ndsn < € 31Xl + € | VA%
J
which gives upon using the first condition in (2.5) again

/ win{|(€, n)], w(|(&,m))}2a(E, n)dédn < / wlal)? li(e, n)|? dedn + / €2 (e, m)|? dedn

1€1<In] 1€1=In]

~ 2
<Y |IXulP + C H\/Apqu :
J

We proceed to verify (2.10) with p = 0 and ¢ constructed below. Since the principal symbol of the operator
<p

vanishes on R”~" x R”~™, namely when & = £ = 0, we need to localize matters to a strip ‘(92, |%|>
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where ¢ enjoys favorable commutation relations with the symbol o (X)) of the vector field X;. Solet p =0
and let p > 0. Let 1 € C°°(T*V) be homogeneous of degree 0 with respect to (£,7) and satisfy

P =0, if x,% <p
w = ¢(xm+l7 s ;xn)’ if .i, |§7| < 2p

Thus v is 1 outside a large ball of radius 3p, vanishes inside a small ball of radius p, and makes the transition

from 0 to 1 in the strip while depending only on the variables Z in the strip ‘(55, ﬁ)’ < 2p. In the strip

‘(i, %)‘ < p, ¥ is a function of variables x,,1,...,2, only, and the main step of Christ’s application of
his theorem occurs now: for each j =1,...,k there exist ai (Z), £=m+1,...,n such that

n

o)y =i 3 (@) du,

l=m-+1
)ag; (:z)] <VNGE), L=m+1,...,p—1, ‘agg (:z)\ < A(@), €=p,...\n
using conditions (2.5), and

{w,n} = iVe.
Using the condition |£]| < p|n| this gives for each j =1,..., N

b los((€m o Xl £ S ow [ ostn] | + o [y @10zt «

l=m-+1

- / Asum (&) log ()2 F (u) (&, n) didn,

2

and

|V o loste.m) (v me|” < |[v/A O logtn) |
< / Asum () log ()2 (u) (&, )2y,

upon using the definition of Agym, (Z). To show (2.10) it is therefore sufficient to establish the first inequality
in the following display (since the second follows directly from (2.5))

/ log (1) Asum (7) F(u) (7, 7)2didy < 6 / V2 F () (&, 5, 7)|? didndr

(4.10) +5/ Z (7 +an)\ (&) | Fu)(@,n)*didn + Cs||u||?

k=m-+1
S 52 [1X5ul® + 6]/ Ap Vul[* + Cs]ful >
j=1
Using the definitions of Agum (&) and Aproduct (£) we conclude that it is sufficient to show

(4.11) (IOgT)QH % Asum%0||2 <o(r HV:E@HQ +4(r 2” V product90‘|2 for all ¢ € C(%(RmL

where §(7) — 0 as 7 — oco. Indeed, (4.11) together with the bound 0 < A; < 1 implies

/10g<77>2/\sum<ﬂ(i)2453 < S(mIIVael* +((m) (0)?||v/Aproduct el

p—1

<MVl +8(m) | D InePIVAell® + Y Ik PllvApelP+ | + Csllel*.
k=p

k=m-+1



24 LYUDMILA KOROBENKO AND ERIC SAWYER

This implies (4.10) by splitting the region of integration into |n| sufficiently large so that §({n)) <, and the
region where |n| is bounded, and thus the left hand side of (4.10) is bounded by C|Jul|?.
To establish (4.11), we first recall for convenience the Koike condition

(412) hm /l |x| \/ sum lnAproduct )

z—0

Now let ¢ € C§(B(0,7)). Then we then have with ¢; (p) = ¢ (p7),

7) 6(7)%di = gzrf:zQ‘z’(‘%Q 7
(4.13) /WAM (7) $(3)%ds = /jlqu( )= [al)* 2

9@
- |])?

u(n \/E)z/ilq %di:u(n \/E)Q/S 1{/{: (Tip/r% (p))gpm‘ldp}dz)
p (V) [ Ao [ oo i <o (rvAam)” [ 190t

where in the last line we have applied Hardy’s inequality.
Fix ¢ € CY(R™) as in (4.11). Let x € C}(R?) satisfy x(¢) = 1 for |[t| < 1 and x(t) = 0 for |¢t| > 2, and
define the function

IN

IN

(4.14) v(Z) = x(TAproduct (Z)),
and the set
I(1) = {& € Supp ¢ : TAproduct(T) > 1}.

We can write
(4.15) /Asum (%) p(z)%dz < 2/Asum (%) v(z)?p(3)%dz + 2/Asum (@) (1 — v(2))%p(2)dz.

To estimate the second integral we notice that it vanishes outside the set I(7) and thus
(4.16) g7 [ A (2) (1= v(@)Pp(0ds < (o5 [ Aproaue(@)p(@)7d
I(7)

= §(r)72 / Aproduct (7)p(F)%d7,

where § (1) = (log7)?7~1 — 0 as 7 — oc.
To estimate the first integral on the right hand side of (4.15) we define
T(T) = Sup{|?7| SRS SUPPSO : TAproduct (27) < 2}

Since Supp ¢ is compact, the supremum above is attained at some point z € Supp , and moreover we have
both

2

Zl=rand 7= ———.
| ‘ Aproduct (Z)

Thus In7 ~ In — and so

1
product(z)
M (’I“ (T) sV Asum) 1117" (|Z| V sum) A

product (Z) '

The Koike condition condition (4.12) now implies

(4.17) lim p(r (1), v/ Asum) Inr (1) = hm 1()Z], v/ Asym) In ———— =0,

T—00 product (1')
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since 7 (1) — 0 as 7 — oco. We now need to combine this result with (4.13) to obtain the desired estimate.
Let ¢(Z) = v(%)p(Z). Then using the definition of v(Z) in (4.14) we obtain

/ Vad(3)2dE < C / Var (@) Po(@)2di + C / PIVap(@)ds
S CTQ/ |v;2Aproduct(i')|290(£)2di+C/|vi‘p(j)‘2d§:
I(1)

gc#/ Aproduet ()(3) dx+C/|V1<p )|2d3,
I(7)

where in the last inequality we used the Malgrange inequality, see e.g. [Gla, Lemme I], applied to Apyoduct (£) =

H Ak (Z), where the functions A, are smooth by (4.9). Finally, from the definition of r and (4.14) it
k=m+1
follows that

2
Apmm@}cB@w(r)).

since if |Z| > r (1), then TAproduct (§) > 2 by the definition of = (7).
Combining the above estimate with (4.17) and (4.13) we conclude that

(log 7)? / Agum (2)1(2)%0(2)%dE (log 7)? / Agum (%) p(2)2d

50) (7 [ Apsane@o(@da + [ 1Vap(@)a

with 6(7) = Cu(r, v/ Agum)*(log 7)? — 0 as 7 — oo. Together with (4.16) this gives (4.11). I

Supp ¢ C Suppv C {§:7'<

IN

4.2. Sharpness. We now turn to the sharpness portion of Theorem 11. If the Koike condition (4.12) fails,
then

0 < limsupp <|£\ , \/Asum> In A;N

Z—0 product ()

= limsupu | |Z],
E—0

(=
>
Ea
=
~
—
[=}
—
ol
—~| =
=

k=m++1
1
< limsupu<|55 Z VA ) Z 1n>\ —
&0 k=m+1 j=m+1 i (@)
p
< Z hmsup,u(|x| A )
T—0 )

k,j=m+1

shows that p > m + 1 (since limsup;_,q p (|5€| VA (:E)) In /\,,1(92) = 0) and that there is a pair of distinct
indices k,j € {m + 1,...,p} such that

1
li r Ap () )1
1m§i%,u (|x| JV Ak (x)) n % () >

Our sharpness assertion in Theorem 11 now follows immediately from Proposition 36 and Theorem 37 below.
To prove the Proposition and Theorem, we will need the following lemma (see Hoshiro [Hos, (2.7)]), whose
short proof we include here for the reader’s convenience.

0.

Lemma 35 (T. Hoshiro [Hos|). Let L be a hypoelliptic operator on R™. For any multiindex 5 and any
subsets 2,9 of R™ such that Q' € Q, there exists N € N and C > 0 such that

(418) HD5U||%2(Q/) S C Z HDQLUH%Q(Q) + ||U’H%2(Q) Yu S Cm(ﬁ)
la|<N
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Proof. Fix £ € Q and consider the set
S={uecL*(): D*Lu € L*() for all multiindices a}.

The family of seminorms ||u||z2(qry, |[D®Lul|r2(qr, |af € N, makes it a Fréchet space. Since L is hypoelliptic
we have S C C*°(£'), and in particular S C CM(Q') for any M > 0. Now consider the inclusion map

T:8— M),

we claim 7 is closed. Indeed, suppose {u,} C S satisfies u,, — v in S and u,, — v in CM ('), in particular,
up — u in L2(Q) and u,, — v in L>(Q'). Then for any n € N

1
||U — v||L2(Q’) < ||’LL — un||L2(Q/) + ||un — UHL2(Q/) < Hu — un||L2(Q/) + Hun — ’U||Loo(Q/) |Q/‘2 — 0 asn — oo.

This implies © = v, i.e. T is closed. By the closed graph theorem T is continuous, and therefore there exists
N € N and C' > 0 such that

llullos @y <C | D (1D LullZan + Il
la| <N

Since the choice of M was arbitrary, this implies (4.18). I

Proposition 36. Fix distinct indices k,j € {m + 1,...,p} where p > m + 1. Define

0? 02 0? 0?
Li=—+ " 4+=—+X@1,....Tm) = + X (T1,.. ., Tm) =
1 8.%% 61‘3,“ k ( 1 ) m) 81‘% j( 1 ) m) 6$§’
52 52 p 92 n 92
L2E@++W+ Z )\Z($1,,l'm)w+2)\p($l,7$m)ﬁ
1 m i=m-+1 7 i=p+1 7
If Ly is not hypoelliptic in R™*2, then Lo is not hypoelliptic in R™.
Proof. Suppose L is not hypoelliptic in R™ "2, i.e. there exists a non smooth function u = u(z1, ..., Tm, Tk, ;)

such that Liu € C°°(R™*2). If we define the function v by
v(x, .., 2n) = w(@, .., T,y Tk, T5),

then v is not smooth since u is not smooth. However,

Lov(z,...,20n) = Liu(z1, ..., Tm, Tk, T5)
and is therefore smooth in R”.
Theorem 37. Suppose that h, f € C*° (R™) are strongly monotone, i.e.

f(z) < f(z) and h(z) < h(z) for all z € B(0,|z|),

and satisfy h(x), f(z) >0 and h(0) = f(0) =0 for all x € R™. Define
(4.19) p(t, h) = max{h(z)(t — |z[) : 0 < |2 < ¢}
and suppose in addition that
(4.20) liinjgf w(|z|, h)In f(z) # 0.

Then the operator
0? 0?
L=A,+ f*(z) 92 + hQ(x)@
fails to be C> -hypoelliptic in R™+2,
Proof. For a,n > 0 consider the second order operator L, = —A, + f? (z)n* and the eigenvalue problem
Ly (x,n) = X h2(z)v (,7), z € B(0,a),
v(z) =0, x € 0B(0,a).
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The least eigenvalue is given by the Rayleigh quotient formula

in <Ln§07 ‘P>L2
¢(F0)eC5(B) (h*p,¢) 12
o) L LIV et fy P @) e () da

@(£0)€CE (B) [ h(x)2p(x)2dx

Next, from (4.20) it follows that there exists € > 0 and sequences {a,}, {bn} C R™ s.t. |a,| < |by] < 1,
b, — 0, and
(4.22) h(an) (Jbn| — |an]) | In f(by)| >, VneN.
Let

Xo(a,n) =

— 00 as n — oo,

1

By strong monotonicity of f and h we have
n,f(x) <1, h(z)>h(a,) Ve € R, ={x e R™ : |a,| < |z| < |ba]}-
This implies using (4.21)

(L, #,#) 2
Mo (b < nf N 7 ¥/ L2
o ([bnl;m,) < P(#0)eCe (Rn) (P20, 0) 2

< _9 inf 2 2 2
<)t (96l + el el

< h(an)_2(0(|bn| - |an|)_2 +1) < C] lnf(bn)|2 = C(ln nn)27

where we used (4.22) and the definition of n,, for the last two inequalities. It also follows from (4.21) and
1

2
the fact that |b,| <
(4.23) Mo (1,17,) < Ao ([bwl,m,) < Ca(Inm,, )2
Now let vg (x,n,,) be an eigenfunction on the ball B = B(0, 1) associated with Ao (1,7,,) i.e.

—Avg (x,1,) = [Ao (1,m,) B3 (x) = f2 () m5] vo (2, m)

and normalized so that

(4.24) vo ()l 2y = 1-
We first claim that
(4.25) llvo (o)l 212y =1 as n— oo

Indeed, we have

S P [ G, e
< /B Pl (@,m,) 2z
< [ 9o ten) Pas+ [ Pl o) Pas
=0 (1) [ B@l .0, Fdo < Cha (1),
Dividing both sides by infy jo|/<1 f(2)n7 and using (4.23) we obtain that

/ lvo (z,m,,) [Pdz — 0 as n — oo,
1/2<|z|<1

which implies (4.25).
Define a sequence of functions

uﬂ» (x7 y’ t) = BZyn'llJr )\0(17nn)tv0 (.’L‘, 7777.) °
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Then
£un = (AUO (LL', nn) - nifz(w)vo (l‘, nn) + )‘0 (17 nn) Vo (SC, 77n)> eiynn+ Ao(bmn)t — 0.

Now, let V = B(0,1) X [-m, 7] x [-§,0] and V' = B(0,1/2) X [-7/2,7/2] x [-§/2,6/2] for some § > 0. We
have using (4.25)

5/2
108l By = 2F ] 2oy = T2 / / VA g (,m,) Pdtda > O,
1/2B Jo

where the constant C' is independent of k£ and n. On the other hand, using (4.23)

||Un‘|%2(v) < 062 Ao(1,m,)0 < Cnim&

Since n,, — 0o as n — 00, these two inequalities contradict (4.18) for k > +/C10, and thus by Lemma 35 the
operator L is not hypoelliptic. i

5. PROOF OF THEOREM 9

Finally, we prove Theorem 9 by showing that the requirements of Theorem 11 are satisified. Let L be as
n (2.1). We apply Theorem 3 to obtain A = Zjvzl Y;Y}" + A,, and write the second order term in L as

N N
~tr _ ~
VITAVY = Z VtrY'jY'jtrv — Z X;er 4V va , where Xj _ ijtrv7

Jj=1 Jj=1

and then note that condition (2.7) is satisfied by the assumption (2.4) of Theorem 9. Moreover, condition
(2.5) follows from (1.7).

6. OPEN PROBLEMS

6.1. First problem. In Theorem 9 we have shown that the Koike condition is sufficient for the hypoel-
lipticity of an operator L with n x n matrix A (z) satisfying certain conditions on both its diagonal and
nondiagonal entries. However, in the converse direction we only showed that failure of the Koike condition
implies failure of hypoellipticity if in addition L is diagonal with strongly monotone entries. In fact the proof
shows that we need only assume in addition that A (z) has the block form

ai(z) o apa (2) 1
: : 07n><1 0m><1 Om><1
a1,n (SC) e Am,m (IE)
A (x) - 01><m Am+1,m+1 (CL’) 0
01><m 0 Am 42 m+2 (LL') 0
L 01><m 0 0 an,n ((E) i

where just am41,m+1 (2) and a, , (z) are assumed to be strongly monotone and satisfy (4.20).

Problem 38. Is the Koike condition actually necessary and sufficient for hypoellipticity under the assump-
tions of Theorem 9, without assuming the above block form for A (x)?

6.2. Second problem. Recall that the main theorem in [KoRi] extends Kohn’s theorem in [Koh] to apply
with finitely many blocks instead of the two blocks used in [Koh]. These operators are restricted by being of
a certain block form, but they are more general in that the elliptic blocks are multiplied by smooth functions
that are positive outside the origin, and have more variables than in our theorems, and furthermore that
need not be finite sums of squares of regular functions.

Problem 39. Can Theorem 11 be extended to more general operators that include the operators appearing
in [KoRi] ?
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6.3. Third problem. What sort of smooth lower order terms of the form B (z) V and V*'C (x) can we add
to the operator L in the main Theorem 97 The natural hypothesis to make on the vector fields B (x) V and
C (x) V is that they are subunit with respect to V" A (z) V. However, if we use Theorem 11 in the proof, we
require more, namely that B (z) V and C (z) V are linear combinations, with C*? coefficients, of the %
vector fields X (x) arising in the sum of squares Theorem 3, something which seems difficult to arrange
more generally.

[AKKoRi]
[BoCoRo]
[Bon]
[Bou]
[Bru]
[Chr]
[Chr2]
[Fe]
[FePh]
[Gla]
[Gua]
[Ho]

[Hos]
[Koh]

[Koi]
[KoRi]

[KoSal]
[KoSa2]
[KuStr]
[Mor]

[Pie]
[RiSaWHh]

[Saw]
[Ste]

[Tat]
[Tay]

[Tre]

REFERENCES

T. AkHUNOV, L. KOROBENKO AND C. R10S, Hypoellipticity of Fedii’s type operators under Morimoto’s logarithmic
condition, J. Pseudo-Differ. Oper. Appl. 10 (2019), 649-688.

J. BOCHNAK, M. COSTE AND M.-F.RoY, Géométrie algébrique réelle, Springer-Verlag, Berlin, 1987.

J.-M. BoNY, Sommes de Carrés de fonctions dérivables, Bull. Soc. math. France 133 (4), 2005, p. 619-639.

G. BOURDAUD, LP estimates for certain nonregular pseudo-differential operators, Comm. Partial Differential Equa-
tions 7 (1982), 1023-1033.

G. BRUMFIEL, Partially ordered rings and semi-algebraic geometry, LondonMathematical Society Lecture Note Series,
vol. 37, Cambridge University Press, Cambridge-New York, 1979.

M. CHRIST, Hypoellipticity in the infinitely degenerate regime, Complexr Analysis and Geometry, Ohio State Univ.
Math. Res. Instl Publ. 9, Walter de Gruyter, New York (2001), 59-84.

M. CHRIST, Hypoellipticity: geometrization and speculation, arXiv.9801.142v1.

V. S. FEDII, On a criterion for hypoellipticity, Math. USSR Sbornik 14 (1971), 15-45.

C. FEFFERMAN AND D. H. PHONG, On positivity of pseduo-differential operators, Proc. Natl. Acad. Sci. USA vol.
75, No. 10, p 4673-4674, October 1978.

GEORGES GLAESER, Racine carrée d’une fonction différentiable, Annales de I'institut Fourier, tome 13, no 2 (1963),
p. 203-210.

P. GuaN, C? a priori estimates for degenerate Monge-Ampére equations, Duke Math. J. 86 (1997), 323-346.

L. HORMANDER, Hypoelliptic second order differential equations, Acta. Math. 119 (1967), 141-171.

T. HosHIRO, Hypoellipticity for infinitely degenerate elliptic and parabolic operators of second order, J. Math. Kyoto
Univ. (JMKYAZ) 28-4 (1988), 615-632.

J. J. KonN, Hypoellipticity of Some Degenerate Subelliptic Operators, Journal of functional analysis 159 (1998), p.
203-216.

M. KOIKE, A note on hypoellipticity of degenerate elliptic operators, Publ. RIMS, Kyoto Univ. 27 (1991), 995-1000.
L. KOorROBENKO AND C. Ri10s, Hypoellipticity of a class of infinitely degenerate second order operators and systems,
arXiv:1301.2339v2.

L. KOROBENKO AND E. SAWYER, Sums of squares I: scalar functions, arXiv.

L. KOROBENKO AND E. SAWYER, Sums of squares II: matrix functions, arXiv.

S. KUSUOKA AND D. STROOCK, Applications of the Malliavin Calculus II, J. Fac. Sci. Univ. Tokyo 32 (1985), 1-76.
Y. MoRriMOTO, Non-Hypoellipticity for Degenerate Elliptic Operators, Publ. RIMS, Kyoto Univ. 22 (1986), 25-
30; and Erratum to ”Non-Hypoellipticity for Degenerate Elliptic Operators”, Publ. RIMS, Kyoto Univ. 34 (1994),
533-534.

F. PIERONI, On the real algebra of Denjoy-Carleman classes, Sel. math., New ser. 13 (2007), 321-351.

C. Rios, E. SAWYER AND R. WHEEDEN, Hypoellipticity for Infinitely Degenerate Quasilinear Equations and the
Dirichlet Problem, Journal d’Analyse Mathématique 119 (2013), 1 - 62.

E. SAWYER, A symbolic calculus for rough pseudodifferential operators, Ind. U. Math. J. 45 (1996), 289- 332.

E. M. STEIN, Harmonic Analysis: real-variable methods, orthogonality, and oscillatory integrals, Princeton Univer-
sity Press, Princeton, N. J., 1993.

D. TATARU, On the Fefferman-Phong inequality and related problems, preprint.

M. E. TAYLOR, Partial differential equations I, II and III, Applied Mathematical Sciences 115, 116 and 117,
Springer, New York, 1996.

F. TREVES, Introduction to pseudodifferential and Fourier integral operators vol. 1 and 2, Univ. Ser. in Math. Plenum
Press, New York and London 1980.

REED COLLEGE, PORTLAND, OREGON, USA, KOROBENKO@REED.EDU

MCMASTER UNIVERSITY, HAMILTON, ONTARIO, CANADA, SAWYER@QMCMASTER.CA



